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PART ONE 


Mechanical and Thermal 
Motion 


CHAPTER 1 


The Fundamental Law of Mechanics 


Sec. 1, KINEMATICS 


Equations of Motion of a Particle. If the dimensions and shape of a body are 
of no consequence in the consideration of a particular phenomenon, we can con- 
ceive of the body as being represented by a point. This approximate representation 
of a body by a material (i.e., mass) point is not only justified when the dimensions 
of the body are small relative to other distances considered in the problem, but is 
permissible whenever we are only interested in the motion of the centre of the 


mass of the body. 


Fig. 1 


In order te describe the motion of a particle, one must indicate through whicl 
points in space the particle has passed and the instants of time during whi Se 
was located at one or another point of the path. For this purpose, it is nece un 
in the first place, to select a coordinate frame of reference (Fig. 1) The lo ern 
of a point in such a coordinate system, which in its simplest form is right-¢ pei 
is determined by the three coordinates x, y, 2, or by the so-called radius ie 


14 I. Mechanical and Thermal Motion 
ordinate system to the given point* (Fig. 2), 
oughly described in the form of a table of values 
for r (each value being given by three quantities!) for the instants of time ty, ty, 
etc.; or accurately described in the form of a continuous function r =f (¢) lin 
essence, three functions, ie eg = fr), y= fe(t), 2=f3(); or r= (py (t), 
ai ae ces . |. 
i ae oem ta iy (t) or, what amounts to the same, the three equivalent 
scalar equations are called the equations of motion. 
Average Velocity. Let us consider AB, a portion of the path. Assume that at 
the instant of time ¢ the moving particle was at A, and at the instant of time 


drawn from the origin of the co 
Thus, motion in space can ber 


Fig, 2 Fig. 3 
t + At at B (Fig. 3). Let us introduce the radius vectors r, andr;. We know that 
during the interval of time At, the particle moved from A to B. It is therefore 


natural to call the vector AB the particle displacement vector. 
Vectors may be added by the parallelogram method. From Fig. 3, we see that 


Pomp, 4-AB or AB=rg—ra=Ar, 


i.e., the particle displacement vector is the vector difference of the radius vectors. 
The curvilinear motion is determined by the displacement vector Ar for time At, 
whereby the smaller Ar the greater the accuracy. 

The average speed for the path AB is given by the relation 


AB 
Vw = Pe 


This is the speed at which the body would have traversed the distance AB in 
uniform and rectilinear motion during the interval of time At. 
Thus, motion over the path AB may be specified by giving the direction of the 


oR: 
vector AB = Ar and the’speed va,. In place of this, we introduce the vector 
> 
AB Ar 
Vao= "ht At? 
* The radius vectorr is given by its magnitude, r = VY 2-| y®-- 2, and the angles it forms 
with the coordinate axes: cos a = <. , cos p= 4 and cos y= . Thus, it is determined by three 


quantities: x, y and z; or r, a and §; or r, @ and y; etc. (two angles determine the third, since 
cos? a -|- cos? B -+ cos? yp = 4). 


re 
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which is equal in magnitude to the average speed and whose direction is that of 
the displacement vector. We can now say that the motion of the, body over the 
path AB is determined by the average velocity. 

instantaneous Velocity. If we decrease the interval of time At, the point B 

—> 
will approach point A. These points finally merge and the direction of AP then 
coincides with the tangent to the curve at the point of merger. 
—> 

Neate ecreases, the ratio 22 approaches a limit. Th stor having tl 

As At decreases, the ratio =- approaches a limit. The vector vjins,, having the 
direction of the tangent to the curve at the given moment of motion and nu- 


merically equal to the limit of the ratio = as At-> 0, is called the instantaneous 


particle velocity: 
Vinet = limit 3 when AiO. 


In other words, the instantaneous velocity is the derivative of the vector r with 
respect to time: 


It should again be emphasised that it is not absolutely essential to employ 
vectors in order to describe motion. Instead of using the concept of vector veloci- 
ty, we could speak of the absolute value of the velocity, =e ,* and indicate the 
direction of motion. If we did this, however, the same rules and the same experi- 
mental facts would require more cumbersome and more wordy formulations. 
Vector notation corresponds to physical experience, and is moreover concise and 
expressive. A certain amount of »ffort, however, is required to become accustomed 
tO: at; 

Since the projections of the vector r on the coordinate axes are the coordinates 
of its terminus, x, y and z, the projections of the velocity vector are: 


dx dy dz 
Vga. Uys and Y= 


Acceleration. To continue our consideration of curvilinear motion, let us draw 
arrows to represent the instantaneous velocities of the body in passing through 
the points A and B of its path. [If we had not introduced the concept of velocity, 
we would have to describe the situation as follows: the-speed at B is different 
from that at 4; moreover, the direction of motion has changed. Using the concept 
of velocity, we can state more briefly: the velocity at B is different from that at A. 

Velocity can change in magnitude and direction. 

If the path’ AB is rectilinear, the vectors v4 and vg have the same direction. 
The change in velocity is obtained by arithmetically subtracting the magnitude 
of the vector v4 from the magnitude of the vector vp. 

Let us now consider the curvilinear path AB; vectors vy and UV, differ in magni- 
tude as well as in direction. To determine the increase in the magnitud2 of the 
velocity, it is necessary, as before, to subtract the magnitude of the vector v, 
from the magnitude of the vector vz: 


A|v|=|v,|—| v4]. 


* The vertical bars | | indieate that only the absolute value (modulus) of the vector between 
the bars is being considered. 
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[lowever, this quantity does not, of course, completely express the chave 

at has Ur i 2 motion. 
cane concise mponseane rs v, from vector vg in accordance with the laws tc 
operating on vectors. Fig. 4 shows vector 

AU =Uzg—U,4. 
Vector vg, the sum of Av + vg, is the diagonal of the parallelogram constructy. 
ie 

ios rons Esa the velocity increment. The magnitude of this vector in th 
case of curvilinear motion is not A | v | = |vg/]— |v, |. From the figdt'e 
it is evident that the magnitude of the increment vector | Av | is greater tha, 
A | v |, the difference in the magnitudes of the velocities. To determine the VolOag 
ty at point B, one must add velocity b 
and increment Av by the parallelogfan 
method. 

We can now determine the accelerati gy 
for curvilinear motion as follows. Th, 
ratio of the velocity increment to the inter 
val of time during which this increm®h ; 
takes place is called average acceleration 


When the interval of time At is de. 
creased, this ratio approaches a limit. The 
vector 


Ging: = limit es when At—>0 


Fig. 4 


is called the instantaneous acceleration 0) 
i body at a given moment of motion. In other words, acceleration is the 
derivative of velocity: 
dv 


dt 
and 


; dv», A dvy a dv, 
oa = Ly = 
bate are Gy (Ne i ln aimee gk 


The acceleration vector uniquely determines the nature of the change in the 
-velocity of the body. tS, 

Generally speaking, the acceleration vector can form any angle with the curve, 
This angle determines the nature of the acceleration and the curvature of the 
path as follows. Through the point of the curve that is being considered, a circle 
is drawn that has a common tangent with the path of motion at this point, and 
for the given portion of the curve most accurately approximates it. This circle is 
called a tangential circle* and its radius p is called the radius of curvature at the 
given point. The acceleration vector is always directed into this circle. If the 
motion is accelerated, the vector a forms an acute angle with the curve (i.e., with 
the tangent to the path at the given point). If the motion is retarded, this angle 
will be obtuse. Finally, if the magnitude of the velocity does not change, the 
acceleration vector is directed normal to the curve. 


————$______. 


* The tangential circle and the calculation of radius of curvature is studied in detail in 
courses on lifferential geometry, 
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These statements can be proved rigorously, but we shall merely illustrate them 
geometrically here (see Fig. 5). 
In line with the above discussion, it is customary to resolve the acceleration 


vector into two components (Fig. 6): 
Al 


1 Uz 
a= A,-+- Ayn. AU 
Since the vector triangle is right-angled, 
a-= Va} ay. 
The vector a,, directed along the curve, v, 2D, Gay 


represents the change in the magnitude 
of the velocity and is called the tangential 
acceleration. It is not difficult to show 
that the tangential acceleration 


a, = limit 52 when At—0, 
d|v| 
! e 7 ay - dt y 


where A | v | is the increment in the mag- 
nitude of the velocity. 

The vector a,, directed normal to the 
curve, represents the change in the direc- 
tion of the velocity and is called the nor- 
mal acceleration. The normal acceleration 
a, is related by a simple formula to the 
speed v and the radius of curvature p at 
the given point, namely: 


v2 
0 


From this formula, which is derived in 
courses in theoretical mechanics on the 
basis of geometrical considerations, it fol- 
lows that motion with a constant normal 
acceleration (a, and v constant quantities) 
is circular motion. In this case, p is a con- 
stant quantity for all points along the path 


and is equal to the radius of the circle. 
r . ye, 
[he normal acceleration a, = ois of- 


ten also called centripetal acceleration. 
Centripetal acceleration of a body mov- 
ing in a circle with radius R can also Fig. 6 
be expressed by means of the period 7’, the 
‘frequency v, or the angular velocity w of this motion. Between these quantities 
and the linear velocity v, the following simple relations exist: 
20k 
4 


- aS 2 
v=o, vV=ar and o= a 


The last two formulas define the auxiliary quantities v and o. 


2—01028 


—_a 
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Thus, the centripetal acceleration for the motion of a body in a circle can alg, 
be written in the form: 


Asp? . 


a,=O°H OF t= 7a Bh. 


It should be emphasised that the everyday understanding of the word “accelaya. 
tion” is much more limited than in physies. The concept of acceleration in physics 
includes retardation (negative acceleration) and, what is most important, includes 
uniform motion if this motion is along a curved path. Only motion that is simu]. 
taneously rectilinear and uniform is considered motion without acceleration. 


Examples of acceleration. A proton in a modern accelerator moves in a circle with a normay 
acceleration of the order of 10° m/sec”. The linear acceleration of a modern rocket is ~30 m/sec? 
The acceleration of a hockey ball is ~10 m/sec*®. The initial acceleration of an automobily ig 
1-2 m/sec?. The angular velocity of the rotor of a turbogenerator is 314 rads/sec and, at a dis. 
tance of 0.5 metre from the axis of rotation, particles move with an acceleration of ~5 ~% 4Qa 
m/sec, The angular velocity of a bicycle wheel is 7-10 rads/sec and, at a radius of 0.5 metre 
particles on the rim have a normal acceleration of about 20 m/sec*. ¥ 


Sec. 2, FORCE 


At the present time, four types of interaction are known to the physicist, 

_ Gravitational Force. The force of attraction between heavenly bodies, which 
was discovered by Newton and is otherwise known as gravitational force, acts 
between any two particles in accordance with the law 


m 
Fesy “S : ’ 

where y = 6.67 x 10-™! (N-m?)/ke?, m, and mg are the masses of the particles 
and r is the distance between them. ; 

It can be rigorously proved, but we shall not do so here, that Newton’s law of 
gravitation written in the form valid for bodies having small dimensions (smal} 
with respect to the distance between them) is also valid for the interaction of 
a small body with a large sphere. The distance, here, is understood to be measured 
between the centres of the bodies. 

The law of universal gravitation for the case of the attraction of a body by the 
Karth can, therefore, be written in the form 


ra y pa m, 
(R--h)? 


where h is the height above the Earth’s surface and R is the radius of the Barth. 
For points close to the Earth’s surface, h is so much smaller than R that R Lh 


may be replaced by R. Then, Pay m. Comparing this formula with the usual 


expression for weight, / == mg, we see that the gravitational acceleration may be 
expressed in terms of the gravitational constant, the mass of the Earth, and the 
radius of the Earth: 


M 

b= VRT 
Since the gravitational force is proportional to the masses, it is very large for 
heavenly bodies and negligibly small for the elementary particles. In the interac- 


tion between atoms, molecules and other particles of matter, the gravitational 
force is of no significance. 
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The force of attraction between the Moon and the Earth is 2.3 « 102°N, between 
the Harth and a molecule of oxygen ~5  10-*° N, and between two oxygen mole- 
cules that are touching each other (3A = 3 x 10-§ em), ~2 ~ 10-" N. These 
figures speak for themselves. 

Electromagnetic Force. If two particles or bodies have electric charges g, and qz, 
there is a force of attraction between them if the charges are of opposite sign and 
a force of repulsion if the charges are of equal sign. Quantitatively this relationship 


. 1 1 y dye . p . . . 
is expressed by Coulomb’s law: F = a. As in the case of universal gravitation, 


this formula is valid for small particles. We shall show in Sec. 1411 that magnetic 
force and electric force are intimately related. All electromagnetic interaction is 
of a single nature. 

The interaction between atoms, intermolecular forces, and the forces holding 
electrons about an atomic nucleus are all forces of electrical origin. In order to 
again demonstrate the negligible nature of the gravitational interaction between 
elementary particles, we compare gravitational attraction with the electric attrac- 
tion between a hydrogen atom’s nucleus and its single electron: 


Fe=9% 107° N, while Fypan= 4X 1077 NI 


At first glance, it may not appear understandable why the interaction between 
neutral atoms and molecules is of electrical origin. We shall go into this in more 
detail in Chapter 29. However, we should note here that the forces between the 
atoms and molecules do not depend on the overall charge of the particles (which 
is equal to zero), but on the loeal concentration of electric charge. 

Since intermolecular force is of electrical origin, surface tension and all cohe- 
sion forces between bodies are of the same origin. Frictional force is also essentially 
based on electric interaction. 

The elastic force that is developed when rubber or a compressed metal spring 
is extended is due to interatomic and intermolecular interaction. 

Thus, it too, in the final analysis, is electromagnetic in nature. 

Nuclear Force. There are forces between neutral particles in an atomic nucleus 
(also between a neutron and a proton and between two protons) that cannot be 
explained on the basis of electromagnetism. These forces decrease very rapidly 
with increasing distance between interacting particles. As a result, these forces 
do no exist beyond the bounds of nuclei and are evident only in connection with 
phenomena involving direct interaction of nuclei. 

“Weak” Interaction Force. These forces appear in the processes of transformation 
of elementary particles in which neutrinos take part. 

Force Field. The space in which gravitational force is effective is called a gravi 
tational field. Similarly, we speak of an electromagnetic field. Any particle acted 
on by a force field can also create such a field. Thus, every particle creates a gravi- 
tational field and is acted on by gravity; and every electrically charged particle 
creates an electromagnetic field and is acted on by an electromagnetic field. 

Thus, every interaction of particles is depicted in physics according to the 
scheme: particle—field—particle. The first particle creates a field, and this field 
acts on the second particle. A few words about how the quantum nature of the 
field is taken into consideration in this scheme will be said in Sec. 225. 

The properties of a field are essentially different from the properties of substance. 
As a result, it is often said today that matter has two forms—field and substance. 
The problems of the interrelation of field and substance are at present under 
intense investigation and cannot, as yet, be considered solved (see p. 186 for a more 
detailed discussion). 


% 
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Sec. 3, THE FUNDAMENTAL LAW OF MECHANICS 


Newton’s Laws. The fundamental law of mechanics is the relationship founy 
by Newton between the forces acting on a body and the acceleration acquire 
by the body under the action of these forces. This law is usually formulated fay 
particles. This in no way limits the universality of the law, inasmuch as a complex 
body can be considered, in principle, as the sum total of all its particles. Moreoveh | 
Newton’s equation has extraordinarily broad direct application, since in modg 
problems in mechanics we are either concerned with bodies having small dimen 
sions or are interested only in the motion of the body's centre of mass. 

The fundamental law of mechanics states the following. If the forces f,, f., fy. 
etc., whose sum total is F— >) f, act on a body, the acceleration acquired by the 
body is equal to the quotient obtained by dividing the resultant force by the 
mass of the particle: 


The equation also states that the acceleration vector coincides with the directioy 
of the resultant force. The constant of proportionality in this formula is assumec 
to be equal to unity, which, the student will recall from his earlier training 
depends on the choice of the system of units for the quantities entering into this 


equation. ; : 
The fundamental law of mechanics may also be written in the form 
dv 
P= thay 
d (mv) mn ‘ A . ‘ . e a i . 
or F = in ) The latter equation is equivalent to the former only if the mass 


does not change during the motion. We shall adhere to this condition. The case 
of variable mass will be considered below. In Chapter 3, we shall briefly discuss 
the equation of motion for bodies of variable mass in the range typical for rockets 
and, in Chapter 24, we shall consider the complications arising when a body moves 
with a speed approaching that of light (mechanics of the theory of relativity). 

The fundamental law of mechanics should be considered as a law generalising 
observed facts. This equation cannot be theoretically derived from any simple 
general considerations. 

The law of inertia follows directly from the fundamental law. If there are ne 
forces acting on the body, the acceleration is equal to zero and the motion of the 
body is rectilinear and uniform. 

In applying Newton’s fundamental law to a particular body, we focus our 
attention on this body and consider the forces acting on it. It should not be for- 
gotten, however, that force is a measure of the interaction between bodies and 
that one-sided interaction does not-exist. If one body acts on another, the latter 
also acts on the former. The measurement of force is equivalent to the measure- 
ment of interaction. Thus, the very method of measuring force assumes that the 
force of one body acting on another and the force exerted by the latter on the 
former are equivalent in magnitude. Since we are usually interested in one partic- 
ular body, we focus our attention on the force acting on it; the other force is 
called the force of counteraction or the force of reaction. The forces of action and 
reaction are equal in magnitude but are oppositely directed. This proposition 
has become known as Newton’s third law of motion. 

Relativity of Motion. A body at rest in one system of coordinates may appeat 
to us, from another viewpoint, to be moving. The uniform motion of a person 


2 


‘motion with respect to 
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walking along the platform of a station will appear nonuniform if described in 
a system of coordinates based on a braked train. Therefore, when speaking about 
the law of motion, the frame of reference for which this law holds must be indi- 
cated. The system for which Newton’s laws are valid must, without fail, satisfy 
the following conditions: a body on which no forces are acting must move recti- 
linearly and uniformly or must be at rest. Such a system is called an inertial 
system. 

Thus, it is evident that all frames of reference that are executing accelerated 
a body on which no forces are acting are not inertial systems. 
Another important conclusion that immediately follows is that there is not merely 
one inertial system. In fact, an infinite number of inertial systems exist. An iner- 
tial system can be based on any body moving uniformly and rectilinearly with 
respect to some particular body on which no forces are acting. 

Let us assume that an inertial system has been selected. Newton’s law, Ff = ma, 
is valid for any body moving in this system with a velocity v and acceleration a. 
Now, let us consider another frame of reference moving rectilinearly and uniformly 
with a velocity w with respect to the inertial system. To be sure, in this system, 
the same body will have a different velocity, equal to the difference between the 
velocity v and the velocity u, the motion of the second system with respect to the 
first. However, since the relative motion of these two systems is rectilinear and 
uniform, the acceleration of the body will be the same in both systems. xpressed 
mathematically, since acceleration is the derivative of velocity and the derivative 


J ; ; du 
of a constant quantity is equal to zero (SF = 0) : 


dv _d(v—nu) 
di de® 


The acceleration of a body enters into Newton’s law, but the velocity does not. 
As a result, the fundamental law of mechanics is exactly the same in both systems. 

This important proposition, following from Newton’s law of mechanics, is 
called the principle of the relativity of motion. It can be summarised as follows: 
An infinite number of inertial systems exist, and, in such systems, the law of 
inertia and the F == ma law are satisfied. In this respect, none of these systems 
has any special advantage over the other systems. All inertial systems are equally 
suitable for the description of physical phenomena. 

The principle of relativity was first formulated by Galileo. 

Laws of Mechanics in a Noninertial System of Coordinates. Let us assume that 
the statement “acceleration is due to forces” is always valid in every system of 
coordinates. In noninertial systems of coordinates, a body executes accelerated 
motion even when it is not interacting with other bodies. But if this is so, noniner- 
tial systems possess, in addition to forces due to interaction, forces of different 
origin, i.e., forces resulting from the noninertial character of the system. These 
additional forces are called inertial forces (although it would actually be more 
correct to call them noninertial forces). Since inertial forces do not result from 
interaction, they do not satisfy Newton’s third law of motion. 

We shall limit ourselves to a simple example of inertial force, for in this book 
we do not intend to employ noninertial systems of coordinates in the analysis 
of motion. 

Let us’assume that, for certain reasons, it is convenient to select a system of 
coordinates moving with an acceleration a, having a constant magnitude and 
direction. All bodies at rest or moving uniformly with respect to inertial systems 
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will move with an acceleration —a in relation to the noninertial system selected. 
The acceleration —a is produced by a force —ma. 

This is the inertial force for the case under consideration. It is not the result of 
the interaction of bodies, but is due to the accelerated motion of the reference 
system. 

If the body under consideration in the noninertial reference system interacts 
with other bodies, the inertial force is added to the forces due to interaction, 

The fundamental law of mechanics in noninertial systems of coordinates is 
written in the form: 


ma == I -- inertial forces, 


where F is the resultant force due to the interaction of the bodies. 

The expression for the inertial forces will vary in accordance with the nature 
of the motion of the noninertial reference system (rectilinear, circular, circular 
with accelerated speed, etc.). Formulas for inertial forces in a variety of cases 
‘an be found in books on theoretical physics. 


Sec. 4. APPLICATION OF THE FUNDAMENTAL LAW OF MECHANICS 
TO ACCELERATED RECTILINEAR MOTION 


In this section, we give several elementary examples illustrating the physical 
meaning of the fundamental law of mechanics, which states that the vector sum 
of the forces acting on a body is equal to the product of the mass of the body and 
the acceleration, and its direction is that of the acceleration. 

Horizontal Motion Under the Action of a Constant Force. An engine moves 
a trolley located on rails. Two forces act on the trolley in opposite directions—F, , 
the frictional force exerted by the rails, and F,,;, the force exerted by the engine. 
If these two forces are equal, the trolley moves uniformly. In order for the trolley 
to accelerate, the resultant force must be directed parallel to a. Therefore, to 
produce accelerated motion, the motive force must be greater than the frictional 
force. Moreover, the difference between these forces is the resultant force, which 
according to the fundamental law of mechanics is equal to the product of the 
mass and the acceleration., Thus, 


Fo, —P 4 ma. 


The frictional force is the result of the interaction of the rails with the trolley. 
Therefore, coupled with F,, is the force exerted on the rails (F',,). Similarly, 
coupled with /’,, is F,,, the force which the trolley exerts on the engine. 

The force F’,, is the resistance force overcome by the engine (experienced by and 
acting on the latter). This is the force that would act on a man’s muscles if he 
were the source of motive power. As can be seen, the resistance force F ,,. consists 
of two terms: the frictional force and the quantity —ma, which can be called 
the inertial resistance. Inertial resistance is always related to the effective force 
acting on the accelerated body. It is equal to ma in magnitude but is oppositely 
directed to it. The inertial resistance could also be a single force acting on the 
accelerated body, which would be the case here if there were no friction. 

Let us consider another example of hosizontal motion under the action of a con- 
stant force. The load under consideration is placed on a moving trolley having 
a back stop (Fig. 7). If there were no back stop, the load could slip off the trolley 
when the motion is accelerated. With no back stop, the fate of the load depends 
on the interaction between the trolley’s floor and the load. This interaction in- 
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n. The trolley moves with a small acceleration a and the force 
he frictional force, should be equal to ma*. But the static 
any magnitude whatsoever. It must be somewhat less 


yolves only frictio 
acting on the load, i.e., t 
frictional force cannot have 


than FY?*. If : 
ma > Fir", 
motion with acceleration a becomes impossible and the load slides off the trolley. 
If there were no friction between the load and the floor of the trolley, the load 
would not move from its place, i.e., the trolley would move out from under the 


load. Let us now assume that the trolley has a back stop. The load is then prevented 


Fig. 7 


from sliding as soon as it comes into contact with the back stop. The back stop 
now pulls the load with the force F = ma. The force coupled with the motive 
force is the inertial resistance experienced by the back stop. It is also equal toma, 
but is directed oppositely to the acceleration and acts on the back stop. 


Examples of force. The force accelerating a passenger car is ~200 kel = 1,960 newtons (N). 
4 N is the force imparting an acceleration of 1 metre/sec? to a mass of 4 kg; 1 N = 10° dynes = 
= 0,102 kgf. The Henna developed by the jet engine of a modern aircraft is 10,000—20,000 kgf= 
= {05-2 % 405 N and the tractive force developed by a T9-3 diesel locomotive is ~ 10,000 kgf. 


Vertical Motion of an Elevator. Let us consider the forces acting on a load located 
on the floor of an elevator executing nonuniform motion. 

Assume the elevator is accelerated upward (Fig. 8). Two forces act on the load: 
the Earth’s force, Fy, and the force exerted by the elevator’s floor, F,;. But now 
the resultant force must be different from zero, so Fy ~ Fe. Since the resultant 
force will be in the direction of the acceleration, F; > F'gi, and 


F.— Fg, =ma. 
The force Fm is simply the gravitational force exerted by the Earth on the load. 


Thus, 
F,.—mg = ma. 


The magnitude of the force exerted by the load on the elevator, Fj, is exactly the 
same as F’,;; thus, the resistance experienced by the elevator in lifting the load is 


Fj = mg -+-ma. 


We see that this resistance consists of the weight of the load and the inertial 
resistance. The force F;, is sometimes called the apparent weight. 
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The result obtained is for the case when the acceleration of the elevator is direct. 
ed oppositely to that of gravity. This condition is satisfied not only when the ele- 
vator is being accelerated upward, but also when it is decelerated during its 
downward motion. ; , ; 

When the direction of the gravitational force and the acceleration of the elevatoy. 
coincide, the force exerted by the load on the elevator (apparent weight) is 


Fie = mg —ma. 


From this formula, it is evident that the pressure against the floor of the elevator 
ceases when a = g, i.e., when the elevator falls freely in the gravitational field. 


Centre of gravity 


Fig. 8 Fig. 9 


In this case, the body in the falling elevator ceases to press against the floor and 
stretch the cable, i.e., the body, so to speak, ceases to have weight. 

Force on a Freely Hanging Load. Let us consider the motion of a plumb bob 
suspended from a trolley executing accelerated motion. For such motion, the 
string by which the plumb bob is suspended forms an angle with the vertical. 
Two forces act on the load: F,), the tension on the string, and Fy, the Earth’s 
attraction, which is equal to mg (Fig. 9). These forces are directed at an angle 
to each other. According to the fundamental law of mechanics, their vector sum 
is equal to ma and its direction is that of the acceleration. The diagonal of the 
parallelogram formed by the forces Fy and Fy, is, therefore, horizontal: 


ma=F + Fy. 


The force coupled with Fy, is exerted on the Earth and does not interest us. We 
are, however, interested in the force F;,, i.e., the force with which the load stretches 
the string. The value of this force, exerted on the string, is: 


Fi,= —ma-+- Fp. 


Thus, in this example too, the inertial resistance is a component part of the 
total resistance experienced by the accelerated body. 
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Sec. 5. APPLICATION OF THE FUNDAMENTAL LAW OF MECHANICS TO CIRCULAR 
‘ MOTION 

Motion in a circle is accelerated motion. If a body moves in a circle with constant 
angular velocity, the magnitude of its acceleration is equal to w?R and its direc- 
tion is inward along the radius. 

While executing uniform motion in a circle, the body may be under the action 
of any number of arbitrarily directed forces. However, in accordance with the 
fundamental law of mechanics, the vector sum of these forces, or, simply, the 
resultant force, must be directed inwardly along the radius (parallel to the accele- 
ration) and the value of its magnitude must be 


Feentrip =~ = MPR. 
The resultant force acting on the uniformly rotating body is called the centripetal 
force. We again emphasise that the resultant force always has the-direction of the 
acceleration and not of the velocity, i.e., in our case, the force producing uniform 
circular motion is directed along the radius toward the centre of the circle and 
not along the tangent to the circular path. The role of the centripetal force is to: 
continually deflect the body from the rectilinear path along which it would move, 
as the result of inertia, if this force were not present. 


Example. A particle of mass m caught on a blade of a modern steam turbine (3,000 rpm, 


radius about 1 metre) experiences a centripetal force FP = mo?r = m (314)? ~ 100 m Xx 
~ 10% dynes ier m is in grams). The weight of the particle is equal to mg. Thus, the centri- 
m X 10° 


petal force is arnt or about 10,000 times, the weight of the particle. 


If a body is given accelerated motion, then, in conformity with the law of 
action and reaction, the accelerated body should act on other bodies (constraints): 
that make it accelerate rather than move in accordance with the law of inertia. 
The force of the accelerated body on the constraint has been called the inertial 
resistance. Such a force also exists, of course for 
circular motion—it is called the centrifugal force. 

Centrifugal force and centripetal force are equal in 
magnitude but are oppositely directed. The centrifugal 
force is applied to the constraints of a body executing 
circular motion or, in other words, is applied to those 
bodies making the body under consideration move 
in a circle, and preventing it from moving rectilinearly 
and uniformly. As in the case of centripetal force, cen- 
trifugal force is a resultant—the sum of all the reac- 
tions exerted by a rotating body on its constraints. 

Let us consider several examples, limiting ourselves 
to the simpie case of circular motion due to the inter- 
action of two bodies. If body A prevents body B from 
moving rectilinearly and uniformly, and makes it move uniformly in a circle, 
F’,,, is the centripetal force and /’;, is the centrifugal force. Such simple interac- 
tion occurs between a bady located on a bowlshaped pedestal, rotating about its 
axis in the horizontal plane, and the pedestal itself (Fig. 10). If the frictional 
foree is not very large and the pedestal is rotating rapidly, the body slides to the 
wall of the bowl. In this case, the interaction between the body and the pedestal 
consists in the following: the wall of the bow] acts on the body inwardly along 
the radius (centripetal force), and the body, with a force of equal magnitude, 
presses against the wall outwardly along the radius (centrifugal force). 


y 
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We return now to the initial moment in this experiment. The body is lying 
on the pedestal and the pedestal has just begun to rotate. If there were no interac- 
tion between the body and the pedestal, the body would remain in place and the 
pedestal would rotate under the body. The presence of static friction prevents 
this from happening. The body rotates together with the pedestal. Moreover, as 
was indicated in the previous section, the static frictional force will be directed 
inwardly along the radius. The static frictional force is the only force impelling 
the body to rotate, i.e., the frictional force in this case is a centripetal force, 
Therefore, 

Fi, =F eenirip: 


The centrifugal force is exerted by the body on the pedestal and is thus directed 
outwardly along the radius. If for the purpose of clarity (it should be remembered, 
however, that this is a very gross picture) friction is conceived as being due to the 
engagement of two rough surfaces, whereby the surface protuberances of the first 


Fig. 11 Fig. 12 


body mesh with those of the second, then the centrifugal force constitutes a force 
acting outwardly along the radius at the meshed points of the pedestal surface. 

The frictional interaction maintaining the body fixed with respect to the pedestal 
must be less than a certain maximum F7**. In increasing the velocity of rotation 
of the bowl, the value of mw*R finally becomes greater than Fi, *, which makes 
it impossible for the body to execute circular motion with acceleration |a | = 
= wR. Indeed, to secure circular motion with angular velocity @, a force mw?R 
must act on the body. If the frictional interaction cannot provide this force and, 
hence, motion in a circle of radius R with angular velocity o, the body moves 
with respect to the pedestal and static frictional interaction ceases to exist between 
the body and the pedestal. 

As soon as interaction between the body and the pedestal ceases and the body 
becomes free, rectilinear and uniform motion begins, the velocity being that 
possessed by the body at the moment of dissociation. Since the velocity of a body 
moving in a circle is directed along the tangent, this line represents the line of 
motion of the freely moving body. The tangential path of particles dissociated 
from a rotating body is very clearly demonstrated in the case of particles flying 
from a rotating grindstone. 

Let us now consider the rotation of a stone tied to the end of a string (Fig. 14), 
In order to uniformly rotate the stone at the end of the string under normal condi- 
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tions, tangential acceleration as well as centripetal acceleration must be imparted 

to the body. The tangential acceleration is necessary in order to overcome the 
friction with the air. The resultant acceleration—and, hence, the force—is not 
directed along the radius, but forms an acute angle with the direction of motion. 
The hand executes rotational motion and the string is directed at each instant 
along the tangent to the circle described by the hand. 

As another example of circular motion, let us consider the rotation of two attract- 
ing bodies having the same angular velocity about a common centre. By means 
of a centrifugal machine, it is not difficult to make two bodies of equal mass, 
joined by a string, revolve about a common axis. 

To begin with, let us consider the first body, with a string attached to the rotat- 
ing shaft. The centrifugal force acting on the shaft is equal to myo*R,. Similarly, 
the second body acts on the shaft with a force m.w*ft,. If these forces are equal, 
the strings could be joined to each other as shown in Fig. 12, for nothing would 
change thereby. It is thus clear that the condition for stable rotational motion 
of two bodies joined by means of a string is the equality of the centrifugal forces 
exerted on the string by these bodies: 


m,o?Ry = m.o*Ro. 
Thus, 


my Re 
Ms Ry? 


i.e., stable rotation takes place only when the ratio of the distances to the axis 
of rotation is inversely proportional to the masses of the bodies. 

The point dividing the distance R, + , in the ratio eo at (Fig. 12) is 
called the centre of mass (see Sec. 15). It can be stated that stable rotation of two 
joined bodies takes place about the centre of mass of the system. 

We have spoken about two bodies whose interaction is achieved by means of 
a string. However, the above is also completely valid when two bodies attract 
each other in accordance with the law of universal gravitation, or when a positive 
and a negative charge attract each other. Thus, interaction of any kind between 
two attracting bodies can produce stable rotation about the centre of mass of the 
system. This interaction is given by two forces applied to the attracting bodies. 
The forces are oppositely directed but numerically equal. (At this point, the 
unsophisticated reader will usually ask: Why do the bodies not attract each other? 
We repeat: The forces are parallel to the accelerations, not to the velocities, and 
n circular motion the acceleration is directed along the radius toward the centre 
of rotation.) Since a single force acts on each body, both are centripetal forces. 
At the same time, both are also centrifugal forces. Thus, body A acts as a constraint 
for body B, and vice versa. In other words, for body A, Fz, is a centripetal force 
while /',,, is a centrifugal force, and vice versa for body B. However, the concept 
of centrifugal force is used here in a completely formal sense. It was introduced 
only in order to emphasise the similarity existing between a system of spheres 
joined by a string and a system of bodies by a force of attraction. 

A planetary system is an example of stable rotation of attracting bodies. Let us 
assume that the Sun had only one planet—the Earth. The centre of rotation would 
then divide the line joiming the Sun and the Earth in the ratio mgun ? Mgarin = 

= 330,900 : 4, 

Thus, when it is ordinarily said that the Earth rotates about the Sun, we are 
not committing a serious error, and this would be so even if the Karth were the 
Sun’s only planet. 
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Sec. 6, THE EFFECT OF THE EARTH'S ROTATION ON MECHANICAL PHENOMENA 


The motion of the Karth is complex. It revolves about its axis and, at the same 
time, moves in an orbit about the Sun. Hence, it is clear that the Earth does not 
constitute an inertial frame of reference. Nevertheless, under conditions prevailing 
on the Earth, Newton’s law is generally quite satisfactory. In a number of cases, 
however, the noninertial property of the Earth’s frame of reference has an appre- 
ciable effect on the phenomena being studied. These cases should be investigated, 

Effect of the Earth’s Rotation on Its Form. Weight of a Body. If the Karth’s 
rotation is not taken into consideration, a body lying on the surface of the Karth 
can be considered at rest. The sum of the forces acting on this body would then be 
equal to zero. As a matter of fact, any particle on the Karth’s surface lying at 
latitude @ moves with an angular velocity w = 0.7292 ~ 1074 sec! about the 
globe’s axis, i.e., in a circle of radius r = R cos ¢ (R is the radius of the Karth, 
which is assumed to have, to a first approximation, the shape of a sphere). There- 
fore, the sum of the forces acting on such 
a particle differs from zero. It is equal 
to the product of the mass and the accel- 
eration, o?R cos ¢, and is directed along r. 

It is clear that the presence of such a 
resultant force OG (Fig. 13) is possible 
only when the reaction of the Marth’s 
surface OA and the gravitational force 
OE are directed at an angle to each other. 
The body will then press on the Karth’s 
surface (according to Newton’s third law) 
with a force OC = —OA. If the globe 
were at rest, this force would be equal 
to the gravitational force OF and would 
also coincide with its direction. 

Let us resolve the force OC into two 
components—one force directed along the 
radius OD and the other along the tan- 
gent OB. As can be seen from the figure, 
the Earth’s rotation results in two effects. 
First, the weight (the body’s pressure 
the gravitational force. Since OC ~ OD, this 
decrease equals DE = mRw? cos? . Secondly, a force is produced tending to 
flatten the Earth, i.e., shift matter toward the equator. This force OB = 
= mRw” cos ~ sin ~. Such flattening has actually taken place, for the Earth’s 
shape is not spherical but close to an ellipsoid of revolution. As a result of this 
effect, the equatorial radius of the Earth is 4/300 greater than the polar 
radius. 

The flattening force tended to redistribute the mass of the globe as long as the 
latter’s form was not in a state of equilibrium. When this process was completed, 
the flattening force evidently ceased to be effective. Hence, the force exerted on 
the terrestrial “globe” is directed normal to the surface. 

_ Let us now return to the quantity expressing the pressure of the body on the 
Earth, i.e., to the physical quantity generally called weight. The calculation 
made for a sphere (gravitational force minus mRw? cos? ) is naturally not valid 


for the actual shape of the Earth. However, for approximate calculations, this 
value can be used. 


on the Earth) becomes less than’ 
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At the poles ( -- 90°), the weight of the body is equal to the gravitational 
force. Let us denote the gravitational force of the body at the poles by mg. As 
indicated above, the pressure exerted by the body on the Earth’s surface at any 
point of the globe, in other words, the weight of the body, will be equal to the 
difference between the gravitational force and the force DE, i.e., 


mg — mRw* cos? @ = mg’. 
Thus, 
tA © 
g = g— Ro’* cos’? 


is the acceleration with which a body falls at the latitude gm. At the equator, g’ 
is 1/300 less than g. 

If we use an appropriate value for the acceleration of a freely falling body at 
each of the various latitudes, we do not have to calculate the effect of the Earth’s 
rotation on the weight of the body. 

Effect of the Earth’s Rotation on the Motion 
of a Body on the Earth’s Surface. Let us as- 
sume that the motion of a body is observed in a 
rotating system of coordinates. The body moves 
rectilinearly and uniformly past the observer, 
and the motion is curvilinear in the selected 
noninertial frame of reference. Coriolis, the 
French scientist, showed by means of calcula- 
tions that relative to a system rotating with an- vy 
gular velocity @ a body moving rectilinearly and ae 
uniformly with velocity v has an acceleration Otop 
equal to 2vm sin a, where a is the angle between 
the axis of rotation and the direction of the 
rectilinear motion. The acceleration is directed Fig. 14 
perpendicular to the plane passing through the 
axis of rotation and the direction of the velocity. We may use the following rule 
to determine which of the two possible directions is that of the acceleration. 
{f one looks along the axis of rotation in the direction that makes the rotation 
appear counterclockwise and places his left hand palm down with the fingers 
pointing in the direction of the rectilinear motion, the thumb will point in the 
direction of the acceleration (Fig. 14). 

The Coriolis acceleration ag,, acts on all bodies moving on the Karth’s surface. 
If one looks along the Earth’s axis from the North Pole, the rotation appears 
counterclockwise. Hence, in the Northern Hemisphere, any body moving recti- 
linearly relative to an inertial system will deviate to the right (as viewed by 
a terrestrial observer) in the course of its motion, while in the Southern Hemi- 
sphere, it will deviate to the left. This deviation could be large or small, depending 
on the direction of motion with respect to the axis and on the linear velocity of 
the motion. 

The deviation of the body can take place in the horizontal or in the vertical 
plane (with respect to the surface of the Marth). The Coriolis acceleration is directed 
perpendicular to the Earth’s axis; hence, the deviation taking place in the hori- 
zontal plane is greatest at the poles and equal to zero at the equator. The reverse 
is true for deviations in the vertical plane. The deviations in these two planes 
determine the corresponding projections of the acceleration vector. Thus, the 
projection of the acceleration of the body in the horizontal plane is 


2vm sin @, 
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where @ is the latitude. In the Northern Hemisphere, this projection is directe 
to the right of the motion. 

The deviation of bodies moving in the horizontal plane from their rectilinez 
path is the reason why the right banks of rivers are eroded in the Northern Hem 
sphere, and the left banks in the Southern Hemisphere. For the same reason, rive. 
in the Northern Hemisphere by-pass obstacles to the right and in the Souther 
Hemisphere to the left. 

Air masses flowing into regions of low pressure deviate from the radial directio 
to the right in the Northern Hemisphere (to the left, in the Southern Hemisphere 
and form cyclones. Thus, cyclones in the Northern Hemisphere stir the air masse 
counterclockwise, and in the Southern Hemisphere clockwise. 

As a result of the vertical deviation, a falling body does not fall exactly vert; 
cally. Such a body deviates from east to west (the Earth rotates from west t 
east, i.e., counterclockwise if viewed from the North Pole). 


Examples. 1. Let us calculate the maximum deviation of a normal artillery shell. The devi 
ation will be a maximum at the poles (p = 90° and for all firing directions a = 90°). If we talc 
the velocity of the shell to be 4 km/sec, we obtain a deviation of 2 4,000 « 0.73 X 10-4 & 
ww 0.15 m/sec?. The gravitational acceleration is about 70 times greater than this acceleration 
As can be seen,’ the deviation of the shell from its rectilinear path can attain a magnitude o 
the order of several centimetres per second. 

2. Assume that a river is flowing from north to south (in the Northern Hemisphere) with < 
velocity v = 3 km/hr. Thus, the water moves from a region of small linear velocity of rotatiox 
of the Harth’s surface to a region of larger linear velocity. This increase in the velocity of motiox 
(directed from west to east, together with the banks of the river) is determined by the Corioli. 
acceleration and is due to the action of the right bank of the river on the mass of water. Let u: 
calculate the Coriolis acceleration for the latitude (p= 45°: 


@{Cor = 2vWy sin gp, 
9 = 2nrads/day = 7.25 « 40-5 rad/sec, v= 3 km/hr = 0.83 m/sec, 
cor = 2 X 0.83 X 7.25 X 10-5 x 0.707 = 8.50 X 10-5 m/sec?. 
Thus, on every ton of water the right bank exerts a force of 
8.5 X 10-5 x 10-8 = 8.5 x 102 N. 


The steep right banks of the Volga, Don and other big rivers of the Northern Hemisphere illu- 
strate this effect. 


Sec, 7, DATA NECESSARY FOR THE SOLUTION OF PROBLEMS IN MECHANICS 


The basic problem of mechanics is the determination of the motion for given 
forces. To determine the movion means to be able to indicate the location in space 
and the corresponding instant of time for any of the particles. If we are concerned 
with a complex mechanical system, then such data are necessary for each of the 
particles into which this system can be considered divided. 

In order to tackle such a problem, we must, in the first place, have complete 
data on the elective forces. The forces must be known for every particle and for 
every location of this particle. If these forces are known, then by means of New- 
ton's equations we can determine the acceleration of the particle. However, 
Newton’s equations of motion alone are insufficient to completely determine 
the path, the velocity and the instant of time corresponding to the passage through 
a given point in space. To describe the motion, it is necessary to know for each 
instant of time the location of the particle and the magnitude and direction of 
the velocity. In all, six quantities must be given: three coordinates and the three 
projections of the velocity on the axes. These data uniquely describe the “me- 
chanical state” of a particle and may be called the parameters of state. 
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Thus, the problem reduces to the determination of the parameters of state, for 
Newton’s equations only give the acceleration. 
* To solve the problem, the initial conditions must be known, i.e., the values 
of the parameters of state for some instant of time (this instant is usually designated 
py ! = 0, whence the designation “initial conditions”). If the initial values of the 
parameters of state are known, the rest is merely a matter of mathematics.;Newton’s 
equations of motion plus the initial data suffice to uniquely solve the mechanical 
problem. In principle, the future motion of the particle as well as the past motion 


can be established for any desired period of time. This concept amazed scientists 


at one time. Laplace, the great French scientist and thinker, once said: If we knew 
;he initial coordinates and velocities of all the particles comprising the world, 
we would be able to predict the fate of the world. This somewhat naive viewpoint, 


yeducing all reality to purely mechanical phenomena, is not valid in principle, - 


and not merely because it is practically impossible to obtain the required data. 
Mechanics, based on Newton’s laws, has limited ‘application and its conclusions 
cannot be applied that broadly. 

Let us return, however, to the six initial conditions. The need for giving pre- 
cisely six quantities for a particle is evident from Newton’s equations themselves. 

The vector equation can be resolved into its components and written in the 
form of three equations: ma, = F,, ma, = F, and ma, = F,. To determine the 
jotion, it is necessary to establish how the particle’s three coordinates z, y, z 
vary with time. In order to establish the dependence of the coordinate x on time, 
we must integrate the equation 


dv», , 
m— =f. 


{pe first integration enables us to find the z-component of the velocity. Upon 
;ntegrating, we obtain the first constant of integration. The second integration 
enables us to find the coordinate z as a function of time, and the second arbitrary 
constant is obtained. The above also holds true for the equations of change with 
respect to time for the other two coordinates. In all, six arbitrary constants are 
optained. These may be determined only if six independent facts about the coordi- 
nates and velocities of the particle are known. 

As we have indicated, the initial conditions consist of the three initial coordi- 
nates and the three projections of the initial velocity. However, the problem 
could also be solved if six other quantities are known. For example, we may be 
given the three coordinates of the initial point, the numerical value of the initial 
velocity, and two coordinates of the final point. The path of the particle is also 
uniquely determined by these six conditions. ; 

The parameters of the particle may be given in a variety of ways. The location 
of the particle in space may be given by three Cartesian coordinates or by the 
distance from the origin of the coordinate system and two angles formed by the 
radius vector with the axes. Similarly for the velocity. 

A typical example of the dependence of a body’s motion on the initial condi- 
tions is the behaviour of a rocket fired from the surface of the Earth. The trajectory 
of the rocket and its destiny is determined by the firing direction, the geographical 
location of the launching site and the magnitude of the initial velocity. As is 
well known, for small firing velocities from the Earth, a body has a parabolic 
trajectory. For a velocity of about 8 km/sec, equilibrium is achieved between the 
centrifugal force and the gravitational force, and the launched body may be 
placed in a circular orbit. For velocities between 8 and 11.2 km/sec, the launched 
body moves in an elliptical orbit about the Earth. At an initial velocity of about 
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11.2 km/sec, the kinetic energy of the body becomes sufficient to completely 
overcome the Harth’s gravitational attraction. A rocket launched with such a ve. 
locity will have a hyperbolic trajectory. 


If the mechanical system consists of n independent points, the number of pa- 
rameters for the system will be equal to 6n. 

In some cases, however, constraints which serve to decrease this number may 
be placed on the mechanical system. A simple example is a centrifugal regulator, 
which may be considered as a system consisting of two joined spheres that can 
slide apart and turn about a common axis. It is clear that, given the distance of 
a point from the axis of rotation and the azimuthal angle with respect to an arbit- 
rary line, we can uniquely determine the mechanical state of the system. Two “coor. 
dinates” and two velocities of change of these coordinates constitute the paramo- 
ters of this state. 

Let us now consider an arbitrarily rotating solid body and determine the data 
required to fix its position with respect to a stationary system of coordinates. 
It is clear that the centre of mass of the body is determined by three quantities, 
To describe the body’s rotation, three angles suffice. We need not elaborate on 
this point, for it is evident that by means of three rotations about mutually per- 
pendicular axes any desired orientation of a body can be achieved. 

. Thus, the solid body requires twelve parameters—six coordinates and six 
velocities of change of these coordinates. 

As another example, let us consider two rigidly joined points. If they were free, 
six coordinates would be required to describe them. Since they are rigidly joined, 
an additional condition relating the coordinates of these points exists, namely: 


(1 — 2)" + (ya — yo)* + (ee — 25)" = const. 


Thus, five independent quantities are required to describe this system. In al] 
there are ten parameters—five coordinates and five velocities of change of these 
coordinates. 

Since the parameters of state are always equally divided between “coordinates” 
and velocities of change of the “coordinates”, it is customary to speak of the degrees 
of freedom of a system, whereby we mean the number of independent coordinates 
required to describe the system. Thus, one point has three degrees of freedom, two 
rigidly joined points have five degrees of freedom, a solid body—six degrees of 
freedom, a system consisting of n independent points—3n degrees of freedom, ete. 
The meaning of the following proposition should now be clear: The mechanical 


state of a system is described by giving its parameters in terms of the number of 
degrees of freedom. 


Sec. 8. CONSTANTS OF PROPORTIONALITY AND DIMENSIONS 
OF PHYSICAL QUANTITIES 


The coefficient y in the expression for the law of universal gravitation is a uni- 
versal constant depending on the choice of units for force, mass and distance. 
It is possible to choose the units in such a manner that y = 1. This would requiré 
that the unit of mass be equal to the mass of a particle attracting a similar mas$ 
at unit distance with unit force. In the CGS system of units, such a mass would 
be equal to 1.5 107 g, ie., 45 tons. 

Thus, universal constants in formulas of physics depend on the specific choic€ 


of units. If we desired, we could eliminate all such constants from formulas o 
physics by appropriately choosing the units. 
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It is important to grasp the concept that the employed system of units and the 
censtants of proportionality in formulas are interconnected. We-can demonstrate 
this interconnection by dimensional formulas. First, the number of units that we 
wish to consider fundamental must be established. This number depends entirely 
on us and is determined exclusively by considerations of convenience. 

A widely used system of units in physics is based on the units of length (L), 
mass (J) and time (7’) as the independent quantities. The values of all universal 
constants and the units of measurement of all other quantities are then uniquely 
determined by the choice of units for L, M and 7. The nature of this relationship 
is given by so-called dimensional formulas. Several examples will make their 
meaning clear. The dimensions of velocity are LT-!, acceleration—LT~, force— 
MLT~, the gravitational constant—M“L°7~?, electric charge in the formula 
for Coulomb’s law—M4/?L3/7-!, etc. Knowing these formulas, we can immedi- 
ately say how the numerical values of the universal constants and the units of 
derived physical quantities vary when the magnitude of some fundamental quan- 
tity is changed. 

As we shall see by examples in Sec. 81, dimensional analysis of physical quanti- 
ties can be used to predict the nature of some dependence or other between physi- 
eal quantities. : 

In addition to the system based on distance, time and mass, a system in which 
the fundamental quantities are distance (L), time (7) and force (/) is widely 
used. This is known as the FLT system. Naturally, the dimensional formulas 
in this system will not always be the same as above. Thus, moment of force in 
the FLT system has the dimensions FL, and in the MLT system the dimensions 
ML*°T~*, Mass, being a derived quantity in the FLT system, has the dimensions 
yay Ogee heck 

The fundamental law of mechanics relates the quantities of force, mass, distance 
and time. Therefore, the value of the constant of proportionality in this formula 
depends in both systems on the choice of units. In both systems, a constant of 
proportionality equal to unity is assumed. This means that in the MLT system, 
using the formula / = ma, the unit of force is chosen so that F = 1 when the 
mass and the acceleration are equal to unity. In the FLT system, using the formu- 


lam = FF , the unit of mass is chosen so that m = 1 when the force and the fac- 
a 
celeration are equal to unity. 
In this book, we shall for the most part use two variants of the MLT system: 


CGS system: L—centimetre, M—gram, T—second; 
SI system: L—metre, M—kilogram, T—second. 


In the CGS system, the unit of force is the dyne = 1 g X cm/sec? and the unit 
of work is the erg = dyne < cm. In the SI system, the unit of force is the new- 
ton = 1 kg < m/sec® and the unit of work is the joule = newton % metre. 
If the reader is confronted with data expressed in the FLT system, these data 
should be converted into one of the indicated systems. To do this, he only need 
recall that a unit of force in the FLT system is a kilogram-force (the weight of 


a kilogram mass at sea level at 45° latitude), which is related to the two units of 
force adopted by us as follows: 


1 kgf = 9.81 newtons = 9.81 x 405 dynes. 


We shall return to the subject of systems of units when we consider electrical 
quantities. 
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CHAPTER 2 


Mechanical Energy 


Sec. 9. WORK 


Motion without acceleration (i.e., rectilinear and uniform) may take place 
either without the action or with the action of forces on the body. In the latter 
case, the sum of the forces acting on the body is equal to zero. There is an essen- 
tial difference between these two kinds of motion. In the first case, motion is not 
accompanied by work, while to achieve the second type of motion work must be 
expended. A motor works, moving an automobile uniformly and rectilinearly. 
A man works, moving a sleigh with its load uniformly and rectilinearly. We say 
in these cases that work is expended in overcoming resistance—friction, air resis- 
tance, etc. 

Of the two balanced forces acting on a body moving without acceleration, one 
is directed along and the other opposite to the direction of motion. 


F F, 
F' F 
EE: 
; h 
Direction af motton ee 
~ Direction of motion 
Fig. 15 Fig. 16 


We say that a force acting along the direction of motion performs work. On the 
other hand, as regards a force directed opposite to the motion, we say that work 
is performed against this force. 

For quantitative evaluation, work is expressed as the product of the force acting 
on a body and the distance traversed by the body. The term work is the designation 
for this physical quantity. 

Let a body be.acted upon by a number of forces whose vector sum is equal to 
zero. The body moves uniformly and rectilinearly. All the forces may then be 
resolved into four components (Fig. 15). Forces F, and F., in accordance with the 
adopted definition, perform, no work. Force F performs work equal to FAS, where 
AS is the traversed distance. The work of force F’ is equal to —FAS, where the 
minus sign indicates that work is performed against the force F”. 

Let us now consider thé motion of a body with acceleration, i.e., curvilinear 
and nonuniform motion, As we already know, a resultant force acts on the body, 
in this case, that is directed along the acceleration (but not along the path in the 
general case!). Let us again resolve all the effective forces into forces directed 
along the motion and perpendicular to the motion (Fig. 16). Now, F is not equal 
to F’, and F, is not equal to F,. Using the definition for work given above, we can 
assert, as before, that F; and Fz perform no work. The work of force F’ is again 
negative, i.e., the work is performed against the force F’ and is equal to F’’ AS. 


2, Mechanical Energy 35 


Force F performs the work PAS, which is more than the work against the force 
of resistance. The surplus work serves to accelerate the body. 

The inequality between the forces /’, and /, shows that the motion is curvi- 
linear. Their difference /’, — Fy corresponds to the normal component of the 
acceleration. 

Let us consider an extreme case—uniform motion in a circle. The resultant 
force for such motion is directed, as we know, along the radius of the circle, i.e., 
perpendicular to the direction of motion. Therefore, the centripetal force performs 
no work. ; 

Thus, the surplus work in the general case of curvilinear accelerated motion is 
not used to produce acceleration in general, but only the tangential component 
of the acceleration. For a particle, this can be expressed as follows: 


F.— F'=ma, and FAS — F’AS = ma, AS. 


We repeat: (/ — F’) is the tangential component of the resultant force [7° 

The work expended in accelerating a body (being equal, by definition, to the 
projection of the resultant force on the direction of motion multiplied by the 
traversed distance) is equal to the product of the mass of the body, the traversed 
distance, and the tangential acceleration. The last equation above can be written 
in the form FAS = F’AS -+- ma; AS and can be read as follows: The work per- 
formed by the effective force consists of the work against the force of resistance 
and the work expended in accelerating the body. 


Examples. 1. A jet passenger plane, having a weight P = 70 tf, attains a height h = 10 km’ 


If it moves uniformly, the work performed in rising to this height is 
A, = Ph=7 X 108 kgf-m = 68.6 108 joules = 68.6 < 1015 ergs. 

If this height is attained over a path S = 85 km with a simultaneous increase in velocity (accel- 
eration a = 0.3 m/sec), the additional expenditure of work in producing acceleration will be 
A, = ma X S = 17.9 X 108 J = 17.9 & 10! ergs = 1.82 « 108 kef-m. 

2. To plane a board 2 metres long and 20 centimetres wide, a joiner expends about 150 kgf-m = 
= 1470 J of work. 


Sec. 10. KINETIC ENERGY 


Thus, in accelerating a body, the resultant force F''’* performs the work 
A= Fi x AS == ma,AS, 


where a, is the average tangential acceleration over the portion of path AS being 
considered. Substituting for a,;, we obtain 


v x AS 
Aan ae. = mv x Av, 
At 
where v is the average velocity which is equal to (4/2) (vg -+v,). Here v, and vs 
are the instantaneous velocities at the beginning and the end of the path respec- 
tively. Since Av = vg — v,, then* 
_ mv3 a mvp mv? ) 
mei piel (gp 
* The same result is obtained if we write the expression for an infinitely small uantity of 
work in the form dd = mv dv and integrate it from the moment the velocity was v, to the moment 
it reaches vg: 


Ve , 
mov mv} 
A= \ mvdov ae u 
2 
7% 
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. . 4 : mv" nny 
i.e., the work is numerically equal to the increment in the value of a Phereforg 


the quantity 


is employed as a measure of the energy of motion of a particle. This quantity K 
will be called kinetic energy. The previous equation may now be read as follows. 
the work of the resultant force acting on a body (i.e., the product of the tangentiay 
component of the resultant force and the traversed distance) is equal to the incre. 
ment in the kinetic energy of the body. This equation is convenient for the solye 
tion of elementary mechanical problems in which the path along which the force 
acts is given. 

We shall repeatedly be dealing with the term “energy”. It is one of the Most 
important physical concepts. Energy, i.e., work capacity, is a function of the 
state of a body. Work is produced at the expense of a decrease in the value of 
this function. Kinetic energy is a function of the state of motion. If the kinetie 
energy changes from K, to Ky, then the work performed thereby is equal to Kor <4 
— Ky, independent of the nature of the motion. It is of no importance whether 
the velocity changed rapidly or slowly, uniformly or nonuniformly. The decrease 
in the kinetic energy by a specific amount always yields the same amount of work. 

Only in the case when the physical quantity is a function of state can it have 
the sense of energy, i.e., a store of work. 


Examples. A unit of energy in atomic physics is the electron-volt (eV). This is the kinetie 
energy of an electron accelerated through a potential difference of 4 volt: 


1 eV = 1.6 X 10-12 erg = 1.6 « 10-19 J, 
The energy of a proton accelerated in a synchrotron is 10 GeV = 10! eV = 0.016 erg = 1.6 x 


x 107 J. 
The kinetic energy of a large jet passenger plane (m = 100 tons and v = 800 km/hr) is 


2.5 X 1046 ergs = 2.6 X 109 J = 2.5 x 108 kgf-m. 


Sec, 11, POTENTIAL ENERGY 


Let us consider several phenomena in which the performed work is not accom- 
panied by a change in the velocity of the body. We shall be concerned with two 
types of problems. The first is related to the elastic deformation of a body, while 
the second deals with events occurring during the motion of a body in a gravita- 
tional or electric field. We shall presently show that in both cases we shall be 
dealing with the transformation of work into a special variety of energy, so-called 
potential energy. 

Elastic deformation phenomena will be treated first. Experiments show that 
for any elastic deformation—extension, compression, flexure, etc. —one can always 
find a function of state that increases precisely by the magnitude of the work 
performed on the body. This function of state or, in other words, the function 
of the body’s properties and degree of deformation is called the potential energy 
- of elasticity. 

We shall show this energy to exist for a case of elastic deformation, namely, 
linear extension or compression. Analogous examples could be given for any other 
kind of elastic deformation. 

Let some force, such as a muscular force, stretch a solid body, e.g., a spring, 
very slowly. The work expended in stretching the body from length J + s, to 
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length J -+ ss, where J is the length of the unstretched spring, is 
A = F (s, — 84). 
The muscular force is balanced by the elastic force of the spring at every given 
moment. For a small extension of the spring, the latter is proportional to the 
deformations s*: 
Fa = KS; 

In th expression for work, we must use the average value of the force By O55 
1 3 
> (ks, ++ ksg). We then obtain**; 


_ kss ket XK (=) 
= 2 4° ( Za yt 
‘ 4 ‘ ; ee ‘ : ks? 
i.c., the work against the elastic force is expended in increasing the quantity —* 


‘This quantity is, therefore, adopted as a measure of the elastic energy. The quan- 
tity : 

Ua=— 
will be called elastic potential energy. 

Ulastic potential energy formulas for other kinds of deformation have exactly 
the same form. The body’s stiffness with respect to a specific form of deformation 
is characterised by k, while s is a measure of the deformation (for example, twist 
angle, displacement angle, etc.). 

The quantity U,; is energy in precisely the sense referred to at the end of Sec. 10. 
Irrespective of the manner in which a body is deformed and the rapidity of the 
process, the same amount of expended work will always correspond to one and the 
same incremental value of the quantity a Thus, s is a measure of energy or, 


a 


to be more precise, of elastic potential energy. 


Lxamples. 1. The potential energy of a piece of steel wire (Young’s modulus F = 20.6 x 
10! N/m?) having a length of 50 metres and a cross-section of 10 mm?, and which is stretched 
{ iti, is 


2 
Vel = >-= 20 x 108 ergs = 2J. 


2. For rubber, Young’s modulus # = 7.85 * 10° N/m?. A stone having a mass of 20 ¢ is 
shot from a slingshot to a height of 20 metres. This requires that an energy of 3.92 J be imparted 
to the stone, Assume that the elastic band has an initial length of 40 cm and stretches an addi- 
tional 40 cm. Let us determine the required cross-section for the elastic band. 


i 2b, wer ¢ 2 40 (em) x 3.82 J 
el “Es? ~"7.85 x 10° N/m? x 1,600 (em)? 


ae a =0.25 cm2. 


(xsravitational force possesses the same feature as elastic force. Thus, work expend- 
ed in lifting a body in a gravitational field serves to change the body’s function 
of state. In this case, the function interesting us depends on the position of the 


* It should be recalled that the law of elastic deformation (Hooke’s law) is written in the 


form > = E tT where # is the modulus of elasticity and S is the cross-section of the stretched 
body. Thus, the stiffness (the constant of proportionality in the expression for the elastic force) 
; ES 
has the value k = 7 ae 
** The same result is obtained when we integrate the infinitely small amount of work dA = 
~~ks ds between the limits s; and sy. 
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given body with respect to the bodies attracting it. This function is called gravt. 
tational potential energy. , 

We shall show this energy to exist, first, for a body located close to the arth s 
surface. From point 4, the body is moved to the higher point 2 along some curvi- 
linear path. Let us divide this path into small segments, replacing the curved 
line by a broken line. The latter can be made to approximate the former to any 
desired accuracy. The work expended in moving a body along one of these lineay 
segments of length dl is then 


dA = mgdlsina or dA = mg dh, 


where dh is the increase in height. Since mg does not change along the entire path 
of motion, we can place it before the brackets (before the integral sign when inty- 
grating) in writing the expression for the work expended along the entire path: 
A = mg (he a hy), 
where /y and h, are the heights of points 1 and 2 respectively. Furthermore, 
A = (mgh), — (mgh), = A (mgh), 


i.e., the work of displacement is equal to the increase in the product mgh, whith 
is a measure of the gravitational potential energy for this simple case. 
It is quite evident that 


U = mgh 


is energy and is in complete accord with the meaning we have assigned to this 
term. Irrespective of the manner in which the work is performed, i.e., the path 
taken by a body and the speed of the motion, the work of displacing the body 
from point 4 to point 2 will always be the same, since the increase of energy de- 
pends only on the location of these points—in our simple case, on their heights, 

Since the work of displacing a body in a gravitational field does not depend 
on the path, the work of displacement along a closed curve will be equal to zero, 

It should be noted that it is immaterial what level we choose as our base for h, 
If it is agreed to calculate h from the Earth’s surface, the potential energy of 
a’ body at the bottom of a well will be negative. 

The above formula is not valid for bodies that are far from the Harth, e.g., 
the Moon. Thus, as was explained in Sec. 2, mg, the approximate expression for 
the gravitational force, should be replaced for large distances by the exact expres- 


. NyMs 
sion y —5-. 


Let us calculate the work done by the gravitational force. Work performed by 
the forces of a system will be considered positive, while work against the forces 
of the system will be considered negative. Let us assume that two attracting bodies 
draw together along the line of action of the forces over an infinitely small segment 
—dr of the path (minus, since r decreases). Thus, 


dA= —y a. dr. 
But = = d( —+) . Therefore, 
‘toe T 
dA = —a(—y- te), 


: mym . 
Work takes place at the expense of a decrease in the value of U = —y . 2, which 
is a measure of the gravitational energy in the general case: 


dA = —dU. 
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The quantity 


mym 


represents gravitational potential energy in the general case. 

U is equal to zero if the bodies are infinitely far apart. When the bodies draw 
together, U increases in absolute value. But since U is negative, we see that, just 
as with the approximate formula for bodies close to the Harth, the potential 
energy is less the closer the attracting bodies are to each other. Naturally, if we 
desired, we could change the base line for U and make this quantity positive in the 
interval of values concerning us. 

It is not difficult to show the relationship between the general formula for U 
and its particular case when U = mgh. Thus, replacing r by R +, where R 
is the radius of the Earth, we obtain 


4 
Piss ks yMm B Pua 
oF Riek. h 
1+ 


(M is the mass of the Earth). But since 4 is a small quantity, we can write with 


= cot , whence 


sufficient accuracy : 7 


Changing the base line for U so that zero potential energy for a body is at the 
Earth’s surface, the formula reduces to U = mgh, 


Example. To obtain a clearer picture of the meaning of the above results, let us calculate 
the potential energy of a body of mass m = 1 kg at the Earth’s surface. and at a distance of 
1,000 km above its surface. 

The potential energy at the surface of the Marth is 


Mm : 5.8.x 41024.% 4 
peat as ~ 6. mL yy 
Ty Paras 6.67 x 10-14 x 6.3 108 


='6.1 107 J= —6.1 x 101* ergs. 


The potential energy at a height of 1,000 km is 
518 610848 Kd 
7.3 % 108 
From the calculations, it is evident that 1) the potential energy of a body in the Earth’s 
rravitational field is always negative and increases with its distance from the Earth (since we 
ave agreed that it tends to zero when h — oo); 2) the change in the potential energy of a 
body rising above the Karth’s surface is, generally speaking, not described by the expression 
mg (hy — ty). Thus, 


U 1,000 — Up = —5.3 X 107 —(— 6.1 x 107) = 0.8 x 107 J 


5.3 x 107 J= —5.3 x 10! ergs. 


U1 000= —- 6.67 x 4011 pd 


while the calculation with the expression mg (hy — hy) yields 0.98 X 107 J. However, when we 
are concerned with ascensions to a height h < R (R is the radius of the Earth), it is permis- 
sible to use the simplified expression mg (hy — hy). ba 


The formula for the potential energy of the electrical interaction of charges is very 
similar to that for gravitational potential energy. 

Let us consider two electrical charges g, and gz having the same sign and sepa- 
rated by a distance r. According to Coulomb’s law, the particles will repel each 
other. Therefore, in reducing their separation to the small distance dr, we perform 
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work equal to —dA = — ae dr (the minus sign is used in the left-hand member 


because the work is performed against the forces of the system; the right-hand 
member also has a minus sign because the distance is decreasing and dr is nega- 
tive). The calculation, which in no way differs from that for gravitational force, 
yields for the energy of electrical interaction of charges (for brevity called Coulomb 


energy) the expression U = ae, i.e., here too dA = —dU, 

The interaction energy of charges having opposite signs is negative and behaves 
like gravitational energy. The interaction energy of charges having the same sign 
is equal to zero when the charges are separated by an infinite distance; it increases 
as the charges are brought together. 

We shall restrict ourselves to these examples of potential energy, although in 
various cases other functions of state of a body may be introduced. 

Potential energy always exists when forces act between bodies or particles of 
the system under consideration that depend on the distance between the bodies. 
Potential energy is the interaction energy of the bodies. If a system consists of 
a number of bodies or particles, we can then speak of its total potential energy, 
i.e., the interaction energy between all the particles (each with all the rest). Thus, 
in the case of four particles, the potential energy is composed of six terms, for 
we must consider the interaction between the first body and the second, third 
and fourth; the second body and the third and fourth; and finally the third body 
and the fourth. 

In mechanics, only the potential energy of forces acting between different 
bodies is considered. If a body is complex and consists of many particles, the 
interaction potential energy of these particles is considered to remain unchanged 
during the mechanical processes. The interaction potential energy of the particles 
comprising the body is a component part of the body’s internal energy (Chap- 
ter IX). If changes in a body’s internal energy take place, the phenomena must 
be considered in the light of the laws of thermodynamies (Chapter IX). 


Sec. 12, LAW OF CONSERVATION OF MECHANICAL ENERGY 


Irrespective of the type of forces involved in the motion, the work of the resul- 
tant force is always equal to the increment of the body’s kinetic energy, i.e., 


mv? 


GFAs=A (2), 


The forces acting on the body could be elastic forces, gravitational, electrical 


and frictional forces, etc. 

It is always possible to separate from the effective forces those whose work 
serves to change the potential energy. For brevity, such forces are sometimes 
called potential forces or forces possessing potential. The work equation may be 
written in the form 
mov? ) 


Fos + fAs=A (35 


Here, f represents the nonpotential forces. The work of these forces is equal to 
the change in the internal energy of a body or the medium in which the body 


moves, 
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Substituting in place of the work of the potential forces the increment of poten-- 
tial energy with reversed sign, we can write the equation in the form 


jAs=A ( ta +U), 


The sum of a body’s potential and kinetic energy is called tucal mechanical energy. 
Designating this quantity by €, we obtain: f As = A@, i.e., the change in a body’s. 
total energy is equal to the work of the nonpotential forces, e.g., the frictional 
forces. 

If the work performed in changing the body’s internal energy is small with 
respect to €, the equation simply reduces to the following: A€6 = 0 and € = 
= const. This is the law of conservation of mechanical energy, which states that 
the total mechanical energy of a body is conserved. 

This law may be easily generalised for a system consisting of many bodies or 
particles. For each body we may write a work equation and then combine these 
equations into one. The total energy will then be equal to the sum of the kinetic. 
energies of the bodies and the potential energy of interaction: 


___MyVzE_ | MgUZ | AU 
ee 


Tf ali the interac.ing bodies are taken into account (such a system of bodies is. 
called a closed system), the form of the law remains the same as for a single body. 
The change in mechanical energy is equal to the work of the nonpotential forces 
and, if this work is negligible, the total mechanical energy of a closed system of 
bodies remains unchanged, i.e., is conserved. 

The law of conservation of mechanical energy is, on the one hand, a consequence 
of the equations of mechanics (Newton’s law); on the other hand, it may be con- 
sidered as a special case of a more general law of nature—the law of conservation 
of energy (Chapter IX). 

Even in mechanics alone, many forms of interconvertible energy are met. In 
considering the motion of a body under the action of elastic forces or gravitational 
force, it is easily seen that an increase in the energy of one of the mechanical . 
forms is accompanied by a decrease in the energy of the other form. 

Thus, the gravitational force acting on a falling body decreases the potential 
energy of the body and increases its kinetic energy. The reverse is true when a body 
is lifted to a certain height. The elastic force making a ball thrown against a wall 
rebound decreases the potential energy of the compressed ball and transforms it. 
into kinetic energy. The reverse takes place when the wall stops the thrown ball 
(the interval from no deformation to maximum compression). 

A stretched spring can raise a load to a certain height. On the other hand, a fall- 
ing load can stretch a spring. Thus, elastic energy can be transformed into eravi- 
tational energy and vice versa. 

The above examples apply to the transformation of one form of energy into 
another in one and the same body as well as to the transfer of energy from one- 
body to another. 

It is possible, of course, to transfer energy in the same form from one body 
to another: one load pulls another by means of a pulley, a sphere colliding with: 
another transfers part of its kinetic energy to it, etc. 
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“Sec, 13, POTENTIAL CURVES. EQUILIBRIUM 


The potential energy of interaction of bodies or particles depends on their 
relative distribution, i.e., it is always a function of the coordinates or other para- 
meters describing the location of these bodies in space. In the simplest cases, the 
potential energy may depend on a single coordinate. 

Let us consider the interaction of two particles whose potential energy of interac- 
tion is described by the function U (x), where x is the distance between the parti- 
-cles. For the sake of definiteness, let us assume the particles repel each other with 
a force F. Under the action of the interaction forces, the distance between them 
increases by dz, i.e., an amount of work equal to dx is performed. This is possible 
at the expense of the potential energy of interaction U, which changes by —dU 
(decrease of energy). 

Thus, —dU = F dx 
or 


i.e., in the case of potential forces the force is equal to minus the derivative of the 
‘potential energy with respect to x. The nature of the mechanical problem is then 

U (2) very simple and is clearly described by so-called 
potential curves, i.e., graphs on which the 
values of the potential energy are plotted asa 
function of the parameter (Fig. 17). 

In explaining the essence of this graphical meth- 
od, the analogy is usually drawn with the mo- 
tion of a body on a hill. The meaning of the 
potential curve then becomes particularly clear, 

for the profile of a hill and a potential energy 
‘distribution curve that is proportional to the 
height 2 of the hill coincide if drawn to proper 
scale. 

Potential curves consist of crests and troughs, 
steep and¥gradual rising slopes as well as steep 

Fig. 17 and gradual declining slopes. The form of the 

curve permits us to immediately indicate on 

ewhich portions of the path a large amount of work is performed, on which a 

‘small amount, and whether the work is positive or negative in each case. The 

steeper the potential curve, the larger the force acting on the body. In accordance 

with the familiar geometric sense of the derivative, force is described by the 
tangent of the angle of inclination of the tangential line to the potential curve. 

The validity of the formula relating potential energy and force is completely 
evident for those narticular cases of potential energy that we have considered. 
For the potential energy of a body on the Earth’s surface: 
dU 


Forbidden vegion for 4 
the total energy E, 


U=smgh and F=——- = —mg. 
‘For a body in a gravitational field, in the general case: 
mym dU mm 
U= —y—= and Pee eyes pion 


For a body subjected to elastic action: 


kex® —_ dU 
v= and F= ae —khex 


2. Mechanical Energy 43. 


For electrical interaction: 
Po. oe oy es ee 
FE . 


a r2 


Returning to the potential curve plotted in the diagram and keeping the above 
explanation in mind, we can immediately indicate where the force is greatest and 
the points where the force acting on the body is equal to zero. The latter points, 
i.e., the positions of equilibrium, are at the bottom of the potential well and at 
the potential peak. The positions where the potential energy is a maximum cor- 
respond to unstable equilibrium, while the bottom of the potential well is a posi- 
tion of stable equilibrium. 

We stated above that the form of the potential curve permits us to describe 
the possible motion of the body. This is not completely accurate. In addition 


Ya) 


ve Y(2) 


(a) (b) /c) 


Fig. 18 


to the potential curve, we must also know the value of the total mechanical energy 
of the body. If this value is known, we can then indeed deduce from the form of 
the potential curve the possible motion of the body or particle. 

Horizontal lines are drawn in Fig. 17 at the ordinates corresponding to 6 
and 6. If € is the total energy of the particle, then we can determine the kinetic 
energy as well as the potential energy from the curve. The former is the difference 
between 6 and U. 

The moving particle cannot occupy positions in which the potential energy 
is greater than the total energy. Thus, the horizontal line € restricts the possible 
motion of the body to certain portions of the curve. In the case when the energy 
is represented by the lower line €,, the moving point has two possible intervals 
in which it may be located. It may be either in the potential well (and have an 
oscillatory motion there) or on the slope to the right of point A, where it will 
move downwards or upwards depending on whether it acquires or loses kinetic 
energy. . 

The above analysis is completely valid for any kind of potential curve. Fig. 18 
shows several types of such curves. Thus, in Fig. 18a, we see the potential curve 
for a body oscillating on a spring. The oscillating body is in a potential well 
having symmetrical edges. In Fig. 18b, a potential curve is shown that is typical 
for many interacting particles, e.g., atoms and molecules. The curve constitutes 
a potential well, one of whose edges has a very steep slope while the other has 
a gradual one. Plotted along the abscissa is the distance between the particles. 
As can be seen from the curve, the potential energy is very large at small distances, 
falls with increasing distance, reaches a minimum, then gradually rises tending 
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toward some finite limit. The nature of the motion and the bond between two 
interacting particles are completely described by this curve. Two cases should 
be distinguished. The first is when the total mechanical energy of this pair of 
particles is represented by the lower horizontal line 61. The second is when the 
total energy is equal to 65. In the first case, the system cannot get out of the 
potential well. This means that the distance between the particles lies between 
the limits indicated in the figure. The mutual motion of the particles can only 
be of an oscillatory character. Such is the situation in a stable diatomic molecule. 
The second case is the reverse of the first. The total energy of interaction of the 
particles is too large for them to be constanly linked. The system may get out of 
the potential well, i.e., the bond between the particles cannot exist and the parti- 
cles may fly apart to any distance whatsoever. 

The third potential curve in the figure is a so-called square well. Recalling 
that force is described by the tangent of the angle of inclination of the tangential 
line to the potential curve, we see that the potential energy may be represented 
in the form of a square well if the body or particle moves freely without the action 
of forces, yet cannot leave the bounds of the given portion of the curve 


as long 
as the total energy is less than the height of the sides of the well. 


CHAPTER 3 


Momentum 


Sec. 14, CONSERVATION OF MOMENTUM 


The product of the mass of a body, or particle, and its velocity is known as the 
body’s momentum (quantity of motion): p = mv. The momentum p is thus a vee- 
tor quantity. In a system of bodies or particles, the momentum is equal to the 
vector sum of the particles constituting the system: 

P=pi+pot... 

What makes this vector quantity of particular interest to the physicist is the 
fact that in a closed system the vector P does not change, irrespective of the motion 
within the system itself. This proposition is known as the law of conservation of 
momentum. 

The law of conservation of momentum follows directly from Newton’s laws. 
For each of the bodies in the closed system, the following equation is valid: 

a 


> (nv) =F, 


Let us consider what happens when we write such an equation for each of the 
bodiesYand then add the equations. The right-hand member of each equation 
represents the forces exerted on the given body by all the other bodies. Thus, the 
force exerted on the first body is equal to the sum of the forces exerted on it by 
the second, third, etc. Using double indexes, we may write: F,, -+ Fy, + Fy, +... 
Similarly, for the forces exerted on the second body, we may write: Fs, -—+ Fo. + 
+ Fo, -+...; for the third: F3, + Fs. + F3, +...; etc. It is not difficult 
to see that when the right-hand members of the equations are added the result 
is zero. For each term in the first line, there is always a term in another line that 
is equal and opposite to it (in accordance with the law of action and reaction). 
Thus, when Fy and F.; are added the result is zero; also F, and F531; etc. Therefore, 
in a closed system, the following equation holds: 


d d d d) 
aoe Pe t+... =0; Gr (Pit pat pst...) =0 


or 
Pit Po+ P3t..- =const. 


This is the law of conservation of momentum. The magnitude and direction of 


individual moments may change, but their vector sum in a closed system does 
not. 


Magnitudes of some momenta: The momentum of an electron with an energy of 5 eV is 
o gx com : : y keg > 
red, 3K 4o-20 8X em, that of a rifle bullet is ~8 x 495 8X om =ai8 Bo Dace and that of a 
se sec sec 
ke x m 


freight train is ~10? 
sec 
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Sec, 15. CENTRE OF MASS 


The methods of finding the centre of gravity of a body are well known. If a body 
is fixed at its centre of gravity, it-is in a state of neutral equilibrium. For a system 
of particles, or a solid body considered-to be broken up into elementary elements 
having the size of particles, we can write an analytical expression for the position 
of the centre of gravity. 

Using the rule for adding parallel forces (Fig. 19), we obtain the following 
expression for the position of the centre of gravity when the particles are consid- 
ered to be distributed along a straight line, say the z-axis: 


Pe My Ly -+ Mgg-+- Mgxg-4- +--+ 


My-- Mg++ mg-+-.-. 


Here, 21, 22, 23, ... are the coordinates of the particles, and my, my, Mg... 
29 3 i 2 3 


are the masses. Masses are used instead of weights since the acceleration of the 
gravitational force cancels out. 


° >, It is shown in theoretical mechanics that 
a] ‘ for any distribution of particles the expres- 
\ sion for the position of the centre of grav- 
ity has the form: 
: gg 
" \ a my y - MgPg-b Msg +. K 
3 a {iim me-f mg- eee 4 


X ————>| (#1, +3) J where R is the radius vector of the centre 


and ry, re, rz are the radius vectors of the 
Fig. 19 particles. Bee es ines 

‘ Since the acceleration ot the gravitation- 

al force cancelled out in these formulas, 

we can conclude that the point found has an objective significance that does not 

depend on the gravitational conditions. It is valid, in fact, even if the body is 

located in interplanetary space under conditions of weightlessness. It makes 

sense, therefore, to replace the prevalent designation “centre of gravity” by a desig- 

nation that more accurately expresses the essence of the matter. Thus, we speak 

of the centre of inertia or centre of mass of a body instead of its centre of gravity. 

We shall directly see the full significance of this designation. Let us consider 
the velocity of motion of the centre of mass: 


dR 
Ve. 


Using the formula for the determination of the centre of mass, we obtain: 


Vas MM Vy -f MgVg-} MgVg-4- +++ 
~ myemgtmgt... * 


In the numerator we have the total momentum, which is conserved in a closed 
system. ‘Thus, the right-hand member of the equation is equal to a constant quan- 
tity. We can conclude, therefore, that the velocity of the centre of mass does not 
change in magnitude or direction. Or, in other words, the centre of mass of a closed 
system of particles executes inertial motion. 

As we already know, all inertial systems of coordinates have equal validity. 
Hence, we can always go over to a coordinate system bound to the centre of mass 
of the system under investigation and consider this interesting point as fixed. 
In atomic physics, we often consider collisions between particles. To study this 
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phenomenon, two systems of coordinates are used—the laboratory system (the 
natural coordinate system of an observer) and the system bound to the centre 
of mass of the colliding particles. The advantage of the latter frame of reference- 
is evident: the total momentum of the particles is equal to zero. 


Sec, 16. COLLISIONS 


The word “collision” should be understood in a somewhat broader sense than: 
that used in everyday practice. For the mechanical problems that now concern us, 
any encounter between two or more bodies in which the interaction is of short 
duration will be considered to be a collision. Thus, in addition to the phenomena 
that can be classified as collisions in the usual sense of the word—e.g., impact of” 
billiard balls and collisions between atoms and atomic nuclei—we have such 
events as a man jumping on or off a street car and a bullet hitting a wall. The- 
forces arising as the result of such short interactions are so great that the role 
of all constant forces being exerted is negligible. As a result we are justified in. 
considering the colliding bodies as a closed system and 
we can apply the law of conservation of momentum = * 
to them. 

In many collisions, the duration. of the interaction 
is measured in thousandths of a second. During this 
interval of time, the force rises to its maximum value 
and then drops to zero. A typical curve for the force 
during such an impact is shown in Fig..20. For each 
instant of time during the impact, the relationship 
between the force exerted on either of the bodies and 
the momentum of this body is given by Newton’s sec- 
ond law: P 


ar (mv) =F. Fig. 20 


Rewriting this equation in the form / At = A (mv), 

we can say that the product of the average value of the force and the duration» 
of its action is equal to the change in momentum. A more accurate description 
of the phenomenon is obtained if we integrate the above equation from the initial’ 
instant of impact to the termination of the interaction. It is evident that 


j Fidt = (mv), — (mv). 
0 


The integral on the left is sometimes called the impulse of the force. In the» 
diagram, this quantity is represented geometrically by the area under the impact: 
curve (see Fig. 20). 

There is considerable variation in the nature of collisions, depending on the- 
elastic properties of the bodies. It is customary to consider two extreme cases— 
ideally elastic and absolutely nonelastic impacts. 

First, let us consider the latter type. A nonelastic impact means an encounter: 
between two bodies whereby these two bodies become joined. Examples of non- 
élastic impacts ‘are collisions between clay spheres, a man jumping onto a moving 
trolley, the collision between oppositely charged ions resulting in the formation 
of a molecule, and the capture of an electron by a positive ion. 

Assume that the bodies moved with velocities vy and v, before the encounter. 
Thus, the total momentum was m,v, + m,v.. After the encounter the bodies have> 


| 


lu 
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OU 
an\O- . . rn 
Veagoumniin-hass equal tom, }- ms and move with some velocity V. The momentum 


ofthe system after the encounter is (m, -+ my) V. Since the law of conservation 
of momentum requires that 


(Mm, +- My) V = Myv, + Myo, 
‘the velocityfof the bodies after the nonelastic impact is given by the formula: 


_ MzVy-\- Mgly 


My-- Mg 


The momentum after the encounter should equal the sum of the momenta before 
impact. 

If the motion of the bodies colliding head-on is along. a straight line, then after 
impact the bodies will follow the direction of the body having the originally larg- 
er momentum. If the momenta of the bodies are equal in magnitude Mv, = 

= —M bo; V is thus equal to zero, i.e., the colliding 
bodies come to a standstill. 

A nonelastic impact is accompanied by a transform- 
ation of energy. From the example just given, it is 
seen that the kinetic energy may even become zero. 
It is not difficult to calculate the increase in the inter- 
nal energy of colliding bodies in one or another case. 
All that we need do is perform the following subtrac- 
tion: * 

my-+ Ms y2- { mit sh math ) 
2 Si, ee 

Let us now consider ideally elastic collisions, i.e., 
collisions in which the form of the bodies is completely 
restored. This means that no changes occur in the state 
of these bodies, their potential and internal energy before and after impact remain 
unchanged and, consequently, the kinetic energy is conserved. For two bodies 
colliding in this manner, two equations can be written that are based on the law of 
conservation of momentum and the law of conservation of kinetic energy. Let us 
designate the masses of the bodies by m and M. We can always make the origin of 
the coordinate system coincide with the position of one of the bodies. This simplifies 
the problem without in any way making it less general. Let us assume, therefore, 
that the body having mass M is at rest before impact. The above laws of conser- 
vation then yield the following two equations: 


mu==mv-+-MV and Es mu? =: - mv? +- > MV?, 


Here, w and v are the velocities of sphere m before and after impact and V is the 
velocity of'sphere A after impact. 
Let us consider several examples using these equations. First, we shall examin? 


the case of noncentral* collision of two spheres having equal mass (Fig. 21). The 
masses cancel out in both equations and we obtain 


u=v+V and w=v?+V2, 


From the vector equation, it is clear that the vector u closes the triangle formed 
by vectors v and V. The equation on the right shows that the triangle, for which & 


* The impact is classified as central if the motion of the spheres before impact occurred alon 
a straight line passing through the centres of the spheres. 
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= th. hypotenuse, must be a right triangle. Hence, it follows that the velocities, 
@fter the collision of two particles having equal mass, must be directed at right 
angles to each other. This interesting conclusion is easily verified in billiards, 
Where the directions of motion of the object ball and the cue ball form an angle 
of 90°. In other respects, the nature of the velocity change is not determined by 
_ UW equations, for they do not take into consideration the deviation of the line of 
‘mMapact from the line passing through the centres of the spheres. . 

A complete description of the motion of the spheres after impact is obtained 
‘ We restrict ourselves to the case of central impact. The motion of the colliding 
Spheres will then be along the same straight line after impact as before impact. 
We can dispense, therefore, with the vector notation, keeping in mind, however, 
‘hat a change in the velocity’s sign means that the direction of motion has 
Changed. In this case, there is no need for making the simplifying assumption of 
©qual masses. The equations for central collision have the form 


mu = mv-+ MV and. mu? = mv? + MV?. 
earranging terms, these equations can be written in the form 
m(u—v) = MV and m (u* — v*?) = MYV?. 


Dividing the latter by the former, we obtain: u + v= V or u = — (v — V). 
Vote that the relative velocity of motion of sphere m with respect to sphere WZ 
before impact (designated by w) is equal in magnitude to the same relative veloci- 
ty after impact. 

An interesting formula is obtained when we substitute V = u + v in the for- 
mula for the law of conservation of momentum. We obtain an expression for the 
velocity of sphere m after impact in terms of the velocity of this sphere before 
impact: 

_ m—M 
~ m-M Be 


If the masses of the spheres are equal, the velocity v reduces to zero. This phenom- 
enon can be demonstrated very effectively with steel or ivory spheres. For such 
an impact,.the spheres, so to speak, exchange velocities (Fig. 22). In other cases, 
sphere m is retarded. The closer the values of the masses of the colliding spheres, 
the more effective the retardation. It is not difficult to calculate that when a neu- 
tron (mass 1) rebounds from a carbon atom (mass 12) it loses 2/13 of its velocity and 
when it rebounds from a uranium atom (mass 235) it loses only 2/236 of its velocity. 
For macroscopic bodies, the laws of elastic impact are quite valid for such 
materials as ivory, steel and rubber. These materials, after having been deformed, 
are able to reassume, to a high degree, their original form. This is illustrated by 
the interesting photograph shown in Fig. 23, where by means of slow-motion 
photography the moment of impact of a hockey ball on an obstacle is filmed. In 
1/5,000 of a second, the ball is compressed almost one centimetre, and it takes the 
same amount of time for the restoring phase of the impact: In the first phase, the 
kinetic energy of the impact is transformed into potential energy of elastic com- 
pression. In the second phase, the potential energy is transformed back into kinetic 
energy. For an ideal impact, this reverse process should completely restore the 
value of kinetic energy expended during the first phase of the impact. 
Our formulas are not applicable for the important case of elastic impact of 
a sphere on a wall (Fig. 24). Since the kinetic energy must be conserved, the veloc- 
ity of the sphere cannot change in magnitude. As regards the direction of the 
4—01028 
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sphere’s motion after impact, it should form the same angle with the normal (90°— 
—a) as before impact. Thus, in the case of impact on a smooth wall, the tangential 
component of the velocity remains unchanged, since no tangential adhesion forces 
are exerted by the wall. As can be seen from the figure, the increment of the momen- 
tum is numerically equal to 2mv sin ~ and is directed along the normal to the 


Fig. 22 Fig. 23 Fig. 24 


wall. According to the fundamental law of mechanics, at the instant of impact. 
the force exerted on the sphere by the wall has the same direction as that of the 
vector of momentum change. The angle of incidence of the sphere is, therefore, 
equal to its angle of reflection. 


Let us consider an inelastic impact, using as our example a ballistic pendulum (a device for 
measuring the velocity of a bullet), A bob containing sand, mass M, hangs from a line. The 
bullet is fired into the bob and becomes imbedded in the sand. The momentum of the bullet 
before impact is mu, and the momentum of the system alter impact is (M -+ m) v. Hence, 


ete ee a 
~m+-M 
2 
Acquiring the kinetic energy soe , the bob expends it in rising to the height h, determined by 
the following condition: ; 
Mv? u2 ¢ m \2 
a a Es ee <M). 
Mgh 53 he, h 3g ( iM ) (m <M) 


If M = 10 kg, m = 10 g and u = 900 m/sec, then h = 4 cm. 

If we had not used the law of conservation of momentum in determining h, but had assumed 
instead that the total kinetic energy of the bullet had been transformed into potential energy 
of the pendulum we would have obtained the value h = 40 metres (1). This means that, in 
our example, 3920 J of mechanical energy, or 99.9% of the total supply, has “disappeared”, 
i.e., gone to heat the system. Since absolutely elastic bodies do not exist, mechanical energy is 
not conserved for “elastic” impacts as well, for part of it is transformed into energy of thermal 
molecular motion and is dissipated. We shall return to this example in Chapter XI (p. 135). 


Using an example involving collision we shall now illustrate the merit of a coor- 
dinate system bound to the centre of mass. 
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Assume that a sphere of mass m, at rest in a laboratory coordinate system, is 
hit, by a similar sphere with velocity v. If the impact is inelastic, some portion of 


mov? 


, the kinetic energy of the system, is transformed into heat. In other coordi- 


nate systems, the kinetic energy of this pair of spheres is expressed by other quan- 
tities. As regards the heat released, it will be the same for the given pair of spheres 
and is simply determined by the velocity of their relative motion. Therefore, instead 
of resorting to the law of conservation of momentum to try to determine the 
portion of the kinetic energy that is transformed into heat, calculated for the 
laboratory coordinate system, it is sufficient to calculate the kinetic energy for 
a coordinate system bound to the centre of mass. Since in such a coordinate sys- 
tem the total momentum of bodies is equal to zero, after an inelastic collision the 
spheres come to a standstill: all the kinetic energy is transformed into heat. 
The kinetic energy will have a minimal value for a system bound to the centre 
of mass. 

In a coordinate system bound to the centre of mass, the spheres move toward 


i are 1 1 : ; : 
each other with velocities =v. The kinetic energy of each sphere is thus equal to 


- mv? and the total energy of the system is 5 mv", This is the amount of heat 
released during an inelastic collision. Irrespective of the type of impact, the 
heat (or other form of energy) released due to the kinetic energy of the bodies can- 
not exceed the amount of kinetic energy calculated for a system bound to the 
centre of mass. And conversely, in order to release a given amount of heat, it is 
necessary to have the equivalent amount of kinetic energy calculated for a centre 
of mass system. 


Example. A nuclear reaction in which a-particles bombard nitrogen N! takes place in accor- 
dance with the following equation: 


N14-1 He4—> 017-4. Hy 


The energy absorbed in this process amounts to 1.13 MeV. How much kinetic energy in a labo- 
ratory system must an a-particle possess in order for the reaction to proceed? At first glance, it 
seems that 1.13 MeV is sufficient for this purpose. But we already know that this is not the case. 
In a centre of mass coordinate system, 1.13 MeV is required, but in a laboratory coordinate 
system, more energy is needed. 

7101 -- MgVpq 


Thus, the velocity of the centre of mass is v,= , where m,v, is the momentum of the 


my -+ mg 

first particle and mv, isthe momentum of the second. The velocity of the first particle in a cen- 

. , F m ( ’ 

tre of mass coordinate system is el? mah are - (v, — v,). For the second particle, we 

os Rael) 
P P) my ' : r 
may write: vg = Vg— ¥, = ee (v, — 4}. Hence, the kinetic energy of the system (a, N14) 
1 2 


‘ 5 : 4 ’ mm P 
in a centre of mass coordinate system is Ky, = zh (v,— v2)", where »=—+. js the so- 
me 


° . . . my 
called reduced mass of both particles. We shall consider the nuclei of N™ fixed (v.=0). This assump- 
tion is justified, since we can always neglect the slow thermal motion of the target nuclei as 
compared with the large velocity of the bombarding particles. The kinetic energy in the labora- 


k ‘ 1 
tory coordinate system is then Kb mv? and therefore 
my-+ my 
Kjap= Kem ———— 
Mg 
The reaction proceeds if K,,, = 1.13 MeV. Since my = 4 and mz = 14, we obtain 


Kia Rien = acts Niet’. 
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Sec, 17, RECOIL 


The law of conservation of momentum helps one to easily understand the fun- 
damentals of recoil in gunfire, reaction propulsion, and other similar phenomena 

We shall consider, in the first place, recoil taking place in a frame of reference 
where the bodies are at rest at the initial moment. In the case of gunfire, this as- 
sumption is in complete accord with the prevailing conditions. If at the initial 
moment a system consisting of two or more bodies is at rest, the total momentum 
of the system is equal to zero. Irrespective of the future course of events, the total 
momentum continues to be equal to zero. Thus, if at some instant an explosion 
takes place, causing the system to be divided into parts having masses m4, mo, 
ms, ...+, Which fly asunder with velocities vy, ve, v3, ..., the total momentum 
MV, + Myv2 + mzv3 +... of the a scattered bodies must be, as before, equal 
to zero. 

In the case of gunfire (where the system divides into two parts), the condition 
that the momentum of this system of two bodies be equal to zero has the form 
mv + MV =. Here, the lower-case letters refer to one body, say the missile, 
and the capital letters to the other—the gun. The division of the system into two 
parts can only take place along a straight line. We can, therefore, dispense with the 
vector notation and write the condition in the form mv = —MV. The velocities 
of the gun and the missile are inversely proportional to their masses. Thus, the 
greater the mass of the missile with respect to the mass of the gun, the greater the 
observed recoil. 

The phenomenon of “continuous recoil”, occurring in reaction propulsion, is of 
exceptional interest. It is the subject of a distinctive branch of mechanics that 
may be called the mechanics of variable mass. This phenomenon does not only 
occur in jet planes. Indeed, we can point to a number of commonplace occurrences 
involving such motion. As examples, it is sufficient to mention the case of an 
uncoiling roll of paper or the fall of droplets continuously condensing in the atmo- 
sphere (see the example at the end of this section). The fundamentals of the 
mechanics of variable mass were developed at the end of the nineteenth century by 
Prof. I. V. Meshchersky. Since we cannot describe his work here, we shall restrict 
ourselves to the consideration of a single problem in this field—a problem related 
to the possible velocity of motion of a rocket. 

WA rocket moves with a velocity v and at some instant ejects a certain amount of 
combustible gas having mass dM. The mass of the rocket, naturally, decreases by 
this amount. If the velocity of the ejected gas is designated by u (this velocity is 
not given with respect to the rocket, but with respect to the inertial coordinate 
system in which the velocity of the rocket motion is described), the momentum of 
the matter escaping from the rocket will be equal to udM. The rocket decreases 
its mass and increases its velocity by the amount dv. The momentum of the rocket 
after ejecting the fuel is equal tc-(M — dM) (v + dv). In accordance with the law 
of conservation of momentum, we can equate the momentum Mv of the rocket 
before discarding a portion of the fuel and the momentum of the system after 
that quantity of gas has been ejected. The latter is equal to the difference between 
the momentum of the rocket and the momentum of the portion of fuel. Thus, 


Mv = (M — dM) (v + dv) — udM. 
Whence, excluding second-order infinitesimals, 


dM 


dv = (u-+ ”) Fr : 
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But w-+ v is the relative velocity of the outflowing combustible gas (with 
respect to the rocket). Designating this velocity by c, we arrive at the following 
equation for the increment in the rocket’s velocity: dv = —c se . The minus 
sign is used to show that the velocity increases when the mass decreases. It can be 
seen that the increase in velocity is equal to the fraction of the lost mass multi- 
plied by the relative velocity of the ejected fuel. 

Taking the velocity of the outflowing gas with respect to the rocket to be a con- 
stant value, the above equation can be easily integrated. If the mass of the rocket 
was Mo when the velocity of the rocket was vo, and became equal to M when the 
velocity of the rocket changed to v, integration yields 


v M aM 
\ dv= —c \ ae 
Vo Mo 
i.e. 
My 
v—vo=celn—-. 


The latter formula was initially obtained by K. E. Tsiolkovsky, the first’ to 
design a roeket and do research in the theory of interplanetary travel. 

Going over to common logarithms and introducing the designation m = My — 
—-M for the difference in the mass of the rocket, i.e., for the mass of the ejected fuel, 
we obtain Tsiolkovsky’s formula in the form 


v=eX 2.3 x log (4+) 


(the initial velocity vo is assumed to be equal to zero). 

In modern rockets, the velocity of gas outflow is probably not less than 
2,000 m/sec. Using this velocity in the formula, the following table of values is 
obtained: 


— 0.25 4.0 4.0 0.0 32.3 54 999 
M : 


v (m/sec) 446 4,386 3,218 4,817 7,043 8,000 43,815 


As can be seen from this table, the rocket velocity increases much slower with 
respect to the amount of ejected fuel than one would like. To give the rocket 
a large velocity, a tremendous amount of fuel, relative to the initial mass of the 


rocket, must be ejected. Thus, if a velocity of 7 km/sec is imparted, less than e 
of the initial rocket mass will remain. 

A velocity of about 11 km/sec must be imparted to a rocket if it is to escape 
from the Harth’s gravitational pull. This figure is obtained in the following simple 
manner. To escape from the Earth, a rocket must possess sufficient kinetic energy 
to perform the work of moving a body from the Earth’s surface to infinity. But 
this work against the force of gravity is equal to the difference between the rocket’s 
potential energy at the Earth’s surface and at infinity. Since at infinity the poten- 
tial energy is equal to zero, the condition for escape from the Earth has the fol- 
lowing simple form: 

mv? mM 


el ae ae 


where M and F are the Earth’s mass and radius, respectively. Multiplying the 
numerator and the denominator of the right-hand member of the equation by R, 
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then substituting 0a by g, the acceleration of the gravitational force at the 
Earth’s surface, and cancelling the rocket’s mass, we obtain the condition for 
escape from the Earth: v = Y 2gR, which yields a figure of about 14 km/sec. 

If we assume that the velocity of the gas outflow is 2,000 m/sec,* the ratio 4 
can be obtained from Tsiolkovsky’s formula. It is equal to 244, For the rocket to 
4 : F ies } nal ; ; 
escape from the Earth, its design must be such that only aig Of the rocket’s mass 
before take-off will remain in its interplanetary flight. If we were to succeed in 
increasing this velocity by a factor of three, i.e., increasing this velocity to 6 km/sec, 


the ratio 7 would fall to 5.3. But this is, evidently, unreal at present judging, 


say, by the press information published in December, 1968 concerning the flight 
of “Apollo-8” round the Moon: “a descending compartment (modulus) weighing 5.3 
tons will return into the Farth’s atmosphere—all what will remain from a 3400- 
ton spaceship”. 

It is easier to put an Earth satellite into orbit because a smaller initial veloci- 
ty is required. If we assume that the acceleration of the gravitational force at the 
heights at which we desire the satellite to orbit is approximately the same as at 
the Earth’s surface, then the law of mechanics for artificial planets will have the 
form mg = ma, and since the satellite moves in a circle, the centripetal force is 
C= a Thus, the velocity of the rotating satellite is v = VY gR, i.e., 8 km/sec. 
When such a velocity is imparted to a rocket, it is transformed into an Earth satel- 
lite. From the above table, calculated for the velocity of gas outflow of 2,000 m/s, 


we see that the value of a required for imparting a velocity of 8 km/sec to a ro- 
cket is 54. 
Example of motion of a body with variable mass. Consider a water droplet falling in an atmos- 


phere saturated with water vapour. At the instant of time ¢, the droplet has a mass m and a ra- 
dius r. During the time dt, the volume of the droplet, and hence the mass (for a density equal 


, : ; . dm dr 
to 41), increases by 4nr? dr. Thus, the rate of increase in mass is —— = 4sr? — 


at a At the same time, 

it is clear from physical considerations that a the rate of condensation of the water vapour, 
, dr 

must be proportional to 4nr*, the condensation surface. Hence, the const and r = kt, where /& 


is some constant of proportionality. 


Let us derive the equation of motion of this droplet in the Harth’s gravitational field. We 
are interested in the change of momentum d (mv), which according to the fundamental law of me- 
chanics is equal to Fdt, where F = mg. Thus: 


d . dv dm 
P= —- (mv), i.@., mg=m——-+v va 
Substituting the expressions for m and r, we obtain 
Oe yee 
oF UC 
By integrating this equation, we arrive at the following result: vat t, i.c., the droplet falls with 


the constant acceleration = g = 2.45 m/sec®. The resistance of the air was not taken into con~ 


sideration. 


* It was reported by the Soviet sources that a liquid engine is capable of giving outlet ve~ 
locities up to 4,500 m/s. 


CHAPTER 4 


Rotation of a Rigid Body 


Sec. 18. KINETIC ENERGY OF ROTATION 


In this chapter, we shall be concerned with “perfectly rigid” bodies. This means 
that we may neglect any deformation occurring during the motion of such a body, 
and assume that the distances between the particles of the body remain unchanged. 
_ Let us consider a rigid body rotating about a fixed axis passing through it 
(Fig. 25). We can conceive of the body as consisting of small volumes of masses: 
Am,, Amz, .. . at distances ry, r2,.. . from the axis of rotation. Corresponding to 
the various values of the distances are the various velocities of motion v,, ve, .. . 
We are interested in the kinetic energy of rotation of the entire rigid body, which 
is composed of the’kinetic energies of the individual par- 
ticles Amy, Amo, .-. ., i.e., 


K yot = 


Ami, Amgv3 | Amgv3 
aaa ie ba weed are 


The velocity of angular motion of: any point of the 
body can be easily expressed in terms of w, the angular 
velocity of the rotating body. If the body turns through 
an angle dp in the time dt, the derivative a is called| the 
angular velocity: 

a OM 

uaa te 
For the case of uniform motion, the above formula is 
transformed into a relation already known to the reader, 


namely, o = =. The quantity is usually measured in Fig. 25 


radians per second. If the body performs 1 revolution 
per second, its angular velocity is equal to 2m rads/sec. 

Different points of a rotating rigid body have different velocities v (called 
linear velocities), but the angular velocity is the same for each point. In turning 
through an angle dp, a point describes an arc ds = rd. Dividing both members 
of this equation by the;time of motion di, we obtain 1 relationship between linear 
and angular velocity: 


v= or. 


Thus, the formula already known for uniform motion is valid in the general case. 
Using this relation, the expression for K,,; may be written in the following form: 


“w? 9 Fg : 
Kot = oom (riAm, + r,Ams + oe a) 


The quantity “in brackets does not depend on the velocity of motion, but is a mea- 
sure of the inertial properties of a body executing rotational motion. The greater 
the value of the expression in brackets, the greater the energy that must be expend- 
ed to achieve a given velocity. Therefore, the quantity 


[=riAm, + r3Ams-+ a 
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is called the moment of inertia of the body, and the term r?Am is the moment of iner- 
tia of a particle. The quantity J may be expressed more briefly as follows: 


= \ r? dm, 


where the integration (summation) encompasses all the particles of the body. 
The formula for a body’s kinetic energy of rotation acquires the form 
Iw? 
Zz 
This formula is valid for a body rotating about a fixed axis. For a rolling body 
(a ball, wheel, etc.), the energy of motion will consist of the energy of rotational 
and translational motion. Thus, if a rolling body has a mass M, moment of 
inertia J, translational velocity v and rotational velocity o, the kinetic energy is 
Iw? 


Dp} ° 


Kyot = 


2 
Kyou = y+ 


Moreover, it turns out that this formula is valid for any arbitrary motion of a rigid 
body. In theoretical mechanics, it is shown that any arbitrary motion can always 
be resolved into translational and rotational motion. The rotation, in this case, 
must be considered with respect to an axis passing through the centre of mass. 


Sec. 19, MOMENT OF INERTIA 


If we carefully examine the formula for moment of inertia, we see that the value 
of J depends on the nature of the distribution of the mass with respect to the 
axis of rotation. The particles that are far from the axis of rotation contribute 
considerably more to the total value than those that are close to it. 

Let us calculate the moment of inertia of a flat disk, of radius r, relative to the 
axis perpendicular to the plane of the disk and passing through its centre (Fig. 26). 

The mass of an annular element of radius z is dm = px 
»~ 2n « dx, where po is the density of the disk’s material. 
This ring has a moment of inertia d/, = dmz?, and the 
moment of inertia of the entire disk is: 


; ” i Tr a 2 
Piise| Gl ie 8 da = Ip —— == 
J) 1 Fe eae mp = ae 


It is evident that with respect to the same axis the mo- 
ment of, inertia of a ring is J, = mr’, i.e., Ip = 2, 
when the entire mass is concentrated at the outer cir- 
Fig. 26 cumference. 

The moment of inertia of a body will vary in accor- 
dance with the location of the axis of rotation. If a thin 
rod rotates about its long axis, the moment of inertia will be very small, for all 
the particles lie very close, to the axis of rotation and, therefore, all the quanti- 
ties ri, r3,... entering in the formula for J will have very small values. The mo- 
ment of inertia will be much larger if the rod is rotated about a line perpendicu- 

lar to its axis. 
The moment of inertia depends on the orientation of the axis and the location 
of the point through which it passes. If no specific stipulation to the contrary is 


made, it is assumed that the axis of rotation passes through the body’s centre 
of mass. 
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If the axis of rotation is displaced relative to the centre of mass by the amount a 
(Fig. 27), 7, the new moment of inertia, will differ from Jo, the moment of inertia 
with respect to the parallel axis passing through the centre of mass. : 

In view of what was stated at the end of the previous article, we can express the 
kinetic energy of a body rotating about the displaced axis as the sum 


Mv? o? 
se Te a 
where v is the velocity of motion of the centre of mass and is equal to aw. Thus, 
Maro? Io? wo? : 
K 5) + 5) => Uo Ma’). 


Flence, the moment of inertia J with respect to a parallel axis, displaced by a dis- 
tance a from the centre of mass, can be expressed as follows: 


I =Io+ Ma’. 


It follows that the moment of inertia with respect to an axis passing through the 
centre of mass is always the smallest possible for a given orientation. Depending 
on its symmetry, a body will have one, two or three mo- 
nents of inertia with respect to the main axes passing 
through the centre of mass. 

Thus, a disk is characterized by two axes passing through 
its eentre—one lying in the planefof the disk and the other 
perpendicular to the disk. The moments of inertia are then 


2 
mre 


2 F 
7" and > , respectively (it is assumed, naturally, that the 


distribution of mass throughout the disk is uniform). For 
2 


. . ° . . . mr 
a ring, the moment of inertia about similar axes is —- and 


mr”, respectively. 

For all solids of revolution, it is sufficient to know the 
moments of inertia with respect to two axes. In the case of 
a body of arbitrary form, to completely describe the inertial 
properties of the body during rotation, it suffices to know three moments of inertia 
with respect to axes passing through the centre of mass, namely, Jay—the lare- 
est moment of inertia, I; n—the smallest, and Jmean — the moment of inertia 
with respect to an axis perpendicular to the first two. 

The only body for which the moment of inertia about all the axes is the same is 


Fig. 27 


a sphere. For a sphere, J = 2. mr, 
The above formulas for moment of inertia are calculated from the relation: 


p= { ream. 


To use this formula, it is generally necessary to be able to operate with multiple 
integrals. Examples of such calculations are given in courses on theoretical 
mechanics. 

As wé shall see below, physicists are sometimes interested in the values of 
moments of inertia for molecules. Since the mass of atoms is concentrated in nuclei 
whose dimensions are very small, the calculation of the moments of inertia can be 
accomplished without difficulty, for the atoms may be considered as point masses. 

For a diatomic molecule, the moment of inertia with respect to the axis passing 
through the atoms is equal to zero. For the axis perpendicular to the line joining 
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the atoms we obtain 
L=myry-+ mprd, 
where r, and ry, are the distances of atoms A and B of a diatomic molecule to the 
° . r m 
centre of mass. If J is the distance between atoms, ry ++ rz = 1 and = os a 
"B vA 

Therefore, 

T _ MampBR R 

“ma--mp * 


The moments of inertia of more complex molecules may also-be calculated as 
the sum of the moments of inertia of the atoms considered as point masses. 


Examples. 1. The flywheel of a ship’s engine has a mass of about 4 ton, a diameter of 2 me- 
tres and, therefore, a moment of inertia J ~ 1,000 kg m?. Making 300 rpm, the flywheel pos- 
sesses a kinetic energy of rotation 


kao ~~ 500,000 J ~ 50,000 kgf-m. 


2. The moment of inertia of the Earth is about 104 g cm? = 10%8 kg m?. The kinetic energy 
of rotation of the Earth about its axis is 2.5 x 1029 J. 

3. In a molecule of hydrogen Hy, the distance 1 = 0.753 x 10-8 cm, the mass of the hydro- 
gen atom my = 1.6598 x 10-4 g and, therefore, the moment of inertia of the molecule with 
respect to the axis perpendicular to 1 is 
mal? 

2 


T= =0.46 x 10-49 g cm?. 


Sec. 20, ROTATIONAL WORK AND THE FUNDAMENTAL EQUATION OF ROTATION 


If a body fixed on a shaft is made to rotate by a force F or, on the other hand, 
if a rotating body is braked by the force F’, the kinetic energy of rotation increases 
or decreases by the magnitude of the expended work. Just as in the case of tran- 
slational motion, this work depends on the effective forces and the displacement 
produced thereby. However, the dis- 
placement is now angular, and the expres- 
sion that we know for the displacement of 
a particle by a certain distance is not 
applicable here. 

To find the formula that we are inte- 
rested in, let us refer to Fig. 28. The force 
F is applied at a point located at a dis- 
tance r from the axis of rotation. The angle 
between the direction of the force and the 
radius vector is designated by 0. Since 
the body is perfectly rigid, the work of this 
force (even though applied at one point) 
is equal to the work expended in rotating the entire body. In rotating the body 
through an angle dp, the point of application traverses the path rdp and the work 
dA, equal to the product of the projected force along the direction of displace- 
ment and the magnitude of the displacement, is then 


dA = Fr sin 0 dg. 


Fr sin 0 is known as the moment of force or torque: M = Fr sin 0. From the dia- 
gram, it is seen that r sin 8 = d, where d is the shortest distance between the line 
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of action of the force and the axis of rotation. Hence, 
M = Fd, 


i.e., the torque is equal to the product of the force and the lever arm, 
The formula for work that we have sought is 


dA = M dg. 


The work of rotating a body is equal to the product of the effective torque and the 
angle of rotation. 

Strictly speaking, the formula is only valid for an infinitely small angle dy. 
However, we may use it in any case if we understand MW to mean the average value 
of the torque for the time of rotation. Then, 


AA = M,y,AQ. 


The work of rotation goes to increase the kinetic energy of rotation. Hence, the 
following equation must hold: 
Io? } 


M dp=d(-- 


If the moment of inertia is constant for the time of motion, then 
M dg = Indo 


or, since 0) = a $ 
dw 
M=I aes 


This is the fundamental equation of motion for a rotating body. The torque acting 
on a body is equal to the product of the moment of inertia and the angular accele- 
‘ do 
ration a? 

Examples. 1. The torque on a wheel of a locomotive devel- 
oping a traction of about 10° N is about 3,000 N-m. 

A man riding a bicycle produces a torque of about 100 N-m 
on the pedals. 

2. By means of an example, we shall show the connection 
between the expression for the kinetic energy of a moving rigid 
body (see p. 55) and the fundamental law.of mechanics. 

Let us consider a spool of mass m and radius r, possessing a mo- 
ment of inertia J with respect to its axis and wound with weightless 
thread (Fig. 29). The free end of the thread is fastened at a certain 
height above the Earth’s surface. The spool is allowed to fall 
under the action of its own weight mg. Hence, the equations of 
motion for the spool are: 

T= dv 
mg Mt 
and 


Tra1 &., . mg 
Fig. 29 


where 7’ is the tension of the thread and o is the angular velocity of 
rotation of the spool. Eliminating 7, we obtain for the acceleration: 


dv g 
we SS 
dt I 
oot mr? 
If time is counted from the moment the spool begins to fall, then in ¢ seconds the spool will fall 


p2 


ta" It is evident that the total kinetic energy of the spool at that instant is equal 


a distance h = 
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to the change in the potential energy of the spool: 
py? 


Substituting the expression for a, we obtain 
mv? , Iw? 


ae Gee 


Sec, 21. ANGULAR MOMENTUM 


The similarity between the formulas of motion of a particle and the derived laws 
for the rotation of a rigid body is immediately evident. Thus, compare the following 
formulas: 


Particle Rotating body 
; dv dw 
Ram Bey aad 
dt? M I dt’ 
. mov® : Io? 
ar aa K=-3 


Clearly, the physical concepts are also analogous. While in the mechanics of party- 
cles the acceleration is determined by the force, in rotational motion the angular 
acceleration is determined by the moment of force, i.e., the torque. The role 
of mass is played by the moment of inertia, which in rotation is the measure of 
a body’s inertia (the mass alone is insufficient here for this purpose). This similar- 
ity encourages us to go a step further and assume that analogous physical quanti- 
ties are related by analogous relations. 

In the previous chapter, it was established that the momentum p = mv is a phys- 
ical quantity satisfying the law of conservation in a closed system. The quantity 
analogous to p is the moment of momentum (angular momentum): 


N =Tq. 


It can be rigorously proved that angular momentum satisfies the law of conserva- 
tion, i.e., in a closed system, the total angular momentum of the bodies belonging 
to this system does not change. An increase in the angular momentum of one of the 
bodies is compensated for by an equivalent decrease in the others. 

The relation 


Tio, + Iea@_ + Tend “2s = Const 


has many interesting applications that are in many ways analogous to the pro- 
blems studied in the previous chapter. 

The law of conservation of momentum when applied to a single body has the form 
mv == const and is, therefore, identical with the law of inertia. Even in this sim- 
ple case, the law of conservation of angular momentum leads to an interesting re- 
sult. A single body, in the absence of interaction with its medium, must satisfy 
the condition 


Io = const. 


However, the moment of inertia of a body may change during motion. It is, there- 
fore, evident that an increase in J must be accompanied by a decrease in o, and 
vice versa, 

One can cite numerous examples, and this phenomenon can be strikingly demon- 
strated by means of a swivel stool. Holding a pair of dumb-bells in your hands, 


— 
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be seated on such a stool (Fig. 30). Place your arms outstretched in a horizontal 
position and have someone give you a small rotatory push. Motion takes place 
for the particular moment of inertia J at an angular velocity . Now fold your 
arms on your chest. As a result the moment of inertia drops sharply to J’. Since the 


Fig. 30 


product Jw remains unchanged, Jw = I'w’. Thus, changing the position of one’s 
arms leads to a considerable increase in the velocity of rotation. The process may 
be repeated —stretching one’s arms out leads to retarded motion and folding them 
produces accelerated motion. 

Decreasing the moment of inertia as a method of increasing the velocity of rota- 
tion is quite familiar to gymnasts and dancers. It is used in all kinds of jumps, 
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Fig. 34 


tumbles and spins. Thus, a ballet dancer in a position of large moment of inertia 
will impart velocity by changing her posture to a position of small moment of 
inertia (Fig. 31). 

Rotational recoil is usually demonstrated by means of the afore-mentioned 
swivel stool and a wheel fixed on a long axle (Fig. 32). While standing on the stool 


i] 
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and holding the wheel above one’s head, the wheel is twirled by means of a sud- 
den movement. As a result, the stool rotates in the direction opposite to that of 
the wheel. This is precisely what is meant by recoil. /1o4, 
the angular momentum of the wheel, is balanced by Jos, 
the angular momentum of the stool with the person stand- 
ing on it (the angular momenta have opposite signs). 
This is due to the fact that in the initial state both the 
stool and the wheel did not rotate, and the total angular 
momentum was equal to zero. 

An inelastic impact was defined above as an encounter 
between two bodies as a result of which the bodies move 
together. Something analogous may be demonstrated in the 
case of rotation using the equipment just described. The 
wheel is made to rotate and is then transferred to a person 
standing on the stool. Thus, the initial state is the follow- 
ing: the stool and the person standing on it are at rest, 
while the bicycle wheel is rotating with a momentum J,0,. 
Now, the person on the stool takes hold of the wheel. The 
angular momentum J,@, cannot disappear, but it now be- 
longs to the entire system. Naturally, the person on the 
stool and the wheel rotate together in the same direction 

Fig. 32 as the wheel was rotating. Clearly, Jy, = (J; + J.) wo. If 
before “unification” the person rotated with a velocity ws, 
the angular momentum to be conserved is 1,1 ++ [2@2. Therefore, 


To, +120.= (L;+1,)0 or ps 


Tibi 


This is very similar in form and in content to the expression for inelastic impact. 


Examples. 1. The flywheel of a ship’s engine has a moment of inertia of 1,000 kg m? and at 
ke m? 
sec ° 
2. A billiard ball whose radius is 2.5 cm has a moment of inertia J = 250 g cm? and moves 
with a velocity of 5 m/sec without skimming the table. Its angular momentum is then 
~50,000 g em2/sec = 5 X 10-3 kg m?/sec. 
3. The angular momentum of the Earth in rotating about its axis is ~10* kg m?/sec. 


300 rpm its angular momentum is ~30,000 


Sec. 22. FREE AXES OF ROTATION 


Let us assume that a body has received angular momentum about some axis to 
which the body is fastened. Further, let us assume that the fastening is then re- 
moved. While the angular momentum must be conserved (naturally, neglecting fric- 
tion), the orientation of the body in space may change. If this occurs, and as a re- 
sult there is a change in the moment of inertia, it will be compensated for by 
a corresponding change in the angular velocity. 

However, in a number of cases the nature of the rotation does not change. Stable 
rotation takes place about the original ‘axis, just as if the axis of rotation were 
fixed as before. Theory and experiments show that there are two axes passing 
through the centre of mass that may be permanent, free axes of rotation, namely, 
the axis of maximum moment of inertia and the axis of minimum moment of 
inertia, 

If the fixed axis of rotation passes through the centre of mass (Fig. 33), but is 
inclined to the axes of symmetry and, therefore to the afore-mentioned orienta- 
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tions, then after the fastening is removed, the body begins to change its orientation 
with respect to the axis of rotation. It can be seen from the figure that the reason 
for the change of orientation is the 
fact that the centrifugal forces form 
a couple of forces. The body will con- 
tinue changing its orientation until 
the axis of rotation becomes a free 
axis. 

It can be shown in a number of ways 
that a freely rotating body will keep 
changing its axis of rotation until 
the rotation occurs about a free axis. 
Tying bodies of various shapes to one 
end of a string, and attaching the oth- Fig. 33 
er end to the shaft of a rapidly ro- 
tating motor, we can transmit rotary motion to a body without having 
a fixed axis of rotation. In Fig. 34, the successive orientations of a rotating hoop, 


Fig. 34 


chain and match box are shown. The match box will begin rotating about its short- 
est or about its longest edge. Theory shows that rotation about the axis having 
4 mean moment of inertia will not be stable even if this axis is an axis of symmetry, 


In constructing one of the first turbines, attempts to fix the position of the shaft with suffic- 
ient acenracy to eliminate the couple of centrifugal forces acting on the bearings at a velocity 
of 30,000 rev/min were unsuccessful. At such high velocities, these forces are intolerably great. 
The problem was solved by using a flexible shaft for the turbine wheel. The rotation took place 
about the free axis and the flexible shaft adapted itself to this axis. 

Let us consider this phenomenon in somewhat more detail. We shall designate the shilt in 
the centre of gravity of the turbine wheel due to the wheel’s asymmetry by a and the amount by 
which the shalt sags under the action of the centrifugal force A. The shaft sags in the direc- 
tion of the asymmetry. Hence, the expression for the centrifugal force may be written in the form 
4s%n*M (a -+- A). This force is balanced by the elastic force kA, where k is the stiffness of the 
shaft. Thus, 

A=<a : 


ee af 
4m°n2M 

The formula shows that when the number of revolutions per minute n is large the shaft’s sag A 
does not increase, but tends to become equal to minus a, the measure of the wheel’s asymmetry. 
This means that when the angular velocity of the turbine increases the total displacement of 
the wheel with the shaft from the axis of rotation tends to become equal to zero. Herein lies the 
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adaptability of the flexible shaft: It can bend, without breaking, by the amount required to eli- 
‘minate the centrifugal force. Ag nl i” 

From the above formula, it follows that the condition kA? n? M == 1 is critical, for the rela- 
tion shows that the shaft’s sag becomes infinitely large. This is the instant of resonance which 
must be rapidly passed in running the turbine (the external frequency m= on iW? LiOsylrs 


coincides with the natural frequency of a turbine wheel of mass M placed on a shaft of stiffness /; 
see Chapter V). 


Sec. 23. THE GYROSCOPE 


The term gyroscope usually denotes a device that can rotate about any orienta- 
tion of its axis. If a gyroscope is rotated and then not interfered with, its axis of 
rotation will remain unchanged as long as no forces act on it (Zo, in this case, 
should not change). 

The action of a force on a gyroscope’s axis of rotation manifests itself in a some- 
what surprising manner. This may be demonstrated using a gyroscope that is 
balanced by a load in such a manner that the axis of the device is horizontal! 
(Fig. 35). The gyroscope is rotated in the vertical plane and a load G is placed on 
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the horizontal bar. It would seem that the entire right-hand portion, i.e., the gyro- 
scope, should move upwards. Indeed, this would be the case if the gyroscope were 
not rotating. Actually, the rotating gyroscope begins to move with constant veloc- 
ity about the vertical axis as shown by the dotted line and the arrow. This motion 
is at a right angle to the direction of the applied force. 

This phenomenon, revolving of an axis of rotation about the direction of an 
applied force, is called precession. Kiveryone is familiar with the precessional mo- 
tion of a top. As soon as the axis of the top begins to deviate in the least from the 
vertical, a gravitational torque begins acting on the top, tending to topple it. 
A stationary top would fall, but a rotating top begins to precess about the vertical . 
The axis of the top will then describe a cone whose vertex is at the point of sup- 
port of the top. 

In general, the rotation of a top is even more complex, for nutations are super 
imposed on the precessional motion. These nutations are due to small jolts (which 
are always present) that make the top shake (Fig. 36). As a result of the nutation 
effect, the axis describes a cycloidal curve, as shown in the figure, instead of a cir- 
cle. It should be noted, however, that nutational effects are usually very weak 


CHAPTER 5 


Vibrations 


Sec, 24, SMALL DEVIATIONS FROM EQUILIBRIUM 


The motion of a body or particle about an equilibrium position is often encoun- 
tered in nature. Thus, a small load on a string oscillates back and forth, aspring 
quivers, and an atom in a crystal lattice vibrates. : 

If the body or particle on which forces are acting is in a position of equilibrium, 
its potential energy is a minimum and the system is in a potential well (Fig. 37). 
When the deviation from the equilibrium position is not large, we are concerned 
with only a small portion of the potential well. A potential curve near the equi- 
librium position can always be approximated by a parabola, i.e., it can be written 
in the form U == - ka?. Here, a k is the constant of proportionality. The factor = 
has been introduced for convenience and its pur- iy 
pose will presently become clear. 

The reasoning used in arriving at the above re- & 
lation is the following: potential energy is a func- 
tion of the displacement from the equilibrium 


position. As is well known, making the proper =, <a 
assumptions, any function may be expanded in | 
a Taylor series for small values of z. The exponent | 
of x increases consecutively from term to term: 
| 
1 ; y 1 
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However, for small z, the terms of higher pow- Fig. 37 


er may be neglected and, if the potential well 
is symmetrical, the first term vanishes, for the potential energies at 
equal distances to the left and right of equilibrium are equal. 

The force acting at a point deviating from the equilibrium position is equal to 
minus the derivative of the potential energy. Thus, if the energy is expressed by 
the formula UV = = kx*, then F = —kzx. The meaning of the negative sign is clear, 


namely, the force in question always restores the body to the equilibrium position 
and is always directed oppositely to the displacement. Consequently, the force 
F — —kzx is called the restoring force and the coefficient k is sometimes called the 
restoring force constant. 

What is the nature of the motion under the action of the restoring force? New- 
ton’s law, which is written in the form ma = —kz for motion near equilibrium, 
should give us the answer to this question. 

This equation is satisfied if the point undergoes harmonic vibration about the 
equilibrium position, i.e., vibration in accordance with the relation 


2=Acos A, 


where 7’ is'the period of vibration. 
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Let us verify this statement. The velocity of motion of the point for the indi- 
cated dependence between displacement and time is 
dx 2nA 2m 


oer maa 7 sin a is 


v 


It should be noted that the maximum value for the velocity of the vibrationa} 
2A 


motion, i.e., the amplitude of the velocity, is Uma, = sae Let us now determine 
the acceleration by taking the derivative of the velocity. We obtain 
4m? 2m 
a= ——Fr Acos 7 


Substituting the expressions for acceleration and displacement in Newton’s law, 
ma = —kz, we obtain 


Am? 2m 


Fx Acos $a — ed cos Sa. 


We see that the factors depending on time cancel out. Hence, the equation for 
harmonic vibrations satisfies Newtcn’s law for small deviations from equilibrium. 

It is noteworthy that Newton’s law places a constraint on the period of the 
vibrations. As can be seen from the last formula, the period of the free vibrations 


about the equilibrium position is 7 = 2a Po This period is determined by the 


vibrating system—the restoring force constant k and the mass of the particle. 
It is, therefore, understandable that this period is called the natural or character- 
istic period of the vibrating system. 

No restrictions are placed on the amplitude A of the vibrations, with the excep- 
tion, of course, that the deviations from the eqiulibrium position must be smal 


Sec, 25. PARTICULAR CASES OF VIBRATIONS 


In view of the fact that we deal with twc types of potential energy in mechanics, 
namely, elastic and gravitational, it also becomes possible to divide mechanical} 
vibrations into these two cases. 

Bodies vibrating under the action of an elastic force usually perform linear vibra- 
tions of compression and extension. However, torsional vibrations are also en- 
countered. 

If a body suspended from an elastic band, spring or wire is displaced from the 
equilibrium position along the band, spring or wire axis, linear vibrations arise 
under the action of the elastic restoring force. The coefficient k is, in this case, the 
stiffness of the vibrating body. 


To. what extent this coefficient determines the resulting period and frequency of vibration is 
seen from the following example. Identical loads, whose masses are equal to 1 kg, are suspended 
from three springs having different stiffnesses. Under the action of these loads, the springs are 
elongated by 1 mm, 1 cm and 1 metre, respectively. The coefficients of stiffness will then have 
the following values: we 


k _ 981 x 10? __ 984 « 107 dynes 4 
O42 : cm 


: d 
Ie = 0.984 < 108 29P°S .  , 0.984 x 108 SYRES 
S cm cm 
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‘he periods and frequencies of the vibrations are: 
m 103 
= —=2 —~ = §,34 « 10-2 sec, = {5, a 
T,=2n ; cif Vo OBISC 107 6.34% 10-2 sec, vy = 15.8 Hz; 
T3=0.2 sec, Ve=5 Hz; 
T;3=2 Sec, V3=0.5 Hz. 


For torsional vibrations, the restoration to equilibrium takes place under the action of a 
torsional moment that is directly proportional to the angular displacement for small devia- 
tions from equilibrium. If, for example, a massive disk having a moment of inertia I is suspend- 
cd from a wire, and the wire is twisted by some angle or other, the equation for the torsional 

Seas . = dw ; : “ 
vibrations of the disk will be / io —Dy. The torque D, relative to unit angular displacement, 


corresponds to the restoring force constant, and the moment of inertia corresponds to the mass. 
Thus, the period of free torsional vibrations is represented by the formula 


T =2n ye, 


The greater the moment of inertia, the lower the frequency of the vibrations. 


Ezample. Assume that a disk having a mass of 100 g and a radius of 5 cm is suspended rom 


a steel wire and that the period of the torsional vibrations is 1 second. The moment of inertia 
4n?ly 


: bane re Site ae ee, 
of the disk is J, = > = 1,250 g-cm*. Thus, the restoring force constant D = m= 49,400 
oyne x om . Ifa disk of the same mass but of 1 cm radius is suspended from the samo wire, the 
period of the torsional vibrations will no longer be 4 sec, for Dig. 

Ts 
= 2 — ~ 0.2 sec. 
ae D 


A body oscillating under the action of gravitational 
force constitutes a pendulum. If the pendulum may be 
approximately represented as a point mass suspended 
from a weightless wire, we call it a mathematical pendul- 
um (Fig. 38). 

From the figure, it is easily seen that the expression 
for the restoring force is mg sin a, i.e., the component 
of the weight along the tangent to the path. If the devi- 
ation from equilibrium is small, the sine of the angle 
may be replaced by the value of the angle @ or by the 
quotient obtained when the displacement zx is divided by 
the wire length /. In this approximation, displacement 
along the chord is assumed to coincide with displacement 
along the arc. Thus, the restoring force is equal to 


mg and the restoring force constant is equal to aa . In the 
expression for the period, the mass of the bob cancels 


out and 7 = 2n yt. 

The fact that the period of a pendulum does not depend on the mass is an exam- 
ple of a common feature of particle motion in a gravitational field. Since according 
to the law of gravitation the force acting on such a particle is proportional to the 
mass, the mass cancels out in the equation of motion. Thus, we have arrived at 
the well-known result that, for a given location in a gravitational field, the period 
of a mathematical pendulum depends only on its length. 


Fig. 38 
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The measurement of the period of a pendulum may be used to determine g. 
The value of this measurement may be determined extremely accurately so that 
very minute variations in the value of g may be ascertained. Various methods of 
determining the Earth’s shape and various gravimetric investigations are based 
on this measurement. (Small changes in the value of g, which, however, greatly 
exceed the limits of experimental error, may occur due to seams of various density 
below the Earth’s surface.) 

When the small oscillations of a physical body cannot be approximated by 
a point mass, the pendulum is called a physical pendulum. Fig. 39 shows a rigid 
body whose axis of rotation (oscillation) fpasses through it. 
The period of the physical pendulum is calculated by the 
same formula as for torsional vibrations: 


yy * Tae 
P=2uV Fs 
since the equation 
. do) 
se aaa 


is valid for the motion of any body rotating about an axis. 
However, in the case of the gravitational field, we can easi- 
ly express the torque relative to unit angular displace- 
ment by a more direct pendulum characteristic. From the 
same figure, it can be seen that the torque is equal to 
Fig. 39 mgr sin o, i.e., the product of the weight of the body, the dis- 

tance r from the centre of gravity to the point of suspension, 
and the sine of the angle of deviation from the equilibrium position. Since the 
deviation from the equilibrium position is assumed to be small—as always i 
this section—we obtain the expression mgr « for the torque; whence, D = “ t2 


mgr. Thus, the period of a physical pendulum is given by 
T= 2nV eet tl Ja. 

mgr g 
The quantity 1’ = = is called the equivalent length of the physical pendulum. 
This is the length that a mathematical pendulum would have for such a period. 


Sec. 26. TRANSFORMATION OF ENERGY. DAMPED VIBRATIONS 


If there is no friction, the total energy € of a body naturally remains ul 
changed for vibrations about its equilibrium position. Since potential energy !* 
usually expressed relative to an arbitrary level, we shall assume that the potential 
energy in the equilibrium position (displacement x = 0) is equal to zero. At any 
instant of motion, 

g mv? ka 

é a. a 
In the equilibrium. position, the kinetic energy is a maximum. In the end post 
tions, the body comes to a standstill (v =0 and 2 =A) and the potential energy © 
a maximum. It is evident from this, incidentally, that 


kA® 
ea 


‘i.e., the vibrational energy is proportional to the square of the amplitude. 
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For the three springs considered in the example on p. 66 assuming the amplitudes of the 
oscillations are the same, i.e., A = 0.1 cm, the total vibrational energy will have, respectively, 
the following values: 

6, = 0.49 X 410° ergs; €2 = 0.49 * 104 ergs; 63 = 49 ergs. 


This discussion has not taken into account the frictional force, which, as a rule, 
is experienced by. all vibrating bodies. Such ideal vibrations will continue for 
ever without change in amplitude. Friction, however, produces damped vibra- 
tions. Formally, in this case too, it is possible to write the displacement equation 
in the form 

z= A cos wi, 


but A is understood to decrease with time (Fig. 40). To determine how A depends 
on time, the frictional force must be-known, i.e., fy, must be known for every instant 
of time during which vibrations occur. A simplifying assumption, more or less 
satisfied in practice, is that the frictional force is proportional to the velocity 
of motion: 
fpr = av, 

where the coefficient « is known as the resistance 
constant. 

Fora ball having a radius of 0.53 mm, the resistance con- 


stant @ at about 15°C is 13.93 g/sec in glycerine, 0.35 g/sec 
in sulphuric acid and 0.04 g/sec in water. 


The energy equation can now be written in the form 


dé = —av dx 


and the vibrating particle continuously loses an Fig. 40 
amount of energy equal to the work of the resisting 
force. Hence, the equation of motion is written as follows: 
ma = —kz — av. 
By substitution, it is not difficult to show that this equation is satisfied by the 
equation « = A cost when the amplitude A decreases exponentially with time: 
goes 

A= Ave 2m 
Here, Ao is the amplitude at the instant of time t = 0. 

[t should be noted that the ratio of two successive amplitudes is a constant, ~ 
Thus, the expressions for the amplitude after n — 1 and n periods, respectively, 
are 4 

a a 
agin Sa 
An-1= Age ?™ and A,=Aje 2m = 


Let us divide the former relation by the latter. The ratio 


does not, in fact, depend on n. The rate of damping is sometimes expressed by 
the logarithmic decrement 5: 


eae An-1 ae Ly 
6= ye a its 
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Thus, the damping is greater, the greater the resistance constant, the smaller 
the mass, and the greater the period. 

It should be noted that the period of damped vibrations differs from the period 
of free vibrations. The same calculation that leads to the formula for the time 
dependence of the amplitude also yields the following relation for the period: 


f=. 


aes 
is 
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This means that, for small resistance, 7’ differs little from 7) = ony/ When 


the resistance increases the period increases and, finally, for 


2 


4mk 


vibrations cease. We say, in this case, that the body displaced from the equili- 
brium position returns aperiodically to this position. 

Here are some approximate values for the logarithmic damping decrement of 
certain vibrating systems: ; 


Acoustical vibrating systems ............ 0.4 
Electrical oscillation circuits ............ 6.02-0.05 
PRMDIM OY Ge ciate: te spe oe at Gh Sa Qe ase Ae eetn en 40-8 
OMATUZ CRY Stale ve Give ewe a Aba Lae 4 SA ea Bee at 4074-4078 


Let us consider several examples of damped vibrations. 


(a) Vibrating tuning fork. Logarithmic decrement 6 = os T = 10-8. Assume that the period 


= = 0.1 sec. This means that during the 


ef ve ; : ‘ ‘ 
time a = 10 sec the amplitude of the vibrations decreases by the factor e: 


of the vibrating tuning fork is 7 = 0.04 sec. Then, 


~—t 
Ap= Age am ; Aje19 = Age7}. 


e 


The quantity = = tis called the time constant of the given vibrating system. 
(b) In acoustical vibrating systems, as can be seen from the above table, the logarithmic 
‘ ; ; i , a 
damping decrement is large. This means that the vibrations are rapidly damped. If 6 ae) T= 


= 0.4, the amplitude of the tenth vibration, Ajo, will already be less than the initial amplitude 
Ay by the factor e. Thus, 


oT 10 
Ay Ag Ag Ay _, 2m * a Ao 
A, A, *** Ay Ajo ie ne yale a, 


(c) The change in the period of damped vibrations may be conveniently illustrated by means 
ol a spring. Let a load having a mass m = 50 g be suspended from a steel spring, which is there- 
by elongated by 2 cm. Thus, the stiffness of the spring is k = 24,500 dynes/cm. If there were 
no damping, 


Ty) = 20 y= ~ 0028 ses 
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eld ; 2m 3 
Assume that the damping is such that the time constant t, = — 5 sec, i.e., the resistance 


constant a == 20 g/sec. The period of the vibrations then becomes 


Di 5 
Ty a a T 9 (1 -+ 4.08 x 105), 
(sce 
} 4mk 
‘et us now immerse this pendulum in liquid. Assuming the time constant in this case to be t, = 


= 1 sec, the amplitude of the fourth vibration wil) already be 4/e of the initial amplitude, i.e., 
here is considerable damping: 
T, ~ Ty (4+ 102 % 10-5) w 1.001 To. 


Thus, even in this case the period increases by only 0.1 per cent. 


Sec, 27, FORCED VIBRATIONS 


[f a body is displaced from its equilibrium position and then not interfered 
with, the vibrations occur at the natural frequency of the body, independent of 
the nature of the excitation, i.e., the vibrations are determined 
only by the properties of the system. The frequency of the vibra- 
tions of a string remains the same regardless whether the sound \\ 
was made by the string being plucked or struck. \ 

At the same time, a number of means exist of “locking” the vib- 
rations of a body to an external frequency. Such forced vibra- 
tions may take place if two bodies capable of vibrating are cou- 
pled. One of the bodies will force the other to vibrate. A motor 
that is improperly balanced will execute vibrations that are trans- 
mitted to the foundation, i.e., the foundation will execute 
forced vibrations. We can perform the following experiment: 

A pocket watch is placed in a small box and suspended by three 
strings. As a result, the box passes into a state of forced vibra- 
tion. In Fig. 44, a device is shown in which a rotating eccentric Fla, 44 
makes a pendulum pass into a state of forced vibration. In all od 

these cases, a periodic force varying with some frequency o acts on a body. Such 
a force is aptly called an external force. 

Forced vibrations do not set in immediately. A certain amount of time must 
elapse before the body coupled to the vibrating system begins to vibrate. Even- 
A tually, a particular amplitude is reached and 

the frequency of the vibrations will be exactly 
| equal to o. 
1! The fact that a body has a natural frequency of 
i vibration wo nevertheless affects the phenomenon 
| of forced vibrations. To be more exact, as we 
shall directly see, the natural frequency and.the 

external frequency differ significantly. Fig. 42 
| shows the dependence of the amplitude of forced 


vibrations on the ratio a for {three systems 
0 


1 £2) : : ayes 
®p having different amounts of friction. When the 

Fig. 42 external frequency and the natural frequency 
z coincide, the amplitude of the forced vibra- 


tions is a maximum. This phenomenon is widely known as _ resonance. 
The curves shown in Fig. 42 may be determined theoretically. The equation of 
motion of a body executing forced vibrations, under the action of a periodic exter- 


b) 
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nal force /y cos wt, has the form 
ma = —kx — av + Fo cos wt. 
By substitution, one can easily show that the displacement of a vibrating point 
will satisfy the equation 
z =A cos (wt -- B), 
where the amplitude 
Ae fo 


Vo)? + ao? 


and the phase shift B satisfies the equation 


OL) 
tan P= [o§=o) * 
rama. & az dx : b. : : 
Taking into account that a= and v= i? let us substitute these values in the equatiorm 


of motion. After simple conversion and grouping terms containing cos wt and sin wt, we obtain 
[(—mo? + k) A cos B — aA sin B — Fy] cos wt — 
— [(—mo?* -+- k) A sin B -++ awA cos f] sin wt = O 

Since the obtained equation must be valid for every instant of time, the coefficients of cos mz 
and sin wt must be equal to zero. Thus, we obtain two equations for determining A and 3: 

[(—mo* + k) cos Bh — aw sin B] A = Fo, 

[(—mo? -++ k) sin B + aw cos B] A = 0. 
Squaring both equations and adding, we obtain — 

Fy 


where Wy) = ee is the frequency of the! natural vibrations. From the second equation, we 


A= 


m 
obtain the phase shift p: 
AO) 


tan Pag ay (70) 

From the first formula it follows that the amplitude A depends on w as fol 
lows: when m < oo the amplitude increases as w increases; when o = wo the 
amplitude reaches a maximum; and when w > wo the amplitude decreases as @ 
increases. This effect (sharpness of resonance) is more pronounced, the smaller 
the resistance constant ~. When there is little friction, the resonance disrupts the 
system, for at a = 0 the resonance amplitude goes to infinity. Engineers must 
take this into account in their calculations. To design a.structure so that it is in~ 
sensitive to the vibrations of its foundation, a resonance curve similar to the one 
shown in Fig. 43 must be available. The lower curve shows the vibrations of the 
foundation and the upper one, of the structure. At resonance, which occurs when 
the period of the vibrations is 0.32 sec, the amplitudes reach a value of 20-25 mi- 
crons. This, in general, is no small amount. 

The sharpness of resonance is an indicator of still another important phenome~ 
non, namely, the sharper the resonance, the slower vibrations of constant ampli- 
tude set in. 

Another feature of forced vibrations is the presence of phase shift. Until now, we 
have assumed that the origin of the coordinate system was so selected that with 
respect to £ = 0 the maximum displacement is in the positive direction. Natural- 
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ly, if we are considering only one vibration, there is no need to select any other 
origin. However, if we are comparing two vibrations and pick the origin so that 
a = A when t = 0, then the displacement of the other vibration at this particular 
instant may have an arbitrary value. This circumstance 
may be taken into consideration by introducing 
the phase shift B in the argument of the cosine. Thus, 
if = A cos (wt + Bp), then z = A cos B at the in- 
stant of time ¢ = 0. The phase displacement is unique- 
ly described by means of the phase shift p. 

Let us now return to resonance phenomena. The 
quantity B in the formula for forced vibration indicates 
that the phase of the forced vibration, generally 
speaking, is shifted with respect to the phase of the 
impressed vibration. The magnitude of the phase shift 


depends on -, the ratio of the natural frequency to 


2Qum 


13m 


Amplitude 
= 
3 


: Sum 
the external frequency, and also on the damping. 
Fig. 44 shows that a 90°—phase shift occurs at the 
resonance frequency, independent of the damping. The 0 
effect of the damping becomes clear when the situa- ay Bae 
tion somewhat removed from the resonance condi- es 
tion is considered. For weak damping (small loga- Fig. 43 


rithmic decrement 6), at frequencies somewhat below 
resonance, the phase shift is almost zero, while at frequencies somewhat above 
resonance, the phase shift is almost 180°. The same tendency exists for heavy 


G-O314 
O= 0628 


Fig. 45 


Fig. 44 


damping, but it is not so pronounced. For a small amount of friction, one can 
say that ‘a 180°-phase shift occurs when the frequency passes through the reso- 


nance condition. . ‘ : 
A simple experiment (Fig.-45) will demonstrate the essence of these interesting 
relationships: Suspend a weight by a string and allow it to swing freely. When the: 
period of the free vibrations of this pendulum is manifested, stop the pendulum 
and by periodic motion of the hand bring it into a state of forced vibration. At. 
first move the hand rapidly, so that the period of the natural vibrations is greater 
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than the period of the forced vibrations; then move it slowly, so that the period of 
the natural vibrations is less than the period of the forced vibrations. It will be 
seen that in the first case the pendulum and the hand are 180° out of phase, while 
in the second case they are in phase. 


a = 20 g/sec, a mass m = 50 g and a period 7’) = 0.28 sec (wo = 22.4 sec-1), 


SR a a ne EE Ee 2 


Amplitude of forced 


Freq. of external force (Ez) vibrations A (cm) Phase angle 6 (degrees) 
SSS 
2 ; 3.58 0°05" 

10 3.99 0°35’ 
15 4.48 0°45" 
22.4 4.04 90° 

30 2.48 188°50' 
40 1.34 489°40' 


reer ee 


It is seen that in the presence of damping the maximum amplitude of the forced 
vibrations is reached when the frequency of the impressed force is somewhat less 
than the natural frequency of the vibrations. The weaker the damping, the smaller 
this shift in frequency. 


Sec, 28, SELF-SUSTAINED VIBRATIONS 


Fig. 46a shows a trough of triangular cross-section fixed on a shaft about which 
it can rotate, The trough has some particular period of free oscillations, which may 
be observed by swinging the trough away from its equilibrium position. The oscil- 
lations will continue as long as friction and air resistance do not stop them. Let 
us place the trough under a water faucet and allow the stream of water to flow 
evenly on the wall of the trough, at a point somewhat removed from the centre 
line. It is not difficult to envisage what will ensue. As more and more water pours 
into the trough, the height of the centre of gravity rises until, finally, it exceeds 
the height of the shaft to which the trough is fixed. The pressure of the stream of 
water is now sufficient to upset the trough; whereupon, water flows out and the 
trough returns to its original position. This cycle keeps repeating as long as the 
stream of water continues to flow. Thus, the trough will oscillate. However, the 
character of the oscillations produced in this manner is quite different from the 
oscillations considered above, 

In the first place, it is important to note that the external force is not of an 
oscillatory nature; i.e., it is a constant force (the pressure of a stream of water). 
Secondly, such a system executes undamped oscillations, although subject to the 
action of friction and other resistance. Aid finally, the resulting oscillations are 


~] 
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not harmonic, i.e., they do not have a sinusoidal shape. Thus, in our example, the 
similarity to a sinusoid is nil. By conducting such an experiment, it can be shown 
that the dependence of the amount of water in the trough on the time may he 
represented by a saw-toothed curve similar 
to that shown in Fig. 46d. 

The oscillations described above may be 
classified as self-sustained oscillations. Such 
oscillations constitute a distinct  phe- 
nomenon, basically differing from free, un- 
damped oscillations occurring without 
the action of a force, as well as from 
forced oscillations occurring under the 
action of a periodic force. The above exam- 
ple may appear to be artificial. However, 
self-sustained systems have broad appli- 
cation and are very often encountered wher- 
ever mechanical and other oscillations 
occur. 

A simple pendulum clock (Fig. 47) 
executes self-sustained oscillations. As is 
well known, such a clock is actuated by 
a falling weight suspended from a chain 
that passes over a gear wheel. This wheel 
is located on the same axis as a balance 
wheel, which can mesh with a symmetri- Fig. 46 
cal anchor escapement. A pendulum is 
rigidly fixed to the escapement. At the instants when the balance wheel, which is 
driven by the gear wheel via a gear drive, touches the pallets of the escapement 
with its teeth, the pendulum is given an impulse. The rest of the time the pendu- 
lum and the escapement swing freely, while the balance wheel moves by itself. 
The escapement and the balance wheel are so con- 
structed that the pendulum obtains two im- 
pulses each time the balance wheel advances by one 
tooth. One impulse is obtained when the pendu- 
lum moves from left to right, and the other 
when it moves from right to left. 

The self-sustained vibrations of a clock are 
basically similar to those of the trough of tri- 
angular cross-section. The vibrations occur under 
the action of a constant rather than a periodic 
force, are undamped in spite of the presence of 
friction, and are not harmonic. 

‘Fig. 47 In the above examples, a common property 

of self-sustained vibrations is manifested, 

uamely, the property known as feedback. A pendulum executes undamped 

oscillations and causes a mechanism to give an impulse at appropriate moments. 

The mechanism pushes the pendulum and the pendulum provides feedback to the 

mechanism. If the pendulum stops, the impulses also cease. The oscillations of 
the pendulum are governed by the pendulum itself. 

In exactly the same manner, the swings of the triangular trough are governed 
by the trough. The stream of water regulates the swinging of the trough, while 
the construction of the trough itself regulates the water inflow 
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A string struck with the fingers and then released is in a state of free vibration. 
The situation is different when a string is drawn with a bow. In this case, the 
string executes self-sustained vibrations that are saw-toothed in shape. The bow 
pulls the string along. When the displacement reaches a certain limit, the string 
separates away from the bow, returning to its original position. The bow again 
pulls the string along and the process is repeated. In the space of the second that 
the musician draws the bow, the phenomenon is repeated hundreds of times. 
These are typical self-sustained vibrations since they are due to a continuously 
acting force. The string itself controls the vibrations by its elasticity. 

The squeaking sounds emanating from door hinges in need of oiling also belong 
to this class of vibrations. 

We say that feedback occurs whenever an instrument or machine automatically 
introduces automatic corrections to its action when the operating conditions change. 
The principle of feedback is one of the fundamental concepts in automation. 


Sec. 29. ADDITION OF PARALLEL VIBRATIONS 


In a number of cases, the problem arises of analysing the motion of a body 
simultaneously excecuting two vibrational motions. Thus, an oscillating pendu- 
lum may be located on a vibrating platform, or it may be on a rolling ship. 

If we are concerned with vibrations in a single direction, the addition occurs as 
shown in the model in Fig. 48. Two pendulums, in this case, oscillate in parallel 
planes. A light rod lies freely on the pendulums and a recording pen is attached 
at its centre. As an approximation, we 
can assume that the pen will remain in 
a plane differing little from the planes of 
vibration of the pendulums and that the 
displacement of the pen at a given instant 
will be equal to the algebraic sum of the 
pendulum displacements. Another arrange- 
ment may also be used, e.g., a ball os- 
cillates on a spring suspended from a 
board and the board, in turn, is attached 
to a post by a spring in such a manner 
that the ball simultaneously executes two 

Fig. 48 . different vibrations in a single plane. 
If x, is the displacement of the first vibra- 
tion in the absence of the second, and xr. 
the displacement of the second vibration in the absence of the first, then, at each 
instant, for simultaneously occurring vibrational processes, 


a= 2+ 2. 


In the most general case, the component vibrations may differ in amplitude, fre- 
quency and phase. 

Let us first consider the case when the vibrations have equal amplitudes and 
frequencies, but are displaced in phase. Then, 


%, =A cos wt, 2% = A cos (wt + g) 
and 


== 24+ 2,=2Acos + cos (ot + +), 
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i ee ree : ‘ ‘ 
where © = T° This means that the resultant vibration is also harmonic and has 


the amplitude 


2A cos 


ws 


Hence, it follows that the amplitudes of vibrations add arithmetically when the 
vibrations coincide in phase and subtract when they are opposite in phase (p = 
— 180°). In the intermediate cases, the amplitude assumes a value between zero 
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Fig. 49 


and 2A. In particular, when g = 120° the amplitude of the resultant vibration is 
equal to A. This is illustrated in Fig. 49. 

Another important case is the addition of vibrations having different frequen- 
cies. For simplicity, let us assume that @ = 0 and the amplitudes are equal. Then, 


2, = A COS wt, 2%, = A COS Wet, and 


M1 -+ We sane 01 — We 


= ) 20S 
2A cos 5 5 


ts 
In the general case, the vibrational motion obtained when such vibrations are 
added does not exhibit a distinct periodicity with respect to the displacement z. 
[lowever, two particular cases deserve special consideration. 

First, let us consider two vibrations whose frequencies are close to each other. 
Then, 1 — 02 < @1 + , and the displacement z is the product of two cosines, 
one varying rapidly with time and the other very slowly. Hence, 


2A cos Se 


may be considered to be the slowly varying amplitude of vibrations occurring with 
M1 + Ms 


an average frequency ay = —>— . The frequency of the slowly varying ampli- 


tude is known as the beat frequency. Fig. 50 clearly shows the two frequencies— 
the basic frequency of the vibrations and the beat frequency. 
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The second important case is the addition of two vibrations when one of the 
frequencies is a multiple of the other. It is quite evident that the resultant vibra- 


Fig. 51 


tion will be periodic. If, for example, the period of one vibration is 3 sec and that 


of the other 7 sec, the resultant vibration will be repeated every 21 sec. This 
is shown in Fig. 54. 


Sec, 30. VIBRATION SPECTRUM 


We have already spoken about vibrations that repeat with precision every spe- 
cific interval of time, but are not harmonic. For example, we have considered 
saw-toothed vibrations. If we are sufficiently exacting, it turns out that harmonic 
vibrations, i.e., those represented by sinusoids, are encountered in nature and 
engineering much less often than nonharmonic vibrations. 

At. the end of the previous article, we noted that the sum of two sinusoids is 
a periodic vibration, even though not a sinusoid, if one of the frequencies is a mul- 
tiple of the other. Naturally, this is true for any number of harmonic vibrations 


and not merely for two. 

The sum of two vibrations having periods 7 and > 7’, respectively, is a vibra- 
tion having a period 7. Furthermore, this is the period of the vibrations obtained 
by adding three vibrations having periods Pe T and a T, respectively; also, four 


vibrations—with the additional vibration having the period > T; five vibrations— 


with the additional vibration having the period + T; etc. Converting to frequencies, 


this may be expressed as follows: The sum of any number of vibrations whose 
frequencies are multiples of w, i.e., the frequencies w, 2m, 3m, .. ., is a vibration 
having the frequency w. 

Now, the following question naturally arises: By adding an arbitrarily large 
number of vibrations, whose frequencies are multiples of w and whose amplitudes 
are selected as required, is it not always possible to secure any desired vibration, 
even saw-toothed? Fourier, the French mathematician; proved that this was indeed 
the case. The theorem named after him states that it is always possible to:select 


5. Vibrations 


Qj, Az, Az, ... and Gy, Pa, Dg; . in 
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such a manner that any periodic vibration 


having the frequency » may be represented in the form of a sum of harmonic 


vibrations: 
a, CoS (wt + G1) + ay Cos (2ot + 
2) + az cos (3mt + @3) +... 


aL 


{ 
+ 


The frequency m is called the fun- 
damental frequency, and the frequen- 
cies 2m, 30, ... are the overtones or 
harmonics (e.g., second harmonic, third 
harmonic, etc.). The closer the curve 
of the vibrations approaches a sinu- 
soid, the smaller the amplitude of the 


harmonics. On the 


tec 


ty 2ay 464 60, Bt, 0a, 124 the, 16a, 
Fig. 52 
other hand, if the curve of the vibrations hardly 
resembles a sinusoid, the amplitudes of some of the harmonies will not differ 


greatly from the amplitude of the fundamental frequency. 
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Representing the vibration in the 


form of a sum of harmonic vibrations is 


called spectrum analysis. The spectrum consists of the data on the frequencies and 
amplitudes of the harmonic vibrations comprising the vibration of frequency «. 
These data may be presented in tabular form. If there are many frequencies, how- 
ever, we usually resort to a graphical means of presentation (Fig. 52) 
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The concept of spectrum may be extended to include nonperiodic processes. 
We may speak of the spectrum of elastic vibrations produced by a blow on a table, 
the spectrum of the report of a gun, or the spectrum of an outcry. 

To make this clear, let us first consider a process consisting of periodic, damped 
impulses. This is not the case of a single report or outcry, but of a series of reports 
or outcries, i.e., repeated at regular intervals of time. Characteristic of this proc- 
ess is the rapid damping of such a vibration, whose curve is shown in Fig. 53a. 
The spectrum of this vibration may be established by existing means and has the 
form shown on the right in the figure. As was to be expected, we see that the spec- 
trum is composed of frequencies that are multiples of the fundamental. It should 
be noted that the spectrum has a maximum, which occurs for the eighth harmo- 
nic. This is not accidental, for if we examine the vibrations depicted on the left 
in the figure, we see that within each individual impulse the damped pulse vibrates 
at a “frequency” that is 8 times greater than the frequency of the fundamental 
tone (Fig. 53a). 

Similar impulses are illustrated in Fig. 53b, but in this case the frequency is 
one-half of the above. Compare the spectrum of this vibration with the previous 
one. Since the fundamental frequency is now one-half of the original, the “frequen- 
cy” of the damped, elementary process (we have assumed that it has remained the 
same) will now be the 16th harmonic of the fundamental tone. The distribution of 
the harmonic amplitudes remains as before, but their number in the same interval 
of frequencies is two times greater. 

It is easy to see now that the spectrum of a nonperiodic process—a single im- 
pulse—is continuous. Individual frequencies are not discernible (Fig. 53c), but 
the nature of the spectrum is very similar to that considered above. 


A mathematical proof of the above conclusions is contained in the theory of 
Fourier integrals. 


Sec. 31. ADDITION OF MUTUALLY PERPENDICULAR VIBRATIONS 


To analyse a complex vibration consisting of the sum of two mutually perpendi- 
cular vibrations, it is best to use an electronic oscilloscope. We shall discuss this 
apparatus in more detail below. For the present, it is sufficient to note 
that an oscilloscope enables us to depict the vibrations of an electron beam in two 

mutually perpendicular directions. The trace of an electron beam on a fluorescent 
screen describes a path that is the result of two mutually perpendicular vibrational 
motions of the beam spot. 

Let us assume that the vibration of the beam trace in the vertical direction is 

‘represented by the relation y = b cos (wt + 6), and in the horizontal direction 
by the relation z = a coswt. To determine the nature of the resultant path, we 
must eliminate time from the above equations and obtain an equation of the form, 


f(z, y) = 9. Writing the expressions for the displacements in the form ae 


y , we : . 
= cos ot, = = cos (wt + 6) = cos wt cos 6 — sin wt sin 6 and replacing, in the 


3 x ; Ne ; ‘ 
second equation, cos wt by si and sin wt by V/t- (=) , we obtain after simple con 
version the equation of an ellipse rotated with respect to the coordinate axes: 
x? y? 221 : ‘ 
= 420 SY cog 8 = sin 26. 
a” b ab 


Let us now vary the parameters of the vibrations and see what happens to the 
ellipse. If we vary the phase difference, the ellipse will change its form and simut- 
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taneously rotate (Fig. 54). When the phase difference is equal to 90° the axes of 
the ellipse coincide with the coordinate axes. If the phase difference is decreased or 
increased, the ellipse begins to rotate to the left or to the right, respectively, and 
simultaneously contracts. When the phase difference is reduced to zero, the ellipse 
degenerates into a straight line. The various cases can be checked by substituting, 
in turn, the values 6 = 0°, 90° and 180° in the above equation. 


y y y 
7H me Le 
c= 0° J=90° J=180° 
Fig. 54 


If the amplitudes of the vibrations in the vertical and horizontal directions are 
equal, then for phase differences of 90° and 270° the path is a circle. There is a dif- 
ference between these two phase differences in spite of the fact that the paths 
are identical. In one case, the beam moves around the circle in a clock- 
wise direction, while in the other, the 
motion is counterclockwise. To see this, 
lel us return to the original equations. 
We obtain the following: 


( 


for 90° r=acost, y=)cos (wt-+-90°); 


for 270° x=acosot, y= bcos(wt + 270°), 


ee 


The first pair of equations shows that for in- 
creasing time, at t = 0, the point having 
the coordinates « =a, y =O begins mov- Fig. 55 

ing in the direction of negative y, i.€., 

clockwise. The second pair of equations shows that in this case the direction 
of motion is counterclockwise. 

In viewing an oscillogram, it will be observed that the ellipses do not stand still, 
but slowly shift as though a continuous change in phase were occurring. Careful 
observation shows that the ellipse does not rotate, but the curve being traced by the 
beam spot seems to continuously shift from one ellipse to another. This phenome- 
ion occurs when the frequencies of the vibrations differ somewhat. In fact, a differ- 
ence in frequency is entirely equivalent to a continuously changing phase 
difference. Let us assume that the frequency of the vertical vibration Ws is Aw 
greater than the frequency of the horizontal vibration @ . Then, 


ot-+8 = ont + (Aot+6), 


where the variable phase difference is within the brackets. 

{f the frequencies differ considerably from each other, before the beam is able to 
describe the major portion of one ellipse the phase has already changed. As a result, 
the described curves look less and less like ellipses. Examples of these queer curves 
are shown in Fig. 55 and are known as Lissajous figures. The depicted curves 
are for a frequency ratio of 3: 4 and 1:2, 
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CHAPTER 6 


Travelling Waves 


Sec. 32. PROPAGATION OF A DISTURBANCE 


Every body is elastic to one or another degree, i.e., every body is able to restore 
itself to its original form after being distorted by a force of short duration. This 
property is responsible for the fact that every mechanical action is transmitted by 
a body with finite velocity. If a perfectly rigid rod, incapable of being deformed, 
existed, it would only be able lo move as a unit, and the action of a force would 
dissipate in such a body instantaneously. If a perfectly plastic body existed, de- 
forming without in the least restoring itself to its original form, it would be incap- 
able of transmitting any mechanical action whatsoever. 

In an elastic body a disturbance is transmitted successively from one particle 
of a body to a contiguous one. The compression produced at the end of a rod due 
to the blow of a hammer is propagated along the body with a definite velocity c-. 
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Fig. 56 


If a bend of short duration is created at some point of a rigid body, this distur- 
bance will also be transmitted with finite velocity through the body. The same is 
true of every deformation. Propagation through a body for various mechanica} 
deformations is usually demonstrated by means of a spring (Fig. 56). 

Elasticity of compression and extension is a property of liquid and gaseous bodies, 
as well as of rigid bodies. Hence, these disturbances may be transmitted in all 
bodies. However, the disturbances produced by shearing, torsional and bending 
deformations may be transmitted only by rigid bodies possessing the corresponding 
elasticity. 

For compression and extension, the motion of the particles is in the direction in 
which the mechanical action is transmitted. Hence, the propagation of the disturb— 
ance is said to be longitudinal. In the case of shearing, torsion and bending, the 
direction of motion of the particles may form, generally speaking, any arbitrary 
angle with the direction in which the energy is transmitted. 

We can always select the direction in which the mechanical action is being trans- 
mitted and then resolve the displacement of the particles of the body into three 
mutually perpendicular components, whereby one of the components is in the 
direction of propagation and the other two are in a perpendicular plane. Thus, in 
the most complex case, we can consider the propagation of a disturbance as con- 
sisting of the sum of three motions—one longitudinal and two lateral. 

The velocity of propagation of the disturbance due to an elastic deformation 
depends on the mechanical properties of the body. As is shown in theoretical phys- 
ics, this velocity is related to other physical constants of the body. Thus, for 


6. Travelling Waves 83. 


longitudinal waves, it is given by the simple formula: 

pa! 

Stay eee 
V ox 


ere, p is the density of the body and x is the compressibility. A large density 
leads to an increase in the inertia of the body’s particles and, consequently, the 
velocity of propagation of the elastic waves decreases. The small values for com- 
pressibility indicate that even large elastic forces correspond to only small defor- 
mations. The smaller the compressibility, the greater the velocity of propagation 
of the disturbance. 

This is the form in which this formula is generally used for liquids. Thus, water 
compresses by 5  10~° of its volume for a change in pressure of 1 atm. This 
means that the compressibility, equal by definition to 

1 


a Ap ov 


cm? 


xe LOT, 
dyne 


ip = (see p. 117), is 10-6 
The density of water is 1 g/cm*. Hence, for the velocity of propagation in 
water, we obtain 


2 


c= 2 X& 101° cm?*/sec?, 
c = 1,400 m/sec. 


For gases, it is convenient to convert the formula for velocity into another form. 
Since the process of transmitting compression in a gas is very rapid, the compres- 
sion and expansion of a gas may be considered to occur adiabatically, i.e., with- 
out heat exchange. We shall derive the equation of the adiabatic process below 
(p. 128), from which it is easy to obtain the following relationship between the 


coefficient of compressibility and the pressure of the gas: x — erie where y ~ 1.4", 
2 
i 


r Dp : : Te ; ‘ 
hus, cay we, For an ideal gas, the density p ae is proportional to the fraction 


pu ‘ : i ees 
“7 » Where w is the mass of a mole of gas and v is its volume. This is so because 


i = const. Hence the velocity of propagation in a gas is 


Here, a is a constant whose value is easily calculated by means of equations con- 
sidered below (p. 149). 

Thus, the velocity of propagation of the disturbance due to a deformation in 
a gas, including the velocity of propagation of sound waves, which will be dis- 
cussed in more detail later on, is proportional to the square root of the temperature 


* The-equation of the adiabatic process is pv’ = const. If p and v are the equilibrium val- 
ues of the pressure and volume for a certain mass of gas, and p -- Ap and v — Av the corre- 
sponding values at the instant of deformation, then 


(p-++- Ap) (v—Av)* — pv’. 


Ap Av i" Av y(y--1) ¢ Av )’ 
Mhe oy = — pets Gee re A [Ee ag eee pee mee atl SY | Bee Se na 
Whence, 41-+ 3 (1 : 1—y ‘i | ee ( : | 
Disregarding terms of higher order in the binomial expression, we obtain 
Av 1 
Ap= — yp —- Hence 1=—— 
P VE es ence, yp 
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and does not depend on the pressure of the gas. The dependence on the molecular 
weight is interesting. In hydrogen, the velocity of propagation is equal to 
4,263 m/sec, while in air, as is well known, it is 334 m/sec. 

For longitudinal waves propagating in a rigid body, the coefficient of compressi- 
bility is usually replaced by the modulus of elasticity. Since, by definition, the 
modulus of elasticity 


ra¥. Aly. 


of) 


Foot aa ae 
ails ’ , ; 4 : 
it is evident that in the absence of transverse motion % = =, for the linear com- 


pression is equivalent to the volume compression. The formula for velocity may 
then be written as follows: 


The table shows the extent of the agreement between calculated and experimental 
values: 


Young’s Modulus E, | 


Density p, | ce (calc.), | ec (exp’t), 
N/m2 g/em3 m/sec m/sec 
Glass . 7.65 x 4010 23h 5,700 5,990 
Steel ; 2.46 x 10° 8 5,200 5,000 
Wood .. 4. 7.05 x 4010 0.7 4,130 4,200 
Water (138°C) w= 4.75 K 10-19 » m2/N i 45450 4,440 


To check the formula for the velocity of propagation of sound, it is necessary to 
use samples in the shape of slim rods. This is due to the fact that a more thorough 


analysis of the problem indicates that the formula ony = is only valid for such 


bodies. For bodies having other shapes, as well as for the propagation of sound i 
a continuous medium, theory leads to expression which we shall not introduce. 
It should also be noted that the values given in the table are only for guiding 


zd 
purposes. The velocity of sound in different types of glass, wood, steel, etc., differs 
considerably. 


Sec. 33. GENERATION OF WAVE MOTION 


Sustained vibrations may be applied to a particular point of a body or medium 
in a variety of ways. A force acting periodically at some point of a body produces 
a periodically varying deformation whose disturbance is transmitted at a specifi© 
velocity from one point of the body to another. All the particles of the body part)- 
cipate in the vibratory motion. Since the velocity of propagation is finite, how- 
ever, the particles of the body are set into vibration in consecutive order. If a bodY 
is infinitely large, such a vibration will advance continuously, forming a travel~ 
ling wave. 

Infinitely large bodies do not exist. However, the actual length of a large body 
does not affect the nature of the phenomenon, for the vibrations do not reach the 
end in view of inevitable energy losses. 

Let us consider a wave travelling in a particular direction in a body that £0 
all practical purposes is infinitely large. Assume that the particle located at the 
origin of the coordinate system is vibrating in accordance with the equation y ~ 
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=a : : : ae : : é 

ling COs wt. Let us write the equation of vibration for a particle located 
°l propagation of the disturbance at a distance x from the origin, 

; Same as for the particle at the origin because this particle began 

iff 


along the 

lt is not 
to vibrate 
= , the time required for the disturbance to be propa 
c 


Ler , » 

"a delay of t= gated the 

list; d ; : ; : ; ne 

o pence x. The vibration of particle x, therefore, is shifted in phase with re 

¢ © vibration of the particle at the origin. At the instant of time 
Particle x will have the same phase as the vibration of the parti 

an 


disp] 


spect 
t, the vibration 
cle at the origin 


it * Fi e . & ° . > . . » a y 
instant of time = earlier. Hence, the equation of vibration for a particle 
A 


‘ced by a distance x from the origin is 


& 

y= A cos a) (t oe =) ; 
Or rt og 
—— is the phase shift. 
; he above equation is known as the wave equation. It is valid for the vibration 
Of « ‘ < 1 vis 
ve any particle located at any distance from the origin. 
“et us assume that the source of the wave is far from the observer and that the 
WwW 


“Ve front has long since moved ahead. We now consider a portion of the line 


——» Motion of the wave Motion of the wave<—— 


Fig. 57 


along the z-axis subject to wave motion. At first glance, the introduction of a new 
Concept may appear unjustified. To be sure, vibrations occur at all points in this 
region. However, can we discern how the wave is moving? Is it moving to the right 
oY to the left? Careful observation shows that the specific character of the wave 
Notion is easily detected. If the wave is moving from left to right, the adjacent 
Point on the right will be delayed in phase with respect to the point on the left. 
u the reverse case, the point on the right will be ahead in phase. Fig. 57 shows 
waves travelling to the right and to the left. Each sinusoid represents a snapshot 
of the wave at a particular instant. At each succeeding instant, this sinusoid is 
displaced in its entirety in the direction in which the energy is being transmitted. 
t is clear from this that the direction of the wave motion affects the form of 
the wave equation. If the wave moves along the coordinate axis in the positive 
direction, a minus sign must precede the value of the coordinate x. If the wave 
Moves along the coordinate axis in the negative direction, the sign in the argu- 
maent of the cosine must be reversed: 
i x x 
y= Acos @ (¢—=) ; y= Acosa (¢+=) . 


re 
pos. direct. neg. direct. 


The wave equation at an’ instant of time equal to a multiple of the period re- 
duces to 


Fo a 
y= Acosw —=A cos 2n—, 
é cl 
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The minus sign is dropped since the cosine is an even function. From this equa- 
lion, it immediately follows that the period of the sinusoid is 


A, Sor. 


This spatial period, i.e., the distance covered by an undulation before it repeats 
itself, is known as a wavelength. We have thus arrived at the well-known relation 
connecting the velocity of a wave, its length, and the period of a vibrating par- 
ticle. 

A number of physical quantities vary sinusoidally in the undulatory transmis- 
sion of a disturbance through a body, namely, the displacement of a particle from 
its equilibrium position, the velocity of the vibrating particles, the pressure and 
the density. Hence, the above wave equation is very general. The quantity y may 
designate any of the enumerated physical quantities, which vary sinusoidally 
when the wave moves in the z-direction. It should be noted, of course, that the 
waves of pressure, velocity and displacement do not necessarily have to coincide 
in phase. For example, it is clear that the wave representing the velocity of the 
vibrating particles is shifted in phase by 90° with respect to the wave of the dis- 


placements, for the velocity of a particle is a maximum when it passes through the 
equilibrium position. 


Sec, 34, PRESSURE AND VELOCITY OF VIBRATIONS 


It is interesting to examine the relationships between the wave amplitudes of 
various physical quantities. For this purpose, we shal] only consider longitudinal 
waves propagating in a gas and concern ourselves with waves of displacement, 
particle velocity and incremental pressure. Since the theory arose in connection 
with auditory waves, the incremental pressure Ap is often called the sonic pres- 
sure and is designated by p, the symbol A being dropped. 

If A is the amplitude of the displacement wave, then wA is the amplitude of the 
velocity wave. These two waves are 90° out of phase. 

We shall now derive the relationship between the amplitude of the velocity of 
vibrations and the amplitude of the pressure. From the general definition of x as 
applied to gases (p. 83), we obtain for sonic pressure the formula 
oe 


ps = , 


: : ; P ; ; »P ; 
where P is the pressure of the gas. Using the relation, c? = a , we obtain 


p 5 apes 
f v 


It is perfectly natural that a direct connection should exist between the incremen- 
tal pressure p and the relative compression in the gas at the same location. 

; : . ; : Av 

However, going a step further, the relative compression of the volume, — 


can be related to the displacement amplitude of the vibrating particles. Let us 
mark two points, z and x2, along the line of propagation. For a longitudinal wave, 
changes in density occur as a result of displacements in the direction of propagation. 
Let us consider a volume of gas bounded by the cross-sections through 2; and 22. 
When the wave moves, the molecules within this volume are displaced. However, 
it is only necessary to consider the situation at the limiting cross-sections. If 


the molecules of the layer through 2, are displaced by y; = A cos w (t— =) and 
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the molecules of the layer through z) by y.=A cos w (i — <2) , then the linear di- 


mension of the volume, v2 — 21, changes by the amount y, — y,;. The relative 
: ; » Yo—y ? rane . 

change in length, and hence in volume, is aa Going over to the limit, in 
Xp — Ly 
order to obtain a quantity descriptive of a point in space, we obtain 

Av dy o : x 

Sat = —- Asino («—-=) 

v dz é c 
and for the pressure 

x 


p= coAw sin w (¢— =) ; 


This shows that the pressure changes in phase at the rate of the particle vibrations 
in the wave. Aw = Uo is the amplitude of the velocity of vibration. Thus, po, 
the amplitude of the pressure, is related to wo, the amplitude of the velocity, as 


follows: 
Po = 0 Clo. 

In acoustics, uw is usually measured in cm/sec and p in dynes/cm*. Using these 
units, we obtain po = 41uo for air at room temperature. The quantity pc is called 
the acoustic or wave resistance. The meaning of the designation is evident, namely, 
the greater the resistance the smaller the velocity of the vibrating particles for 


the same values of incremental pressure. 
The acoustic resistance of several materials is given in the table: 


0 £ pc 

(g/em*) (cm/sec) (g/cm2sec) 

Glass 2.6 HD XK 408 | 14 *~ 105 
Steel . TO 5x 105 40 x 405 
Wood . ‘ 0.7 4.2 >< 10° 2.9 >< 108 
Water 1 1.44 X 408 1.4 108 


Sec, 35. ENERGY FLUX 


Wave motion transfers energy from one location in space to another. However, 
it should be kept in mind that every particle of the medium is involved in the 
transmission of energy and each continuously vibrates about an invariable 
equilibrium position. 

Since all the particles of a body are involved in the vibration, the vibrational 


energy of a unit volume is 


2 
p Um an 


cae: Sa 
where p is the density, i.e., the mass of a unit volume, and Vyax is the amplitude 
of the velocity of vibration. Substituting for the latter quantity the familiar 
expression — 

Unay = OA, 
where A is the displacement amplitude and is the frequency, we can write 
the density of the vibrational energy of a body in the form 


parA® 


9 


a 
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agates with a velocity ¢. The following question now arises: 
What is the expression for the wave jnitenstty yi EES rk a Be enersy eee 
in unit time through a unit area perpendicular to the Eee iis : Propagation b 
the wave? Instead of referring to the intensity of arian tebe it is more 
usual to speak about the vibrational energy flux, pee Hate y ng enetey 2 
ing per unit time (power) through a given area. ae app poet comp any y 
analogous to the analysis of the flow of water in a pipe. in a unit time, a wave 
traverses a path c and transmits the 


This energy prop 


energy contained in a cylinder of length c¢ 

and unit cross-section. Since a 

unit volume contains the energy 

w, the energy in the above cyl- 

inder is we. This is precisely 

the meaning of wave intensity: 
Fs gee 


We see that wave intensity has 
the sense of energy flow through 
a unit area. This was first noted 
by N. A. Umov in his theoretical 
; os work on energy motion in bodies. 
Fig. 58 Until now, it has been as- 

sumed that the wave motion 
propagates along a straight line. Such an assumption is useful when investigating 
disturbances travelling along rods, strings, air columns, etc. However, we are 
also interested in investigating cases involving three-dimensional wave motion. 

To describe a three-dimensional wave, we must know how the wave front moves. 
The wave front at a particular instant can be determined if all the points in space 
having the same phase of vibration are given. Noting the successive positions of 
this constant-phase surface, i.e., the wave front, we obtain a clear picture of the 
nature of the wave motion. 

Generally speaking, this surface may have any shape. In this case, then, what 
is meant by the direction of the wave propagation? It is natural to understand 
this direction-to mean the normal to the wave front. _ 

If the medium is perfectly homogeneous and the wave emanates from some 
point in the medium, the wave front is spherical. Such a wave propagates along the 
radii from the centre. At large distances from the centre of radiation, large por- 
tions of the wave front will appear to be in a plane—within experimental accuracy. 
In this manner, the concept arises of a plane wave propagating in a direction 
normal to the wave front. If the wave radiator is of linear shape, a cylindrical wave 
propagating along the radii of the cylinder is generated. Various types of waves 
are shown in Fig. 58. 

Disregarding all energy losses that occur during the motion of a plane wave, we 
obtain that the quantity of energy passing through successive positions of the con- 
stant-phase surface remains unchanged. Hence, the intensity of a plane wave will 
not change during the process of propagation. The situation is different, however, 
with regard to spherical and cylindrical waves. Since the constant-phase sur- 
faces increase in area as the square of the distance for spherical waves, and linear- 
ly as the distance for cylindrical waves, the intensities of these waves are inverse- 
ly proportional to the square of the distance and to the distance, respectively. 
Only in this manner can the law of conservation of energy be satisfied. 

The intensity of a wave is proportional to the density of the vibrational energy, 
which is proportional to the square of the amplitude. Hence, the amplitude 
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of a spherical wave is inversely proportional to the distance from the radiating 
centre. and the amplitude of a cylindrical wave is inversely proportional to the 


r i ‘ A r 
square root of the distance from the linear radiator. Thus, y= — cos © ( t= =) 


- A r : , - 
for a spherical wave and y= Vr COS @ (¢ ar ) for a cylindrical wave. Here, the 
eg 
distance r, just as previously x, is measured along the direction of wave propa- 
gation. 

Let us assume that a source of vibrations having a frequency of 4 kHz is placed under water. 
The energy flux J = 14 W/cm2. Let us calculate the displacement amplitude A of the water mole- 
cules, their acceleration B and the amplitude @A = ug of the vibrational velocity. 

From the formulas of previous articles, it follows that 


2 


dy % 107 cm; Bao 2 x 107 es , spe yf at . jo7 


pc sec ie) sec 
m g 
y a a 50 —— = —_, | 6 
For water, ¢ = 1,450 a and p 1 —_ Hence, 
: 4 POs, cm 
Awi9x1073 cm; B=740 = a Ug 12 og 


For the same energy flux and frequency of vibration, we obtain the following results in air, 


where ¢= 380-——- and p'1.208 *% 40+: 
sec 
cm 


. em m 
= 5 = 14> 108 = 14.000 P = 22( 
A=0.04 cm; B=14x 10 aa 14,0! ore yp = 220 oes 


Sec. 36. DAMPING OF ELASTIC WAVES 


In actuality, waves propagating in a medium (solid, liquid or gas) decrease in 
intensity considerably more rapidly than indicated by the inverse-square law. 
This is due to losses in mechanical energy, i.e., transformation of mechanical 
energy into heat. 

The relation expressing the decrease in intensity of some particular radiation in 
passing through a medium may almost always be obtained by reasoning as follows 
(for any medium and any radiation): if a wave passes through a layer of thickness 
dx, the intensity loss should be proportional to the intensity of the incident wave 
and the thickness of the layer, i.e., dl = —pJdz. 

This equation may be integrated. Assuming that the intensity is equal to Io 
at the point z = 0 and to I at the point z, we obtain a relation that is valid for 
finite distances: 


Ga—p\ de, i. Ledges, 


0 


st 


( . 
Thus, the intensity of the wave decreases exponentially. 

In acoustics, it is convenient to use the concept of amplitude damping. Since 
the intensity is proportional to the square of the amplitude, the amplitude damp- 
ing is expressed by a relation that differs from the above only in that the coeffi- 
cient of damping (or absorption) is one-half of the value given there: 

A=Ag 2. 
Let us examine the absorption coefficient p (or 1.) somewhat closer. It is mea- 


sured in reciprocal centimetres (for the exponent must be a dimensionless quantity) 
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and is equal to the reciprocal of the thickness for which the intensity or amplitude 
of the radiation decreases by the factor e. 

Naturally, the exponential damping relation is only a partial solution to the 
problem of the absorption of elastic waves by a medium. The determination of 
the dependence of the absorption coefficient on the properties of the medium and 
the radiation frequency is a more formidable aspect of the problem. 

It has been found that for many materials the damping of an elastic wave (most 
of the available data being for sound waves in air) increases with the frequency of 
the vibration. The relation for the absorption coefficient has been determined to be 


B= aw’, 


For air, a = 4 X 107-8 sec*/em. Thus, over a distance of 1 km, a plane wave having 
a frequency of 100 Hz decreases by a factor of ~1.015, while a very high audio 
frequency of 20,000 Hz decreases by a factor of 1027! Ultrasonic vibrations are 
damped so rapidly that their transmission over a distance of more than several] 
hundred metres is completely impractical. 

However, the monotonic relationship between absorption and frequency is 
not always satisfied. Some materials exhibit selective absorption of sound in 
a relatively narrow frequency band. Thus, the absorption of ultrasonic waves by 
carbon dioxide is a maximum at frequencies near 277 klIz. The parabola calcu- 
lated in accordance with the formula u = aw? closely matches the experimental 
data in all regions except in the band indicated above. At frequencies close to 
277 kHz, the absorption is about 20 times greater than that calculated assuming 
a parabolic relationship. 

The dependence of the absorption coefficient on the properties of the medium 
can be expressed as follows for longitudinal waves in gases and liquids: the absorp- 
tion coefficient is inversely proportional to the cube of the velocity of the elastic 
wave and directly proportional to the kinematic viscosity. As a result of this 
strong dependence on the velocity of propagation, and the fact that the kinematic 
viscosity of air is large, the absorption of sonic and ultrasonic waves in a liquid is 
about 1/1,000 of that in air. This means that for the same frequency elastic waves 
will propagate 1,000 times further in water than in air. 

The absorption of transverse waves in solid bodies is also strongly dependent on 
the properties of the body. Thus, the: absorption in rubber, cork and glass is, re- 
spectively, 13,000, 8,500 and 130 times greater than in aluminium. 


Due to their complexity, we shall not go into the theories of elastic wave ab- 
sorption in bodies. 


Sec. 37, INTERFERENCE OF WAVES 


If there are several sources of waves instead of just one, then each point of the 
medium is simultaneously subject to several wave motions. It turns out that it 
is always possible to consider the vibration of a physical quantity due to the 
action of several waves as the sum of the vibrations that would occur if each wave 
acted independently. 

Let us assume that spherical waves emanate from two points located at a certain 
distance from each other. By means of the wave equation, we can determine the 
value of the vibration amplitude at any instant of time for any neighbouring 
point. If the point in question is located at a distance r, from the first source of 
waves and at a distance r, from the second source, the vibration there is repre- 
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sented by the formula 


y = Acos 2n (ve—) + Acos 21 Cae 


Yhe result obtained by adding two vibrations differing only in phase is, as we 
know, also a harmonic vibration whose amplitude is 2A cos ae which can be seen 
to depend on the phase difference between the component vibrations. The phase 
difference 6 is equal in this case to . 


on (2). 


Thus, generally speaking, all points of the wave field under consideration will 
be in vibration. However, the amplitudes of these vibrations will be different at 
different points. Two extreme cases deserve attention. First, let us consider the 
points at which the component vibrations annul each other. These points satisfy 
the condition 


4 T1—Te d=3Aa 
aaa cemaaias (2k-+ 1) a, ey 
ape ; oF ween 
where & = 0, 1, 2, 3, ..., ie., the u 
See eye _ d=3f2A 
phase difference is equal to an odd mul- ree 
tiple of m. On the other hand, if TT dalfoa 
“ Py Fa TET d=0 
20 + = kn, Sea aed 
: af, + pe ‘ aA 
i.e., if the phase difference is equal to 3/94 
an even multiple of m, the amplitudes aoa 
of the vibrations will add arithmeti- wy 522 
cally. Thus, in this case, the ampli- EP 


tudes reinforce each other to a maxi- 
mum degree. 

The difference ry — rg may be called Fig. 59 
ihe path difference of the waves and this 
term needs no further explanation. The conditions of maximum and minimum 
amplitudes may be formulated somewhat differently by means of this concept. 
The maximum condition 


"—r, = kn 


states that the path difference between waves arriving at a given point must be 
equal to an integral number of wavelengths. The minimum condition 


r—ry= + (2k-+1) 


states that the path difference must be equal to an odd number of half-wavelengths. 
These conditions are very easily visualised as follows: The waves reinforce each 
ether when one crest is superimposed on another, and annul each other when 
a crest is superimposed on a trough or node. 

The superposition of waves, i.e., the addition of their amplitudes, leads to 
interference. 

From analytic geometry we know that a hyperbola is a curved line satisfying 
the condition that the difference of the distances from any point on the curve to 
two foci is a constant. If we pass a plane through the point sources and note in the 
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diagram points of maximum reinforcement and those of wave annulment, the 
points will fall on hyperbolas. The corresponding curves are shown in Fig. 59. 
Such a picture can be easily observed on the surface of water when two sources 
sending out ripples from neighbouring points set up an interference pattern. 

We can use the above method ‘to analyse the interference of any number of wave 
sources. 


Sec. 38. PRINCIPLE OF HUYGENS-FRESNEL. 
REFLECTION AND REFRACTION OF WAVES 


The complete equality of all the vibrating points of a wave field is striking. 
They differ only with respect to phase. As a result, it is natural for the following 
idea to emerge: it should be possible to consider any point of a wave field as an 
independent source of spherical waves. 

The validity of this idea first formulated in 1690 by Christian Huygens, may 
be tested by attempting to construct a wave front from data on a wave field on 
a boundary surface. It is necessary to take into account that there will be inter- 
ference between the individual spherical waves (also called elementary waves 
or wavelets). Huygens’ principle, supplemented by Fresnel, shows that such a 
construction is possible. 

What is the significance of this principle? Let us assume that the wave falls on 
an opaque screen having several apertures. By means of the principle of Huygens- 
Fresnel, we can map the wave field beyond the screen without knowing anything 
about the sources of the field. It is sufficient to know the intensity of the field in 
the plane of the screen and assume that a spherical wave propagates from each 
point on the screen. The amplitude of the wave at any location in space is deter- 
mined by adding all the wavelets coming from the apertures in the screen. 

Postponing consideration of the problems related to the passage of waves through 
a screen (problems which are mainly of interest in connection with light waves), 
we shall now apply the principle of Huygens-Fresnel to the explanation of the 
phenomena of wave reflection and refraction. 

Let us consider a portion of a plane wave incident on the boundary betweet 
two media. As is well known, a wave of’any origin is reflected at an angle equal 
to the angle of incidence. But why should this occur? Huygens’ principle gives 
the explanation. Every point on the boundary between the media may be con- 
sidered as a wavelet source. The first wavelet emanates from the point first reached 
by the incident wave. Successive points on the boundary will then be excited, the 
last point to start vibrating being the one last reached by the incident wave- 
Fig. 60 shows the positions of the wavelets for the instant of time when the in¢i 
dent wave reaches the last point. The wave front generated by the wavelets forms 
an angle with the boundary equal to that of the incident wave. Thus, the propa 
gation velocities of the incident wave and the reflected wave are the same. ‘This 
means that the radius of the largest sphere must be equal to the path traversed bY 
the incident wave from the instant the first point was excited to the instant the 
last point was excited. 

In exactly the same manner, the wave front of a reflected spherical wave ca? 
be easily constructed. This construction is shown in Fig. 64. In Fig. 62, a photo 
graph is shown of a sound wave reflected by a wall. ahaa) . 

Let us now consider wavelets penetrating into the second medium and gener 
ating a refracted wave front (Fig. 63). The different media have different densities 
and elastic properties. Hence, the wave propagation velocity also differs for each 
medium. Let us now perform the same construction as for reflection. i.e., draw wav 
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lets on the diagram for the instant when the incident wave reaches the last point. 
The wave front is rotated due to the difference in propagation velocities. If-the 
wave has penetrated into a denser medium, the radius of the largest wavelet should 
be less than the path traversed by the incident wave from the instant of excitation 
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Fig. 60 Fig. 61 


of the first point on the boundary to the instant of excitation of the last point. 
Moreover, the ratio of these lengths should be equal to the ratio of the wave pro- 
pagation velocities. On the other hand, as can be seen from Fig. 63, the ratio 


Fig. 62 Fig. 63 


of the above distances is equal to the ratio of the sine of the incident angle and 
the sine of the refraction angle. Thus, we arrive at the well-known relation for 
wave refraction: 

sin® cy 

sinB”  c 


2 


The direction of the propagation will be deflected toward the normal to the bound- 
ary if the wave moves into a medium of greater density and, on the other hand, 
if it moves into a medium of lesser density, it will be deflected away from the 


. Cc . “ ° 
normal. The ratio == m is known as the refractive index. 
Co 
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Sec, 39, REFLECTION COEFFICIENT 


The explanation of the geometry of reflection and refraction may appear to be 
a somewhat uninteresting application of the theory. However, the wave theory 
enables us to do considerably more, namely, ascertain the relative proportions 
of the reflected and refracted waves as functions of the properties of the media whose 
interface is being considered. In order to simplify the calculations, we shall limit 
ourselves to the simple case of the normal incidence of a longitudinal wave onthe 
interface of two media. The nature of the proof, however, is the same for all con- 
ceivable cases. 

In a discussion of this type, the following is axiomatic. At the boundary be- 
tween two media, neither u, the velocity of the vibrations of particles, nor p, the 
incremental pressure, can change abruptly. It is intuitively evident that it cannot 
be otherwise, but this can be shown rigorously on the basis of fundamental laws 
of physics. 

On one side of the boundary, there are waves having the instantaneous velocities 
Uincid ANd Urepect. On the other side of the boundary, there is also the wave hav- 
ing the instantaneous velocity U;esract- The continuity of velocity yields the 
condition:  Wingia + Ureflect = Urefracti the continuity of pressure yields: 
WincidP1er P UreflectP1l1 = UrefractP2¢g. However, examining these two equations, 
we see that they are incompatible since pyc, pyc. How is this to be explained? 
The answer is that we have forgotten that the instantaneous values of the veloc- 
ities and pressures are vector quantities and that even in the simple case when 
the displacement vectors are in a single plane the amplitudes may differ in sien. 
It can be seen that the equations become compatible only if the amplitudes of 
the velocity and pressure for the reflected waves are given opposite signs. The 
equations of continuity are then written in the form 


Uineia tb Ureflect = Ure fracts (Uincia ers Ureflect) 0101 = UrefractP2C2 
or 


Uineid — Ureflect = Uresracts (Uineia te Uryeflect) P1014 = Ure fractP2l2- 


We leave it to the reader to show that all other combinations of signs will fail to 
make the equations compatible. ; 

Since the amplitudes are positive quantities, the sum aust be greater than the 
difference. Hence, the first pair of equations is valid when pyc, > oc, and the 
second pair is valid for the reverse case. The first pair of equations arises when all 
the vibration velocity amplitudes are in one direction and the phase of the reflected 
pressure wave differs by 180°, i.e., the amplitude of the reflected wave is oppositely 
directed with respect to the incident and refracted waves. The second pair corre- 
sponds to the reverse case. 


P1C1 > Pace p1ce1 < P2cg 
Velocity wave Pressure wave Velocity wave Pressure wave 
incident — incident — incident > incident — 
reflected > reflected <- reflected <- reflected — 


refracted + refracted — refracted —> refracted — 
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This interesting phenomenon of amplitude vector reversal in reflection may be 
described as a one-half wavelength loss or a 180° phase jump. Thus, the change 


of sign in the wave equation y = A cos o ( t — ea where y is any physical quan- 


tity, may be obtained by introducing a 180° phase shift in the argument of the 
cosine. On the other hand, a -180° shift in phase is equivalent to displacing the 
wave distribution by one-half wavelength. 

Thus, at the interface of two media, the incident and reflected waves act either 
to reinforce each other or to annual each other to the maximum extent possible. 

It should be recalled that in reflection a one-half wavelength loss occurs for 
the vibration velocity wave when it enters a medium of greater resistance (some- 
times inaccurately expressed as a medium of greater density). The displacement 
wave is inseparably linked with the vibration velocity wave and also suffers 
a one-half wavelength loss. 

in entering the second medium the wave does not execute a phase jump. 

Solving the above equations simultaneously, we obtain the expression for the 
a Thus 


reflection coefficient 7, i.e., — 
Uincident 


pu £1l1— Pate 
Pili + Pete’ 
4 in 8 3 ‘i : Urefract . 
where r is always > 0. Similarly, the refractive index g, i.e., ee Om. 
linciden 
20 4¢4 


P1l1 Pole * 


The wave resistance in air is much different from that in solid bodies. As indi- 
cated above, pe = 41 for air, while for steel (0 = 7.9 g/em* and ¢ = 5,000 m/sec) 
oc = 40 ~ 105. Thus, r = 0.99999. This means that sound incident from air 
on steel is practically completely reflected and in effect does not penetrate the 
latter. It can be easily calculated that at the boundary between air and water 
r = 0.9997. 


Sec. 40. THE DOPPLER EFFECT 


Until now it has been assumed that the wave source and the receiver (i.e., the 
observer) were both stationary with respect to the medium in which the wave was 
propagating. Various effects, which were first noted by Doppler (1542), occur 
when the source or the observer, or of course both, move with respect to the medium. 
They consist basically in the fact that when the wave source moves the observer 
measures the vibration frequency v’ and when the observer moves he measures 
the vibration frequency v”. These frequencies differ from each other and from the 
frequency v that is measured when the observer and the source are stationary. 

In considering the Doppler effect, it is necessary in the first place to note that 
the wave leaving the source propagates entirely independently of the motion of 
the source and the observer. Therefore, in moving relative to the medium, the 
source or the observer may approach or recede from the moving wave. 

Why does such motion lead to the measurement of a frequency that differs 
from its “real” value? This is because the observer determines the vibration fre- 
quency as the number of waves entering his apparatus per unit time. On the other 


ic ° < ° ‘ 
hand, the formula v = =z gives the number of waves emitted per unit time. If 
the observer moves toward the source with the velocity u, then in 1 sec the number 
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of waves that he measures is not v, but a number larger than this. Moreover, the 
ratio of ¢ ++ u, the relative velocity of the wave and the observer, to c is the factor 
by which the measured value is larger. Thus. 


Bi eee v= (1+), 


Vv c 


If the source moves toward the receiver, the observer will again register a larger 
number of waves than when the source and the receiver are stationary. However, 
in this case, the reason for the increase is different. 

This is not evident at first glance. The motion of a source having a fixed frequency 
of vibration leads to a change in the distances between points of equal phase of 
the wave. If the first case is considered to be crudely analogous to the motion of 
an observer toward a column of athletes running at equal velocities and maintain- 
ing the constant distance 4 between them, then the second case clearly requires 
a different interpretation. This case can be visualised as the slow displacement 
of the line of start. At equal intervals of time, the runners jump from an automo- 
bile moving along the track, which leads to a change in the distances between 
them. This distance becomes 4”, not 2’. If the line of start (the source) is displaced 
in the direction of the observer and v runners start each second, then in 1 sec 
they are distributed over a distance given by c — u. Thus, the interval between 
runners (wavelengths) is A” = —. The frequency at which the runners moving 
with velocity c cross the finish line, i.e., the vibration frequency perceived by the 
observer, is 


" " . 4 


¢c . 
rca Ve Vv=V 


ceo" 

c 
Both of the above formulas are also valid when the source and the observer are 
moving apart. In this case, it is merely necessary to reverse the sign of u. 

Thus, it has been shown that when the source and the observer approach each 
other the measured frequency of vibrations radiated by the source increases. 
When the source and the observer move apart the frequency decreases. 

A well-known example of the Doppler effect is the change in sound of the whistle 
of a locomotive as it passes an observer. When the locomotive approaches the 
observer the frequency of the sound is higher ‘than the real frequency. The pitch 
changes abruptly when the locomotive sweeps past him. In receding, the frequency 
of the sound perceived is lower than the real frequency. For a train moving at 
a velocity of 70 km/hr the jump amounts to ~12 per cent of the real frequency. 


CHAPTER 7 


Standing Waves 


Sec. 41, SUPERPOSITION OF TWO WAVES TRAVELLING IN OPPOSITE DIRECTIONS 


Let us assume that two plane waves having exactly the same characteristics 
are moving in opposite directions. We are interested in the resultant vibrational 
motion of the medium in which the waves are propagating. 

As indicated above, a difference in the direction of propagation is taken into 
account by a difference in the coordinate signs in the wave equation. The resultant 
displacement should, therefore, be given by 
the expression 


y= Acos @ (¢—=) +- Acoso (t+) i 


Ox 20x 
=: 2A cos — cos ot=2Acos “i cos ot. 


This result is very interesting, for the sum of 
two travelling waves has not yielded wave mo- 
tion. The formula obtained indicates the pre- 


ee . ; or 20a 
sence of vibrations of amplitude 2A cos 4 


whose numerical value depends on_ the 
location in space. We call this peculiar vibra- 
tional state of the medium a standing wave, 
which arises whenever two identical travelling 
waves move in opposite directions. It should 
be emphasised that a standing wave is not a 
wave in the usual sense. A travelling wave 
transfers energy from one point to another, but 
this is inno way true of a standing wave. A trav- 
elling wave can move to the right or to the 
left, but a standing wave has no direction of Fig. 64 
propagation. The adopted designation merely ; 
characterises the vibrational state of the medium. 

What are the characteristic features of this vibrational state? In the first place, 
we see that not all the particles of the medium vibrate. At the points in space 


ite 4 ay BK Oh 8 ‘ : 3 3 
satisfying the condition x = Za Les ..+, the vibration amplitude is equal 


to zero. These points are known as the nodes of the standing wave. The distance 
between two adjacent nodes along the z-axis, the direction of propagation of the 
travelling waves, is equal to one-half wavelength. Between every two nodes is 
a point that vibrates with a maximum amplitude of 2A. Such points are called 
the antinodes of the standing wave. 

Fig. 64 shows the vibrational state corresponding to the standing wave at several 
successive instants of time. We see that the adopted designation is fully justified. 
At each instant a wave can be seen, but the wave does not move. A series of consec- 
utive snapshots will show that the points of intersection of the wave with the 
abscissa, i.e., the nodes, remain fixed. The wave is stationary and the only change 
occurring between snapshots isa change in the magnitude of the displacements. 
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At a certain instant, all points of the medium are motionless. After this instant 
of time, points that previously diverged upwards will now diverge downwards, 
and vice versa. It is evident that this picture has nothing in common with the trav~ 
elling wave shown in Fig. 57, where two comparable “snapshots” are depicted. 
There the wave is seen to move. At each successive instant, the maxima and 
minima of the wave pass to new locations. 

We stated that no energy transfer occurs in a standing wave. Then how can 
we describe, in terms of energy, the processes occurring in this peculiar vibrationa} 
motion? Clearly, the energy of a standing wave (for some region in which it exists) 
is a constant quantity. At the instant when all the particles are passing throug); 
the equilibrium position, all the energy of the vibrating particles is kinetic. On the 
other hand, at the position of maximum deviation of the particles from the equi- 
librium position, the energy of all the particles of the body is potential. 

A standing wave is a very important vibrational process. Standing waves of 
different types arise in bodies of limited dimensions through which elastic waves 
are propagated. This is because elastic waves are reflected back from the boundary 
into the body. A complex vibratory state arises in the finite body which is the 
result of the superposition on the source wave of all the waves that were reflected 
from the walls. Several typical cases will now be considered. 


Sec. 42, FREE VIBRATIONS OF A ROD 


By means of a blow or other means, it is possible in any solid rod to excite 
a longitudinal wave that propagates along the length of the rod. From the opposite 
end of the rod, this wave is reflected and in this manner the entire rod is put into 
a vibratory state represented by a standing wave. The state will be one of free 
vibrations since it arises as the result of an impulse of short duration and contin- 
ues without the action of external forces. We can predict the behaviour of these 
free vibrations if we know the length of the rod and how it is fixed. These data are 
known as the boundary conditions. It will be found that a node of the standing 
wave is located at the point where the rod is fixed and an antinode of the standing 
wave is located at the free end. Th. 

We shall now consider several modes of excitation of free, longitudinal vibra- 
tions in a rod of length L. 

A Rod Fixed at Both Ends. In this case, nodes of the displacement wave are 
formed at the ends of the rod. Since the distance between nodes is equal to one- 
half wavelength, the wavelengths that are possible, in terms of the length of the 
rod, are given by the condition ZL =n oe LO Ay = iad where n is any integral 
number. 


Using for the velocity of an elastic wave the expression calf > , and recalling 


the relationship between frequency and wavelength, we obtain the expression for 
the natural frequencies of the free longitudinal vibrations of the rod: 


AU Py vgs 
La? OL ip? 
The qualitatively new content of this result should be noted. A solid body does 


not have one, but a multiplicity of natural (characteristic) frequencies of vibra- 
tion. Hence, a rod can execute a variety of free vibrations. It is also possible for 
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a rod to perform nonharmonic vibrations having any arbitrary spectrum* consist- 
ing of the frequencies y,,. 
The frequency v, is the fundamental frequency of vibration of the rod. [t corres- 


‘ é . eae Hy at ‘ 
ponds to the vibratory motion for the condition I — 3 - This means that for the 


fundamental vibration an antinode of the standing wave is at the centre of the 
rod and there are no nodes between the ends. The vibrations of the second over- 
tone (second harmonic) correspond to the condition L == }.. Now, there is a node 
at the centre of the rod. If the third harmonic is excited, there will be two nodes 
between the ends of the rods, ete. 


Evample. Vor a steel rod (p = 7,700 kg/m? and EB = 20.6 x 10 N/m?) whose length is 
/ metres, the fundamental frequency is v, = 365 Hz. 


A Rod Free at Both Ends. If a rod is suspended by a thin string and then vibra- 
tions excited in it, the resultant standing wave must satisfy the condition that 
antinodes are located at both ends of the rod. Just as in the previous case, the con- 
nection between the length of the rod and the wavelength is expressed by the rela- 


; x , : . 
tion: L = n>. Hence, the formula for the natural frequencies will also be the 


Same. 

The difference between this case and the previous one is in the distribution of 
the nodes and antinodes. For the fundamental vibration, the centre of the rod is 
at rest (node). If the second harmonic is excited, there will be an antinode at the 
centre; one-quarter wavelengths away—nodes; and at the ends—antinodes, 

A Rod Fixed at One End. In this case, there will be a node at the fixed end and 
an antinode at the other end. For the fundamental vibration, the rod has a form 
corresponding to one-quarter of a period of a sinusoid. Since the distance between 


‘ d A 
a node and an antinode is equal to 7 the relationship between the wavelengths 
and the length of the rod is given by the condition 


L=nt, where n=1, By Ber te ; 


The natural frequencies of the vibrations of such a rod are given by the formula 


=a VS (n=t, 3, 5, ...) 


In the first two cases, the frequencies are related to each other as the whole num- 
bers. Here, they are related to each other as the odd numbers. 

A rod fixed at the centre will have a node at the fixed point and antinodes at the 
-ends. The problem is essentially the same as above. 

The boundary conditions used in the consideration of the vibratory state of a rod 
are an extreme case of the boundary conditions for reflected waves, considered 
on p. 94. As was explained earlier, reflection from a boundary separating one 
medium from another medium of greater resistance is accompanied by a loss of 
one-half wavelength in the displacement wave. If the rod is fixed, the wave does 
not penetrate the second medium at all. In this case, the second medium ean be 
said to have an infinitely large resistance. The coefficient of reflection is equal 
to unity and the reflection is accompanied by a loss of one-half wavelength. It is 
ee 

* The word “spectrum” is used quite often in physics to denote a set of particles having differ- 
ent velocities, masses, etc., or a set of waves having different wavelengths (frequencies), ete. 
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not difficult to see that this corresponds to the presence of a node at the boundary 
between the two media. The reflection of the wave from the free end of the rod 
corresponds to reflection from a medium having zero resistance. A reflection coeffi- 
cient equal to unity and the absence of a half wavelength loss leads us to conclude 
that an antinode must exist at such a boundary. 

Free longitudinal vibrations may also be excited in columns of liquid and col- 
umns of gas. 

Free lateral vibrations are easily excited in a string under tension, The distribu- 
tion of the nodes and antinodes will naturally be the same as for a rod fixed at 
both ends. The set of frequencies is expressed by a formula analogous to that derived 
for the rod, the only difference being that in the expression for the velocity of 
the lateral wave it is necessary to replace / by the tension, i.e., the force stretching 
the string divided by the cross-section. 


Sec. 43, FREE VIBRATIONS OF TWO-DIMENSIONAL 
AND THREE-DIMENSIONAL SYSTEMS 


In rods, strings and air columns, the constant-phase surfaces consist of 
parallel planes. The vibratory state may be conceived as the result of super- 
imposing plane waves extending along a single line. However, more complex cases 
are possible. Thus, we can have vibratory motion encompassing a two-dimen- 
sional region, e.g., plates and membranes, or encompassing a body whose three 
dimensions are of equal order of magnitude. 

The vibration of elastic and rigid diaphragms is a two-dimensional problem. 
A plate fixed at its edges will have a different mode of vibration than a plate fixed 
at a single point or not fixed at all. Apart from the vibration of rigid plates, vibra- 
tion of stretched nonrigid films, e.g., rubber and soap films, is also encountered. 

In principle, the general behaviour of the free vibrations in this case does not 
differ from that already considered. Since this is a two-dimensional problem, the 
nodes and antinodes will now consist, in general, of curved lines. For example, 
the fundamental vibration of a circular plate fixed along its circumference has 
a single antinode (a point in this case) at the centre of the circle, i.e., the central 
point vibrates with maximum amplitude. As we move toward the edge, where 
a nodal circumference is located, the amplitude gradually decreases while main- 
taining circular symmetry. This is the simplest case, namely, vibration of the fund- 
amental (lowest) frequency. A membrane may be excited at a higher harmonic; 
in such a case the surface is broken up by. nodal lines. It turns out that nodal lines 
in a circular plate may have a circular form or consist of diameters passing through 
the centre. 

The demonstration of nodal lines by the Chladni method (named after the scient- 
ist who proposed it) is an effective and simple experiment. A plate sprinkled with 
sand is put into a vibratory state by means of a blow or a fiddlestick. The sand 
rolls away from the antinodes and gathers along the nodal lines. Fig. 65 shows 
several Chladni figures. 

The vibratory state of a solid three-dimensional body is, of course, the most 
complex. We shall avoid consideration of this phenomenon in a body of complex 
form and restrict our study of such free vibrations to a right-angled parallelepiped. 
If the standing waves in such a body were only due to the superposition of waves 
travelling parallel to an edge of the parallelepiped, the natural frequencies of the 
vibrations would be limited to the values 
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and the wave numbers (the name given to the reverse of the wavelength) will be 
equal to 


i nt 7 Ne 
ky =e hyo = —* lia =— 
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where m,, Mz, 3 are arbitrary whole numbers, and J,, /,, 1; are the lengths of 
the edges of the parallelepiped. 

/ But the waves propagating in the body may form any angle with the boundaries. 
The standing waves are formed only if, after a number of reflections, the beam 


Fig. 65 


returns to the exact point from which it left. The wave number of such a beam 
must be calculated from k,, ky, kz, using the rule for vector addition. Thus, 


k=VETELR, ie, ed ee 

It is obvious that the vibration frequencies for the simple cases of wave pro- 

pagation parallel to the edges of the bodies are also obtained from this formula 

if only one of the three whole 

numbers in the formula is set to 
be nonzero. 

The vibration spectrum of 

a three-dimensional body is de- 


NN 


picted in Fig. 66 in three-di- rail 
mensional space, which may be He 
called fre space or inverse ft 
called frequency space or invers ial 
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space. Here, the quantities ar 
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: 
\ 
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ia F 5j, are plotted, respectively, . a, 
along the three axes. Each node 

in the lattice (inverse lattice) Fig. 66 

thus formed represents one of the 

natural frequencies of vibration of the body for the numbers n,, ry. 3. The radius 
vector drawn to anode of the lattice in the inverse space representsa possible vibra- 
tion frequency. A sphere of radius v includes all points corresponding to frequencies 


, 4 ‘ ‘ 
less than v. The volume of such a sphere is equal to 3 ve and the volume of each 


, F ; c\3 . 
cell of the inverse space is equal to (+) /v, where v is the volume of the body. 


Therefore, the number of free vibrations of a body with frequencies less than v 
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{the number of nodes in an octant of the sphere) is expressed by the formula 


4 v3 

3 a 
This interesting relationship shows that the number of natural frequencies in- 
creases sharply as the band of frequencies being considered increases. For high 
frequencies, the discrete character of the spectrum becomes blurred, for the fre- 
quencies are very close to each other. 


Sec. 44, FORCED VIBRATIONS OF RODS AND PLATES 


If the vibration of a rod, plate or other body does not take place in vacuum 
but in some medium*, namely, liquid or gas, then a fraction of the intensity, 
depending on the ratio of the wave resistance of the contiguous media, is transferred 
from the vibrating body to the medium. This idea can briefly be expressed as fol- 
lows: a vibrating body radiates energy. 
Due to radiation, the free vibrations of 
Co (cast) arod, string, etc., are rapidly attenuated. 
Fi i eR pee xcs If it is required that the body be a con- 

stant source of radiation, the vibration 
must be excited by an external source. 
Just as in the case of particle vibrations, 
the energy may be provided either by 
means of self-sustained vibrations or by pro- 
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~30 ducing forced vibrations. 
oth Depending on the method of providing 
‘ 1000 2000 the external energy and on_ its point ol 
intensity of magnetic field in oersteds application, one can excite, generally speak- 
, ing, one or more of the natural fre- 
Fig. 67 2, 0 the natura 


quencies of a body capable of vibrating. 

One can, for example, produce forced 
vibrations in a string under tension in the following manner. An electromagnet 
fed by sinusoidal current from an audio generator is fixed about a steel wire. The 
vibrations of the wire under the action of the periodically varying external lateral 
force become perceptible only at resonance. By varying the tension of the wire 
and the external frequency, one can show that the wire will vibrate at the funda- 
mental frequency as well as at various overtones. 

The production of forced vibrations (standing waves) in piezoelectric plates and 
ferromagnetic rods is of great practical importance. Such vibrating bodies are 
generators of ultrasonic waves. 

Ferromagnetic bodies may elongate or shorten under the action of a magnetic 
field. The theory of this phenomenon is complex and will be treated only briefly 
in this book. For the present, it is sufficient to illustrate how the length of a ferro- 
magnetic rod depends on the intensity of the field. This is done in Fig. 67, which 
shows that nickel and annealed cobalt shorten in fields of any intensity, cast 
cobalt shortens in weak fields but elongates in strong fields and, finally, iron elon- 
gates in weak fields and shortens in strong ones. In any case, a ferromagnetic rod 
can execute forced vibrations when placed in an alternating magnetic field. For 


* One must become reconciled to the fact that vibration of a body is used in two senses— 


vibration of a body as a whole and vibration of the particles of a body with respect to one an- 
other. 
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this purpose, the rod is usually placed in the core of a transformer fed by alternat- 
‘ng current. In order for the standing wave in the rod to be of sufficient intensity, 
it is necessary to operate under conditions of resonance, i.e., the frequency of the 
Alternating field should coincide with the rod’s natural frequency of vibration. 
Since the rod is fixed at the centre, the natural frequency of vibrations is 


BAL 

21 
“nd the rod can vibrate only at the frequencies of the odd harmonics. Substituting 
the numerical values of the physical constants, the fundamental frequency for 
Nickel turns out to be equal to 


2 . 
v= STH (where J is in centimetres). 


Thus, a rod having a length of 40 cm will vibrate at a fundamental frequency 


°f 6 kH: 
| § kHz. 
A piezoelectric crystal is most commonly used as a source of ultrasonic vibrations. 


Sec, 45, PIEZOELECTRIC VIBRATIONS 


Any crystal that does not have a centre of symmetry in a number of its elements 

of symmetry (see Sec. 274) may exhibit the piezoelectric effect. This phenomenon 
“lanifests itself in a change of the dimensions of a erystal under the action of an 
Slectric field and, conversely, in the creation of an electric field in a crystal under 
the action of forces applied to the crystal. When utilising the piezoelectric effect 
“S a source of vibrations, we are dealing, of course, with the former aspect of the 
Phenomenon, known also as electrostriction or the inverse piezoelectric effect. Piezoelec- 
Tic materials include quartz crystals, Rochelle salt, barium titanate, and dihy- 
‘vo phosphate of ammonia. Generally speaking, there are hundreds of known mate- 
“ials that could, in principle, be used for this purpose. However, additional require- 
Nents, e.g., durability and stability with respect to moisture as well as the nat- 
“ral desire to select crystals that will yield the strongest effect, sharply limit 
the practical choice of material. 
_ The change in crystal dimensions under the action of an electric field differs 
‘Or different directions (with respect to the crystal’s axes of symmetry). Therefore, 
“itferent deformations will be obtained when, from a crystal, we cut rods or plates 
‘Aving different orientations with respect to the crystal’s axes and place them 
tween condenser plates. Usually, the quartz plate or other piezoelectric material 
‘S cut in such a manner that longitudinal displacements occur in the material 
when it is placed in an electric field. Thus, under the action of an alternating 
®lectrie field, the forced vibrations produce standing longitudinal waves. 

If / is the thickness of the plate in the direction of wave motion, then, as usual, 
the natural frequency of vibration is given by the formula v = . For a quartz 
Crystal having this simple orientation, the velocity of the elastic wave is equal to 
»,400 m/sec. Hence, the fundamental natural frequency of vibration of a quartz 
Plate is determined from the formula 


f= ct kHz (1 is in centimetres). 
3 


It should be noted that the measured value is somewhat different, namely, 
2,880/1 kHz. 
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The vibration amplitudes depend on the magnitude of the applied field, whereby 
a linear dependence exists between the displacement magnitude and the electri¢ 
field intensity. It is not uncommon to use large field intensities. Since quartz is 
an excellent insulator, eleetric fields of the order of 30,000 volts/em find applica- 
tion for thicknesses up to a centimetre. 

To attain a powerful ultrasonic signal, use is made of the resonance effect. This 
is essential because resonance displacements are thousands of times greater that 
displacements under the action of static fields, and furthermore, the vibration 
energy is proportional to the square of the displacement. 

By gradually increasing the frequency of the generator, one can successively 
excite all the overtones of the crystal. The frequency range of commercial ultra- 
sonic generators extends from hundreds to thousands of kilocycles. 


CHAPTER 8 


Acoustics 


Sec, 46, THE OBJECTIVE AND SUBJECTIVE NATURE OF SOUND 


_ Man can perceive the loudness, pitch and timbre of sound by means of his hear- 
‘ng organs. The electronic oscilloscope enables us to investigate the objective and 
Subjective nature of sound in detail. 

Since sound is the result of a vibratory process taking place in air, it may be 
Completely described by a curve showing amplitude change (immaterial whether 
displacement, vibrational velocity or pressure) with respect to time. Such a curve 
enables us to establish whether the process is periodic and, if so, to determine the 
fundamental tone of the vibration. By studying the periodicity, the overtones 
present and their amplitudes may be determined. In other words, the curve show- 
ing the dependence of the vibration on time always enables us to find the spectrum 
of the vibration, i.e., to establish which frequencies are present and the amplitudes: 


Fig. 68 


of these frequencies in the spectrum. The curve is obtained by means of a micro- 
phone connected to an oscilloscope. In more elaborate arrangements, the curve of 
the vibration is automatically converted into its spectrum. 

A simplified diagram of such an analyser is shown in Fig. 68. The input sound 
is converted by a microphone into electrical current, is amplified by Conv and 
applied to an apparatus consisting of a large number of filters (Fy, ..., Faz), 


each of which passes a specific band of frequencies, e.g., > of an octave (36-48, 


48-60, 60-72 Hz, etc.). The filters resolve the signal into its spectrum, the narrower 
the frequency band of each filter the greater its resolving power. Each portion of 
the spectrum passing through a filter is fed via a commutator Com, to an amplifier 
Ampl and detector (rectifier). The output of the detector is applied to the oscillo- 
scope plates that deflect the electron beam in the vertical direction. If a voltage 
is not applied to the second pair of oscilloscope plates, then, upon connecting 
each of the filters, the vertical deflection of the electron beam will be proportional 
‘to the amplitude of the corresponding frequency component of the spectrum. How- 
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ever, the arrangement is greatly improved by connecting a voltage to the second 
pair of plates that provides horizontal sweep of the electron beam. This is done by 
properly synchronising the rotation of 
commutator 2, which provides the 
sweep voltage, with the automatic ro- 
tation of commutator 1. Thus, the am- 
plitude of the component passed by 
each filter is displayed for a different, 
but unique, horizontal displacement 
of the electron beam. As a result, the 
complete spectrum is displayed on the 
oscilloscope screen. 

Periodic vibrations have discrete 
spectra, while nonperiodic vibrations 
have continuous spectra. Musical 
ioe te pe SO sanlilid sounds are illustrative of the former, 

while various kinds of noise 
trate the latter. 

One and the same musical tone 
played on different instruments will 
have the same fundamental frequency, 
but will have different spectra. The 
quality of the sound is determined by 
the distribution of the overtone inten- 
sities (see Fig. 69). In the musical 
sense, the more complex the spectrum 
the richer the quality of the sound. 
It is interesting that the phase of the 
0, 100 1000 1500 2000 ©2500 3000 3500 overtones (see the formula on p. 79) 
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does not affect the subjective percep- 
, tion of sound. The ear can only dis- 
Fig. 69 ie ‘ Kiser ip nee . 
tinguish between the intensities of 
the overtones. 
Noise analysis is of great practical importance. If the noise frequencies of largest 
intensity are known, the ‘cause of the noise is more easily determined and, con- 
sequently, more easily eliminated. 


Sec. 47, INTENSITY AND LOUDNESS OF SOUND 


In Fig. 70, the heavy lines mark the limits of the region of auditory perception 
for the average person. Two uniquely related quantities are plotted along the ordi- 


nate, namely, the amplitude of sound pressure and the intensity of sound. 
‘The sound pressure p and the sound intensity J ar 


e related, in the simplest case, 
by the formula 
2 
sal glbcs 
2pe ° 
We know that the intensity of the wave is 
I = we, ; 
2 
where w is the energy density, i.e., wa, But u = Fr (see p. 87). Hence, sub- 


‘stituting, we obtain the above formula. The intensity of sound may be measured 
in W/cm?. 
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Very intense sounds produced by a pressure of about 2,000 bars cause a sensation 
of pain. Very weak sounds can still be perceived by the average person when they 
have a pressure of 2 x 10-? bar (1 bar = 1 dyne/em’*). Since for air pc = 41, 
we obtain for the limits of sound intensity the values 0.5 % 105 ergs/sec cm? 
(= 0.5 x 10-2 W/em?) and 0.5 x 10-'* W/cm’. 
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Fig. 70 


This large range of intensities makes it convenient to introduce a logarithmic 
scale. If the intensity of one sound is /, and the intensity of another /,, we say 
that J, is K decibels louder than /, when 


K =10 log 22 , 
x 


The quantity K is called the loudness level. Thus, if the sound intensities differ 
by a factor of a million, they differ in loudness by 60 decibels. 

When expressing the sound intensity in decibels, it is necessary to indicate 
the zero level. The value usually selected for this level is close to the threshold 
of audibility (40-'° W/cm?). A whisper, then, has a loudness of about 15 db 
and the noise of an airplane about 120 db. 

Returning to the diagram of auditory perception, we see that the region of speech 
is quite restricted in frequency (100 to 10,000 Hz) as well as in intensity (40 to 80 db). 
Sounds of different frequency have different audibility. The human ear perceives 
irequencies of several thousand cycles per second best of all. Below 20 Hz lies 
the infrasonic region and above 410,000-20,000 Hz the ultrasonic. 

The table gives approximate values for the sound pressure p, the intensity / 
and the loudness K. 


| P I | K 

(bars) (W/cm?) (db) 
Chvertotdnd. audibility. oso ats Sela w & o 2.9 10-4 40726 0 
Digi vOl, POA UNS: SNOW oc tidy toe yee 8 ity 2.9 x 10-8 10-14 20 
Low conversation at a distance of 5 metres... 2.9 x 10-? 407-12 4O 
Symphonic orchestra (fortissimo) . hid fhe ks 2.9 40-8 80 
Airplane engine at a distance of 5 metres .. . 290 40-4 120 
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Sec. 48. ARCHITECTURE AND ACOUSTICS 


In some auditoriums speech is unintelligible even though sufficiently loud, while 
in others the speaker must raise his voice in order to be heard. Let us investigate 
the physical parameters of an auditorium that determine its acoustic proper 
ties. 

Experiments show that the most important factor of this nature is the so-called 
reverberation time, the time in which a sound decreases to one-millionth of its 
original intensity. With respect to acoustics, an auditorium is best when its rever- 
beration time 7 is 0.5-1.5 sec. If tis less than 3 sec, the auditorium is considered 
to be good. If the reverberation time exceeds 5 sec, the acoustics are very bad. 
being characterised by “resounding”. 

A sound uttered at some part of a large hall is reflected from the walls, floor 
and ceiling, the furniture and drapes, and from the clothes of those present. If 
for each reflection the sound loses a large part of its energy, the sound will be atten- 
uated very rapidly. The reverberation time in this case is very small and the sound 
will be “dull”. Resounding occurs when the sound is repeatedly reflected with 
little attenuation. The listener will perceive the direct wave, the wave after one 
reflection, two reflections, etc. If the interval of time between the arrival of these 
sound waves does not exceed 4/15 of a second, the ear will not perceive two or 
three distinct sounds as in the case of echoes, but rather a prolonged, and hence 
unclear, sound. 

It is evident that the time attenuation of sound is determined by its absorption 
in the surrounding bodies. Since the sound is repeatedly reflected, after a short 
time of constant sounding from some source the auditorium will more or less 
uniformly fill up with sonic, i.e., vibratory, energy. Within a short period of time. 
equilibrium is established between the energy delivered by the source and the 
energy absorbed by the medium. It should be noted, incidentally, that in the ab- 
sence of absorption the sonic energy in a closed room would increase without limit 
for continuous sounding of a source. 

If the sound source is interrupted, then the phenomenon reduces to the absorp- 
tion of the sonic energy by the surface of the bodies located in the room. Each of 
the materials involved in this process has its own characteristic coefficient of 
absorption a. If there is an open window in the room, the absorption coefficient 
may be assumed to be equal to 1, since the'sound completely leaves the room, ana 
this is equivalent to being absorbed. For a smooth, solid wall the coefficient cx 
is almost zero (for concrete, it is 0.015). Now, the sound absorption for the entire. 
room may be described by the expression A = 4S, +: aS, + a5, +. . 


i *> 


where the sum takes into account all the surfaces in the room. Theory shows that 
the reverberation time depends on the quantity A and the volume of the room V’, 
ie., T= 016 +: In this formula, the volume is expressed in cubic metres and the 
quantity A in square metres. 

By means of these formulas, it is not difficult to calculate the reverberatior 
time. The absorption coefficient for concrete is given above; for glass, wood and 
plaster, it is not much larger (up to 3 per cent). A sharp increase in absorption 
occurs when soft materials are brought into the room. Suffice it to note that the 
clothing of one person absorbs as much sound as 20 square metres of wall surface 
For soft materials, the coefficient of absorption varies between 0.5 and 0.9. A larg: 
role in the solution of acoustical problems in the construction industry is playec 
by porous materials (e.g., spun glass and porous concrete), whose coefficients of 
absorption approach the values of « for soft materials. 
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Sec. 49, THE ATMOSPHERE AND ACOUSTICS 


When a wave passes from one medium into another, it changes its direction of 
propagation in accordance with the law of refraction. The angle by which the direc- 
tion of propagation changes is determined by the index of refraction, i.e., the ratio 
of the velocities of propagation. 

It was indicated in Sec. 32 that the velocity of sound propagation is sensitive 
to changes in temperature. A temperature increase of 1°C increases the sound 
velocity by about 0.5 m/sec. The temperature of different layers of the Earth’s 
atmosphere has, as a rule, different values. Thus, in different layers of the atmo- 
sphere, sound will have different velocities. How 
is the propagation of sound affected by the 
fact that the sound travels in a medium in 
which the refractive index is continuously 
changing? 

Let us answer this question by referring to 
Fig. 71, Assume that the sound passes through 
a series of layers and that in each layer the 
refractive index is constant but changes ab- 
ruptly from layer to layer. The path of the so- 
und wave is represented by the broken line. If 
the thicknesses of the layers are smal] and the 
differences in the refractive indexes begin to decrease, the broken line will approxi- 
mate acurved line. Thus, in a medium of variable index of refraction, sound waves 
propagate, generally speaking, along curved lines. Moreover, the path is always 
such that the wave travels from point to point in the shortest time. This proposition 
is known as Fermat’s principle. A straight line, in this case, is in a certain sense 
not the shortest. 

We shall demonstrate the validity of this principle for the case of two adjacent 
segments of the broken line just considered. Let us assume, for simplicity, that the 
thickness @ is the same for both layers and that the propagation velocities v, and vy 
are different. The time required for a wave to traverse the path indicated in the 
fizure is equal to 


€ mec V 22+ a? + an V @—z)?-+ a. 
vy Do 
Here, the time is expressed in terms of the independent variable x. For different 
values of x, the refraction will differ and so will the time of travel from the initial 
point to the final point. The least time will be taken when the condition = = 0 


is satisfied, i.e., when 
Vy x . a—z 


% Ve Vea rd 


— v . . 
is the sine of the 


‘Bory is the sine of the incident angle and 7 


z? -+- (a — x)? +- d? 
refraction angle. This proves that the refraction of the he occurs in such a man- 
ner that its time of travel is a minimum. It should be emphasised that this result 
is valid not only for elastic waves but for all undulatory processes. 

Thus, a wave travelling in a nonhomogeneous medium changes its direction in 
such a manner that its path is lengthened in a medium in which the propagation 
velocity is larger and shortened in a medium in which the propagation velocity is 
smaller. In other words, a wave in a layer where the propagation velocity is large 
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will tend to travel parallel to the layer, while in a layer where the propagation 
velocity is small it will tend to travel perpendicular to the layer. 

This is clearly illustrated in Fig. 72. Here, the path of a sound wave is schemat- 
ically shown for the case when the temperature of the air decreases with height 
(usual day-time condition) and for the case when the temperature increases with 
height (night-time condition). 

In the former case, the velocity of sound propagation is large in the layers 
close to the Earth. If we trace the propagation of the sound wave emanating from 


(a) Day-time 
aepernes 


Zone of 3 
silence 
Pesan Kt en 


Seeeape oat 


igs 


ae 
Source of sound 


(b) Night - time. 


Source of sound 


a point above the Karth’s surface at a small angle with the vertical, the following 
situation is seen to prevail. Each of the successive layers deflects the wave further 
and further away from the vertical. When the angle of incidence becomes equal 


‘ 5 sini ms : 
to the angle iy, for which ce i 1, refraction ceases and total reflection occurs. 


Formally, the reason for total reflection is clear, namely, sin i cannot become larger 
than unity. The physical basis of this interesting phenomenon will be considered 
below (Sec. 128) in connection with electromagnetic waves. In any case, instead 
of being propagated along the Earth’s surface, the wave is turned in an upward 
direction. The diagram makes clear how “zones of silence” are formed. At night, 
the path of a sound wave is turned convex upwards. As a result, audibility at 
night is much better than during the day. When sound propagates over a reflect- 
ing surface (a still body of water), it can be heard for several kilometres even when 


its intensity is relatively low. The path of such a wave is represented by a series 
of consecutive convex ares (Fig. 73). 
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4c. 50, ULTRASONICS 


The vj 

ibratory eneroy ; i 
hy ratory energy ina unit volume 
ot the frequency, 
aMPlitude of the 
Jttrasonic 


of a sonic field is proportional to the square: 
of the vibratory energy is w= a but the 
= Ao, so that w is proportional to w2. A powertul 
d9zens of annie ; producing vibrations with a pressure amplitude of 
nospheres, This means that in small volumes of matter, we go through 

of compression’ 4, thousand times per second: up to dozens of atmospheres: 
Fis svidene ih ie to zero, then up to dozens of atmospheres of expansion, ete. 

of specific eifonts a & powerful mechanical action of this nature may have a number 
sPonding to maxim ne such effect is cavitation. At the instants of vibration corre- 
a eaplieian: é ximum expansion in a liquid located in an ultrasonic field, microscop- 
nh © occur and dissociated gases and steam rush into this region. At the 
Yeo eof vibration corresponding to compression, tremendous pressures of the: 
sai rab thousands of atmospheres are produced in the regions of these explosions. 
his bowerful force may be used to overcome the forces acting between mole- 
cules, Emulsions such as fat in water and benzene in water become dispersed under: 
uitvasonic action, Sooner or later cavitational explosions occur in the suspended 
particles. This disintegrating action has found wide application in industry. 


my 

Thus, the density 
Velocity is Wg 
Source is capable of 


phe tollowing Cycle several 


a erst ultrasonic action may be of considerable importance even when cavit- 
2410n doe 


1 5 not occur. Thus, if an ultrasonic wave is passed through aerosol (a sus- 
pension of solid particles in a gas, e.g., smoke), the particles are precipitated’ 
out. The vibrations cause the solid particles to gather at the sound pressure nodes,. 
where the particles merge and become sufficiently heavy to fall to the eround. 

Finding blowholes, internal cracks and other defects in metals by means of 
ultrasonic irradiation is another important field of application. The method is. 
based on the reflection of such a wave from the boundary between the medium and 
alr, 1.e., between the metal and the inclusion. Only if the dimensions of the defect 
are greater than a wavelength will the method work. In order to detect a defect. 
paving a dimension of 4 mm, the wavelength should be less than 0.4 mm), 1.6... 
a frequency of the order of 10° Hz. The frequencies used are usually much lower 
(107 Hz), the method being employed to detect large flaws. 


As is well known, ultrasonics also finds application in echo sounding and under-— 
water location. 


CHAPTER 9 


Temperature and Heat 


Sec. 51, HEAT EQUILIBRIUM 


When all the properties of a body remain unchanged, we say that the state of 
the body has not changed. On the other hand, when some property of the body 
changes, its state changes. The state of a body may be changed by doing work on 
it. However, the same results may be achieved without using mechanical means. 
Water is heated by intensely stirring it or by placing it on a gas burner. Heat 
exchange is said to take place when the external medium or surrounding bodies 
act on a body or system of bodies under consideration so as to change the state of 
this body or system of bodies by nonmechanical means. 

If there is no heat exchange between the bodies, the bodies are in thermal equi- 
librium and have the same temperature. The presence of thermal equilibrium can 
be directly verified by bringing the bodies into contact with each other: whereupon 
the states of the bodies after contact should not differ from the states before con- 
tact. However, heat exchange is also possible when bodies are far apart. Thermal 
equilibrium may be detected, in this case, by means of a third body acting as 

a thermometer. If the thermometer is in 
equilibrium with both bodies, the tem- 


Pp 
perature of these bodies is the same. This 
means that they would also be in a state of 
Po thermal equilibrium when in direct con- 
tact. By means of a “third body”, a ther- 
0° t 


mometer, it can always be ascertained wheth- 
er bodies have equal or different tem- 
peratures, 
Fig. 74 By means of a thermometer, we can 
establish not only whether thermal equi 
librium prevails or not, but also the extent of a particular deviation from equilib- 
rium. To obtain a suitable thermometer, it is first necessary to agree on the type 
of thermometer (mercury, alcohol, water or gas) and the property (indication) 
by which we shall judge whether thermal equilibrium has been achieved between 
object and thermometer. As always in physics, it is important to agree on what 
instruments, in this case thermometers, will be considered primary. A thermometer 
‘can, then, always be calibrated by means of a standard. Gaseous hydrogen is the 
material used in a standard thermometer and the gas pressure p is the property 
by which the temperature is determined. The temperature of a body is taken as 
proportional to the hydrogen pressure in a gas thermometer at the constant volume 
occupied by the hydrogen. 

The temperature scale is selected as follows. We call the temperature of the melt- 
ing point of ice 0° and that of the boiling point of water 100° (at a pressure of 760 mm 
of mercury). Measuring the hydrogen pressures py and Pyo9 at these two points, 
and drawing a straight line through the plotted points, we obtain the Celsius, or 
Centigrade, scale. The equation of this line, shown in Fig. 74, has the form 


-273.1°C 


9. Temperature and Heat 443 


The straight line intersects the taxis at a temperature of —273.1°C. This is 
absolute zero. By definition, lower temperatures are not possible. In physics, we 
often use a temperature calculated on the basis of absolute zero, namely, 7 = 
= { -+ 273.1°. This is called the absolute temperature or the temperature in degrees 
Kelvin (K). 

When we calibrate working thermometers with respect to a hydrogen standard, 
only a limited interval of temperatures may be used. At high temperatures, diffu- 
sion of the hydrogen through the walls of the vessel may begin to occur. At low 
temperatures, the hydrogen may liquefy. Nevertheless, the adopted method of 
determining temperature has complete general validity as will be shown below 
(p.. £20). 


Sec. 52, INTERNAL ENERGY 


[he basic characteristics of bodies in the presence of mechanical and heat inter- 
action is very well depicted by the so-called kinetic molecular model. A body con- 
sisting of molecules is considered as a system of moving and interacting particles 
subject to the laws of mechanics. Such a system of molecules has an energy consist= 
ing of the potential energy of the interacting particles and their kinetic energy 
of motion. This energy is called the internal energy of the body. 

A specific internal energy corresponds to a specific state of the body. Changes 
in the mutual disposition or character of particle motion are related to changes 
in internal energy. Irrespective of the means employed to increase the internal 
energy of a body, the surrounding bodies must transfer energy to the molecules 
of the body under consideration. If the body is subjected to mechanical action, 
the energy transfer occurs in a regular manner. In the case of heat exchange, the 
energy is transferred through chance impulses transmitted now to one, now to 
another molecule. 

The quantity of energy transferred to a body by mechanical means is mea- 
sured by the amount of work done on the body. The quantity of energy transferred 
through heat exchange is measured by the quantity of heat. 

Since the exact calculation of the internal energy of a body is very difficult and 
in most cases impossible, and since the very conception of internal energy as a pure- 
ly mechanical quantity is only a rough one, a clear determination of this quant- 
ity is necessary. This can be done by considering processes occurring without heat 
exchange with the surroundings, i.e., so-called adiabatic processes. Adiabatic 
conditions can be provided by using a thermally insulated container for the exper- 
iment and taking the measurements during short intervals of time (so that the 
leat does not have time to “escape” from the volume under study). Numerous exper- 
iments leading to the establishment of the law of conservation of energy show 
that, irrespective of the means employed to change the state of a body in such a pro- 
cess, the amount of work required is exactly the same in each case. The magnitude 
of this work, A, is equal by definition to U, the increment of the internal energy 


of the body: 
A a U, a Us. 


Naturally, the absolute value of the internal energy cannot be determined from 
the experiment. 

If the mechanical model of a body were a completely faithful representation, 
the above expression would be a simple consequence of the law of conservation of 
mechanical energy. However, the kinetic molecular model is only a model and, 
therefore, the.fact that there is a specific energy corresponding to each state of 


Ban01028 
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a body, so that the difference in energy between two states is equal to the adiabatic 
work of transition, represents an extremely important law of nature leading to the 
law of conservation of energy. 

Heat exchange and mechanical action can lead in a number of cases to the same 
change of state, i.e., to the same change in the internal energy of the body. This 
enables us to equate heat and work by measuring the quantity of heat in the same 
units as work and energy. 


To obtain an idea of the magnitudes of various internal energies, let us cite some figures 
When the temperature of 1 g of water is raised by 1°, the energy increases by 
1 calorie = 0.427 kgf-m == 4.18 < 4107 ergs = 4.18 J = 2.61 x 1019 ev. 
In this case, the average increase in energy of a molecule is 
3X 10-5 calorie = 1.28 % 10-3 kef-m = 4.25 x 10-18 erg == 
= 12.5 X 10-8 J = 7.8 x 10-* eV. 
The internal energy given up by matter in the combustion of 4 g of coal amounts to 
7,000 calories = 2,990 kgf-m = 2.93 x 104 ergs = 2.93 X 104 J = 18.3 « 102 eV. 
Calculating this on the basis of one atom of carbon, this figure reduces to 
1.4 x 10-49 calorie = 5.98 K 10-8 kef-m = 5.86 x 10-22 erg 
= 5.86 x 1079J = 3.66 eV. 
The energy released in the nuclear fission of 4 g¢ of uranium-235 is 
2.03 % 10! calories = 8.65 x 109 kgf-m = 8.49 « 4017 ergs 
= 8.49 x 1019 J = 5.29 x 1029 eV 
Calculating this on the basis of one atomic nucleus, the internal energy given up amounts to 
7.9 % 10-™ calorie = 3.38 ~ 10-? kef-m = 3.3 x 10-4 erg 
= 3.3 x 102 J = 206 x 108 eV = 200 MeV 
agi et than 50 million times greater than the energy of chemical reactions (1 MeV = 
=: 108 eV). 
Sec, 53. THE FIRST LAW OF THERMODYNAMICS 


In the most general case, when energy is exchanged with the medium or with 
surrounding bodies, the system under consideration may receive or give up a quan- 
tity of heat Q and perform or have performed on it a given quantity of work A. 
Heat and work are the two forms in which the energy of a body may be transmitted 
to the medium or, conversely, the energy of the medium may be transmitted to 
‘the body. The law of conservation of energy excludes the possibility of any loss 
in the energy exchange. The difference in the energies of the system for the two 
states must equal the sum of the heat and work obtained by the system from the 
surrounding bodies. 

This proposition could not be subjected to experimental verification if we did 
not add that the incremental energy due to the transition from one state to another 
is always the same irrespective of the character or method of transition from the 
initial to the final state. It is precisely this provision that embodies the law of 
conservation of energy. Now, it can clearly be subjected to all-sided experimental 
verification by measuring the heat and work imparted to the system for various 
transitions from a particular initial state to a particular final state. The incremental 
energy in all cases will be identical. 
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The law of conservation of energy expressed in the above concrete form is called 
the first law of thermodynamics. This very important law of nature was established 
as the result of the work of a number of scientists in the middle of the last century. 
The roles played by Robert Mayer, Joule and particularly Helmholtz rank espe- 
cially high on the list. 

In order to write the first law of thermodynamics in the form of a formula: 
we must first agree on the choice of sign for heat and work. Let us assume that 
heat is positive when it is imparted to the system and work is positive when a body 
performs it against the action of external forces. The first law of thermodynamics 
may then be written in the form i 


AQ = dU + AA, 


i.e., the heat applied to a body goes to change the internal energy and perform 
the work of the body. Naturally, each of the quantities entering into the equation 
may be positive or negative depending on the particular transformation being 
considered. 

{t is not accidental that in writing the above equation the differential sign 
was used only for the energy. Work and heat are not total differentials. When 
a body goes from one state to another, the work and heat received or given up 
by the body depend on the “path” traversed, and only the energy increment, as 
in the case of the total differential of a function, does not depend on the manner 
of transition: 


2 


fav ated, 
i 
The law of conservation of energy and, in particular, the first law of thermo- 

dynamics apply in all branches of physics. Science is enabled to make particularly 
valuable predictions on the basis of this law. Without knowing anything about 
the nature of a particular process except the initial and final states of the system 
under consideration, a number of important conclusions may be drawn. For exam- 
ple, assume that molecules A and & are united by a chemical reaction to form 
the molecule AB, Assume, further, that U,, Uy and Uy g, the internal energies 
of the molecules, are known. If U4 x is greater than U, -+ U,, we are able to 
predict that the reaction will proceed with the absorption of heat and the quantity 
of heat will be equal to Q = Uy, — (Uy, + Ux). Or, if we know U, and ‘agg 
and measure the heat of the reaction by means of a calorimeter, we can deter 
mine U, p. These datacan then be used to predict the course of some other reaction 
involving the compound AB, 


Sec. 54, THE INTERNAL ENERGY OF MICROSCOPIC SYSTEMS 


Naturally, the law of conservation of energy and the principles of energy ex- 
change are valid for large bodies as well as for the individual particles of a body. 
However, when considering particles (nuclei, atoms and molecules), or systems 
consisting of a small number of particles, one more important law of nature must 
be taken into consideration, namely, the energy of a microscopic system cannot 
assume any arbitrary value. Each system has a sequence of possible values of 
internal energy, /,, Hy, ..., that is characteristic of it alone. Figure 214 
shows the possible energy levels for a hydrogen atom. Similar diagrams may be 
drawn for the energy levels of other atomic systems. When imparting heat or work 
to a system, the energy of the atoms, molecules or other microscopic systems may 


g* 
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inckease only by specific, discrete amounts (quanta). In exactly the same manner, 
energy is given up to surrounding bodies in quanta. 

Strictly speaking, the law of the quantum character of energy and the existence 
of a “scale” of possible energy levels for each microscopic system is a perfectly 
general law of nature that is valid for large bodies as well. However, as is shown 
in theoretical physics, the number of energy levels in a large body consisting of 
n atoms is, roughly speaking, n times the number of energy levels in a single atom. 

As the energy increases, the intervals between levels become smaller and smaller. 
The reduction in the interval between energy levels is incomparable more rapid 
for a large body than for an individual atom and only the very lowest levels appear 
discrete. The higher levels merge and it appears as though a large body can change 
its energy continuously. If energy is taken away from a body, it “descends” to 
a lower level. Hence, the lower the temperature of a body, i.e., the closer it is 
to absolute zero, the sharper the quantum character of the energy changes. 

Mechanical action serves to shift the energy levels of a body or system, but in 
the overwhelming majority of cases this displacement cannot be observed. For 
microscopic systems—atoms and molecules—the effect of pressure is very small 

Thermal interaction consists in the transitions of a system from one energy 
level to another. 

Thermal equilibrium is mobile equilibrium. A body does not have a single energy 
all the time, but is rather continuously exchanging energy with its surroundings, 
so that on the average the energy remains unchanged. The exchange of energy 
occurs in discrete amounts or quanta. If at one instant the energy is equal to Ay, 
the next instant it has changed abruptly to £4. 

Energy is given up in the form of radiation. If £, > #,, then Ly — Ly = hn , 
where v is the radiation frequency and h is Planck’s constant. This constant is 
equal to 6.62 x 10-*7 erg sec. Energy may be gained by absorbing radiation or 
as the result of a mechanical impulse from some particle. 

If the temperature of a body drops instead of remaining constant, this signifies 
that the number of transitions from higher to lower levels exceeds the number of 
transitions in the reverse direction. The energy decreases in jumps and the body 
emits one quantum of radiation after another. 

The diagrammatic representation of energy exchange was originally carried 
out only for atoms. Somewhat later, it became evident that this representation 
has general validity. We refer the reader to Part II] of this book for further details 
on this subject. 


Sec. 55. THE EQUATION OF STATE 


Three basic properties or parameters of state may be selected from the various 
properties of a body. These are the pressure p, the volume v and the temperature 1 ia 
Knowing these parameters is not always sufficient to exhaustively describe a body. 
If a system consists of various substances, we must also know their concentrations, 
If a body is located in an electric or magnetic field, we must know the intensity 
of the field. However, it is always possible to select a group of parameters that 
will uniquely determine the state of a body. The other characteristics may then 
be calculated from the basic parameters. 

Leaving electromagnetic fields out of consideration and restricting ourselves 
to simple systems—gases, liquids and isotropic solid bodies—it turns out that only 
two parameters determine the state of a body. It is immaterial which pair of para- 
meters are selected from p, v and 7. Usually, v and 7 are selected. The pressure p 
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is then a function of v and T. We call the equation 
p = f (v, Py 


the equation. of state. It is of very great importance in physics to be able to deter. 
mine this equation for a body and, in particular, for a class of nadie oe ‘ peat 
of state may be established only experimentally. The nature of the vant 
of pressure on volume and temperature for liquids and solid bodies ete an 
dously from case to case. By establishing the equation of state for . Sides oe 
we are able to determine its behaviour under a variety of conditions but this de . 
not in any way enable us to determine the behaviour of other Theale 8 does 
Quite often, the behaviour of a substance is not described by an equation of 
state, but rather by the derivatives of certain of the parameters with respect Fe 
the others. ) 
‘Yo establish how a body expands with increasing temperature, at constant pres- 


‘ Ov r : ‘ . 
sure, we must determine ( 57 )p (the derivative of v with respect to 7 at constant 


_ 1 7 @v 
saihied v Cor 


is called the thermometric coefficient of dilation. As can be seen from the formula 
* + * . , p » , x 2 

a gives the relative change in the volume of a body for a 1° change in temperature. 
The thermometric coefficient of change of pressure 


4 (HF), 


vives the relative change in the pressure for a 1° change in temperature (at constant 
volume). The dimension of the coefficients @ and 6 is reciprocal to the degree, 


pressure). The quantity 


16a, ia. 
The third useful quantity is the compressibility 
ah a (=) 
iS v \ dp /r’ 


which gives the relative decrease in volume for a unit increase in pressure (at 


constant temperature). 
These three coefficients are connected by a very interesting relationship, which 


is easily derived as follows: Since 
p={v, 7), 


= ) m , ( Op 
dp = ( aT et 5 ia (+), dv. 
if the pressure is constant, then dp = 0 and 


ar’) (=), coe a al, 


then 


Hence 


This result shows that if we know, for example, the compressibility and the ther- 
mometric coefficient of change of pressure, we can calculate the value of the ther- 
mometric coefficient of dilation. The derived relationship is valid for all bodies. 


118 I. Mechanical and Thermal Motion 


Generally speaking, the coefficients a, f and % are not constant quantities fox 
a given substance. For various pressures and temperatures, these coefficients ma y 
assume various values. Hence, when the value of a coefficient is given, it is neces_ 
sary to indicate the corresponding values of pressure and temperature. In SOR e 
cases, the average value of the coefficients is given over a particular intery  ) 
of temperatures or pressures. 

Ifere are some examples: 

(a) The table gives the thermometric coefficient of dilation @ and the compre < 
sibility x for some liquids. 


a, K-1 %, m2/N 
Water, 10°--30° C, normal pressure... . . OT 107% 48.5 X 10-2 
Morcurys 10°30. Cs sb bee ee agi a FP 4.841 * 1074 3005 X 10722 
PEL BIO WHC cress 32 gcc athe aaa te hae gD 16.56 % 10-4 449 x 10-12 


—s 
or solid bodies, the thermometric coefficient of dilation and the compressibil it . 

may vary considerably. Thus, at normal temperature and pressure, for fused quart > 

a = 1.29 x 10-° K-!, and « = 2.76 x 10-4 m?/N, while for ebonite a ~’ 
77 x 10-° K-*, and x» = 18.4 « 107" m?/N. 

(b) The values given in the table for 6, the thermometric coefficient of chan o«. 

of pressure, are calculated for water, mercury and ether at atmospheric prea 


sure (ee = 1) : 


| Water | Mercury | Ether 
§, K7? 4.4 | 61.4 | 44.3 
——~__ 


This means that when the temperature of a constant volume of mercury is jy, 
creased by 10-* degree, its pressuré increases by 6 per cent (!). 


Sec. 56. THE EQUATION OF THE GAS STATE 


The simplest equation of state is that of a rarefied gas. It was obtained by Mey, 
deleyev in the form of a single formula that combines Clapeyron’s equation a ma 


pv 


Avogadro’s law. Clapeyron’s equation states that 7 is a constant for a gine, 
mass of gas: 

pv 

-— = const. 

fh 
Avogadro's law states that gram molecules of different gases at constant te, 
perature and pressure occupy equal volumes (22.41 litres at a temperature of Q¢<,- 
and a pressure of 1 atmosphere*). Hence, for one gram mole, the constant in Cla p- 
eyron s equation is a universal constant. It is designated by the letter R ang j. 


* A physical atmosphere is meant here (1 physical atmosphere = 1.033 engineering at 
spheres == 1.01 x 10° N/m2), F oy 
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called the universal gas constant. For a mole of any gas, the equation assumes the 
form 
pu-= RT. 


Here v is the volume of a mole of gas. The constant R has the dimensions of work 
per mole degree. Expressed in various units, its value is 


a AAs 7_8T8S __ 9 2 vy Gast atm litres 9 calories 
R= 8.31 x 10 mole K 8.34 mole kK 0.0824 “molek 2 mole K * 


Since the volume of an arbitrary mass of gas is V = pv, where p is the number 
of moles, the equation of state for a rarefied gas assumes the following form in 
the most general case: 


pV="RT or pV = RT. 


Here m is the mass and J is the molecular weight. 
This equation yields the following convenient formula for the gas density 9: 


_ Mp 


Gases obeying the equation of the gas state are called ideal gases. The simplicity 
of the equation would in itself be sufficient grounds for using this term. However, 
as we shall see below (p. 143), this equation may be derived by assuming the gas 
to be represented in an ideal system. An ideal gas is then a system of molecules 
whose dimensions and forces of attraction may be neglected. 

For ideal gases, the coefficients of dilation, change of pressure and compress- 
ibility are given by the following simple formulas: 


fre oe 
Te? aa 


At a temperature of 0°C (7 = 273.1 K) 


UY os Se tpt, 
&=B = sa kt 0.00366 Ke, 


a=p= 


The following data show to what extent certain actual substances approach 
the ideal condition: 


m% at V = const 


3,660 x 107% 


Biecian yo <6 Gok ke Gi Gate aeee Gale onsyeen 5 
2 OL a a er ee A ay 3,660 « 107° 
Wittegen i... « .*. ic Ree. See 3,674 x 10-8 
CRIMDR TATOLIGR. 1 lk Sah Ge a alee we bese aks 3,726 x 10-6 
pe TONE fy. Sie ahd tarde te. howe eR Ue 3,674 x 10-8 


Gaseous substances under a pressure that considerably exceeds atmospheric 
cease to obey the formulas of an ideal gas. Calculations may lead to errors of sev- 
eral per cent at pressures of only tens of atmospheres. 

An important conclusion to be drawn from the study of rarefied gases is that, 
generally speaking, any of these gases—and not only hydrogen—may be used 
as a basis for determining temperature. Hydrogen provides no particular advan- 
tage over other rarefied gases. It can, therefore, be said that the temperature scale 
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adopted in physics is not a hydrogen scale, but rather a scale of pressures for an 
ideal gas. Herein lies the advantage of the method adopted for determining tern i 
ature, namely, the existence of a large class of substances leading to tem sonata 
scales that are identical. The kinetic molecular basis for the selection of ihe ae 
perature scale will be given below (p. 144) er 


Sec. 57. THE EQUATIONS OF STATE OF ACTUAL GASES 


The equation of the gas state begins to yield very rough r 
high pressures, steam close to saturation and a number of othe 
tions of state are, therefore, required for such cases. Some are determined experi- 
mentally, while others (the most well known being Van der Waals’ equation) have 
qualitatively, a theoretical basis. In any case, the validity of one or another equation 
can be established only through comparison of the results calculated by means of 
the equation with the results obtained experimentally. We shall now give some 
examples of equations of state. : ; 

Naturally, the simplest correction that can be introduced into the equation 
for ideal gases takes account of the volume of the gas molecules. It is evident 
that a gas cannot be compressed to zero volume even ifthe pressure is infinitely 
large. Hence, the equation of state may be written in the form ‘ 


p (v — 6) = RT, 


where 6 is a constant that takes account of the finite volume of the molecules. 

The greater the number of constants introduced into the equation of state the 
easier it is to achieve close agreement between experimental and calculated values 
but the more difficult it is to predict changes by means of the formula. Excellent 
agreement with experiments over a broad interval of values for the parameters 
of state is obtained by means of the formula proposed by Beatie and Bridgeman. 
It contains five constants—A, B, a, b and c—descriptive of the substance: 


esults for gases at 
r cases. Other equa- 


RT (A—e r A’ 
Pr Cc = (v +B’) pe? 
where 
Al a ee b ‘ c 
A =A(i—<}, f =B——), o= TF 


Dieterichi’s formula contaius three constants—a, b and Ss: 
? 
a 


p(v—b)=RTe Br, 


Van der Waals’ equation contains two constants—a and D: 
a 
(p+) v—b)=RI. 


The merit of the last equation is that it correctly reflects the general character 
of the dependence between the parameters for all gaseous substances. However, 
for a given substance, it is not possible to select constant values for a and b in 
such a manner that the calculations agree closely with measurements over a broad 
interval. 

Van der Waal’s equation is based on the following: the pressure satisfies the 
equation of the gas state, i.e., p = mt , when the forces of attraction between the 


molecules are neglected. But due to the mutual attraction of the molecules, the 
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pressure on the walls of a vessel should decrease by some value p’. Thus, p.= 


: p’. Now, taking the finite volume of the molecules into consideration, 
v 


P= 5 —p’ or (p+p')@—bd)= Rf. 


as r . 
Why does p' =7 > Here, we reason as follows: let us consider the gas volume 


divided into two parts. One part, then, attracts the other. The forces of attraction 
are proportional to the number of molecules in the left-hand part and to the num- 
her of molecules in the right-hand part. In other words, the forces of attraction 
are proportional to the square of the density, i.e., inversely proportional to the 
square of the volume. 

The forces of attraction between molecules will be discussed in more detail 


in Part III. 


CHAPTER 10 


Thermodynamic Processes 


Sec. 58. GRAPHICAL REPRESENTATION 


If two parameters of state are given for a body, the third m 
means of the equation of state. Thus, when one parameter 
ted along one axis and a second parameter (e.g., volume) is 
axis, the state of the body is uniquely described b 

To be sure, it has been assumed in the er 
of the body is in equilibrium. Only then will the values of the parameters of state 
be the same throughout the volume of the system and are we justified in speaking 
of the temperature, pressure, density, etc., of the body (or system) as a whole 

The question arises: what kind of process can be involved if equilibrium states 
are being considered? The answer consists in the following: In a process that pro- 
ceeds sufficiently slowly, the values of the parameters of state throughout the vol- 
ume are equal. Such a process may be considered to be a continuous succession of 
equilibrium states. It is reversible and may occur in either direction, A process 
consisting of a succession of equilibriums may proceed from state / to state 2 and then 
from state 2 back through all the intermediate states to state 7, without producing 
any changes in the surrounding medium. : “4 

A reversible process is an idealised process. Nver 
or another irreversible, depending on how far 
the process are from equilibrium. 

This becomes clear from the following reasoning. Every establishment of equi- 
librium is irreversible. Many simple and familiar examples can be cited: the cool- 
ing of a body by placing it in a cooler surrounding, the “dissipation” of a mechan- 
ical deformation, e.g., the restoration of a compressed spring to its undeformed 
position upon being released, the spontaneous intermixing of two gases, etc. 


Reversible processes cannot proceed of themselves. They cannot be single processes 
occurring in a closed system. 


An actual process does not consist of a successi 
such phenomena occur as those enumerated above. Hence, when the process is 
made to proceed in the reverse direction, it will never pass through exactly the 
same states as during the forward direction. When a gas is rapidly compressed, 
the pressure of the gas in layers close to the piston will be higher than elsewhere. 
On the other hand, during the reverse process—expansion of the gas—the pressure 
near the piston will be lower than elsewhere. 

Nevertheless, in spite of the fact that rever 
they are of great interest since in many cases 
reversible processes is insignificant. It all depends on the relaxation time, i.e., 
the time it takes for equilibrium to be established. This time varies within very 
broad limits—from ~107!8 sec, the time it takes for the pressure to equalise in 
a homogeneous gas, to minutes, hours, or even weeks, for processes involving heter- 
ogeneous substances. 

Let us assume that a gas is compressed and the entire process takes one second. 
The relaxation time is an insignificant fraction of a second. We may therefore 
consider the actual process as a succession of equilibrium states and draw the curve 
on a graph showing p and v, or on some similar diagram. The same holds true for 


ay be calculated by 
(e.g., pressure) is plot- 
plotted along the other 
; y a plotted point. 

aphical representation that the state 


y actual process is in one way 
away the intermediate states of 


on of equilibriums. Inevitably, 


sible processes are an idealisation, 
the difference between actual and 


10. Thermodynamic Processes 123 


all other processes in which the relaxation time is small with respect to the dura- 
tion of the process. 

Fig. 75 shows several curves representing simple processes. The coordinates of 
the graph give the pressure and the volume. In engineering thermodynamics, 
other coordinates are used in addition to these, but we need not discuss them. 
The vertical line 7 in the figure represents a process at constant volume. If the 
point generating the curve is moving upwards, the 
pressure is. increasing; if the reverse is true the pres- p é 
sure is falling. It is clear that a change in temperature 
occurs during this process that is not “seen” on the 
diagram. The horizontal line 2 represents a process at 
constant pressure (isobaric process). Moving from left 
to right signifies expansion, while the reverse corre- 
sponds to compression. The curve designated by the 
figure 3 corresponds to an expansion accompanied by 
» drop in pressure, while curve 4 represents an ex- pa 
pansion in spite of the increasing pressure. The ; 
change of temperature in any process may be calculat- Fig. 75 
ed by means of the equation of state. 

in most thermodynamic processes, all the parameters of state are changing 
simultaneously. Nevertheless, a number of simple but at the same time practi- 
cally important exceptions may be singled out. These include the processes men- 
tioned above, namely, at constant volume (isochoric) and at constant pressure (iso- 
baric), as well as the processes occurring without heat exchange (adiabatic) and at 
constant temperature (isothermal). 


Sec. 59. WORK AND CYCLES 


In mechanics, work is usually represented as the product of a force and a dis- 
tance. In thermodynamics, we are usually interested in the work of changing the 
volume of a body. Fig. 76 shows the shape of a body in two states. The volume is 
shown. to have changed from v, to vg. The total 
work of changing the volume may be consid- 
ered as the summation of the work expended 
in displacing the elements of area dS by the 
distance dl. If the applied forces are perpendic- 
ular to the surface, the work of displacing ele- 
ment is equal to f dl or, in terms of pressure, 
pds dl. ‘. 
Thus, 


dA = p dv, 


where dv is an element of volume change. It is 
evident that the total work is given by the 
definite integral: 


V2 


A= \p dv. 


vy 


In a pressure-volume diagram, the work of compression or expansion can be 
represented geometrically. It is simply the area under the curve (bounded on the 
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left and the right by vertical lines through the points representing the initial ana 
final values of the volume). 

If the pressure during the process of compression or expansion remains unchanged 
and if, moreover, it is the same at all points on the surface, then p may be brought 
out from under the integral sign and the formula for work becomes 


A = p (py — 0). 


As we have already stated, work may be considered positive or negative depend- 
ing on the convention adopted. We have assumed that work is positive when a body 
does work on the surrounding 
p p medium, i.e., work of expansion. 
Accordingly, work of compres 
sion is negative. 

If a body is transferred from 
state 7 to state 2 asa result of 
é 2 some process, and then trans- 
ferred back to its original state via 
the same path, the total work of 
such a process is naturally equal 
to zero. Here, the work of ex- 

Rig: 27 pansion, performed on external 
bodies, is equal to the work of 
compression, performed by external bodies on the system under con- 
sideration. However, the situation is completely different when the “for- 
ward” and “return” paths differ. Processes in which a jbody is returned to 
its original state via a different path are called cyclical processes. Fig. 77 shows 
two such cycles and the arrows indicate the direction of the processes. One process 
proceeds in a clockwise direction and the other in a counterclockwise direction. 
A process going from left to right signifies expansion. Thus, in the clockwise cycle 
the work of expansion is greater than the work of compression. In this case, work 
is performed on the surrounding medium. It is evident that in the counterclockwise 
cycle a certain amount of work is performed on the system under consideration. 
In either case, the work performed during a cycle is represented by the enclosed 
area (hatched in the figure). 


uv a 


Sec. 60. PROCESSES INVOLVING A CHANGE OF GAS STATE 


Let us consider the relations for the four simplest processes involving a change 
of gas state, whereby, in the main, we shall restrict ourselves to gases obeying 
the equation of the gas state. It will be presently seen that knowing the equation 
of state for a substance and applying the first law of thermodynamics, a number 
of valuable conclusions may be drawn regarding the behaviour of the body under 
various conditions. The first law of thermodynamics for gases will be used in the 
form 

AQ = dU + p dv. 


The Isochoric Process. At constant volume, the first law of thermodynamics 
assumes the form 
AQ = dU. 


Heat exchange occurs between the system under consideration and the external 
medium, but no work is performed on the external medium or the system under 
consideration. ‘l'wo possibilities exist: either (1) the body absorbs heat from the 
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surrounding medium and its internal energy increases or (2) the body gives up 
heat to the medium and its internal energy decreases. 

The quantity of heat required to increase the temperature of a body by one de- 
gree at constant volume is called the thermal capacity at constant volume and is 


designated by the letter c with subscript v: 


n= (2 
ee at) =const” 


If the dependeuce of the internal energy of the gas on the temperature is known, 


the thermal capacity c, may be calculated. 
At high temperatures, there is a linear dependence between the internal energy 
of a gas and the temperature, since the thermal capacity in this case does not 


depend on the temperature. 
We are unable here to prove an important theorem. If follows, however, from 


ihe general laws of thermodynamics that if the dependence between p and T is 
linear, then c, cannot depend on the volume. Since such a linear dependence exists 
for gases obeying the equation of the gas state and Van der Waals’ equation, 


then c, does not depend on v for gases and the phrase “at v = const” may be omit- 
ted in the above formula. Thus, 


dU 
Cy = ar (for gases). 


If the dependence of c, on temperature is only slight, the internal energy of 
a gas may be represented by the formula 
U =c,T + const. 
For ideal gases, the constant does not depend on the volume and may be dropped. 
a gas obeying Van der Waals’ equation, the constant equals —=. Thus, 
U =c,T for an ideal gas 


For 


and ; 
a a ° . . 

U = ¢,f —— for a gas obeying Van der Waals’ equation. 

We see that, in the case of an ideal gas, a change in the volume of the gas when 


the temperature is maintained constant does not involve a change in energy (see 
a 


p. 130). If the molecules are drawn together with a force per unit area of p’ = = 


then upon expansion of the gas the energy increases by the amount of work done 
against this force, i.e., by 
a 
j p' dv= — a | const. 


The Isobaric Process. In this process, all three terms in the equation for the 
first law of thermodynamics are different from zero. The system exchanges heat 
and work with its surroundings without a change of pressure occurring in the 
system. This process usually involves absorption of heat by a body from its sur- 
roundings; however not all the heat serves to raise the internal energy of the body 
and, in part, it is returned to the surroundings in the form of mechanical work. 
We shall not consider other cases. 

It is perfectly evident that the thermal capacity in this process will differ from 
that in the isochoric process considered above. In an isobaric process, the heat is 
used not only for raising the temperature. Hence, c, (thermal capacity at constant 
pressure) must be greater than c,. The difference may, in some cases, be calculated. 
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Let us divide both sides of the equation for the first law of thermodynamics 
by an incremental temperature: 


AQ aw, ad 


C= ar ar far * 


This expression for the thermal capacity is valid for any process, including the 
isobaric process under consideration. For gases, this formula may be rewritten as 
follows: 


dv 
Cp=Cy-+ PaRe 


1 ; ‘ ; : re dv 
For an ideal gas, the result obtained is very simple. Since pv = pRT, then rid 2 
R r + pe ree 
= ‘ and Cp = ¢y -+ pR. Thus, the difference between the thermal capacities at 
D 


constant pressure and at constant volume is equal to the number of moles of gas 
multiplied by the universal gas constant. Then, for molar thermal capacities, 


Since R ~ 2 cal/mole K = 8.31 J/mole K, 
Cp — Cy =2cal/mole K. 


The Isothermal Process. In order to avoid confusion, it should first be emphasised 
that constant temperature in no way signifies that no heat exchange occurs between 
the system and the surroundings. A system may absorb heat from the surroundings 
but not use it to raise the temperature. ‘Thus, as is well known, the internal energy 
of a body may increase at constant temperature (e.g., melting ice). Moreover, for 
gas processes, there is another possibility (more important than the first): a system 
may return part of the heat received from the external surroundings in the form 
of mechanical work. 

In the case of actual gases, both ways of expending the heat are entirely possible 
in an isothermal process. The heat transferred to a gas causes the gas to expand 
without the temperature being raised, whereupon (4) work is performed on the 
external surroundings and (2) the potential energy of the interacting molecules 
is increased. 

In the case of an ideal gas, whose internal energy depends only on the temper- 
ature and therefore cannot change in an isothermal process, the first law of ther- 
modynamics assumes a particularly simple form. Since dU = 0, then AQ = AA 
Hence, either the system expands, absorbing heat from an external source and 
performing work on some object, or, conversely, the system contracts, releasing 
heat and obtaining energy in the form of mechanical work from external bodies. 
An ideal gas transforms energy in an isothermal process. It obtains energy from 
the surroundings in one form and returns all of it to the surroundings, but in an- 
other form. 

It is not difficult in the case of an ideal gas to go over from the differential form 
AQ = p dv to the integral form. The work (we can just as well say heat since 
work and heat are equivalent) of an isothermal expansion from volume v, to vol- 
ume vz is 


a 
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Substituting for pressure from the equation of the gas state, and bringing the tem- 
perature out from under the integral sign since it is constant, we obtain 


io Ss C dv e v 
A=pRI {2 = WRT In 2, 


{t should be noted that the work of equal numbers of isothermal expansions at 
different temperatures differ, being greater the higher the temperature. Thus, 
doubling the volume of a mole of some ideal gas at a temperature of 300°K 
(room temperature) requires 8.31 * 300 «x In2 = 1,730 J of work, while at a 
temperature of 3,000°K the work required is ten times as much, i.e., 17,300 J. 

An actual isothermal process may be difficult to achieve. In any case, in order 
for the process to be even approximately isothermal, the walls of the vessel through 
which the substance comes in contact with the surroundings must be perfectly 
ieat-conducting. Moreover, the process must proceed very slowly, so that the 
heat (or work) is able to return to the surroundings in the form of work (or heat) 
instead of accumulating in the system. 

The Adiabatic Process. Adiabatic compression and expansion occur in the ab- 
sence of heat exchange with the surroundings. This may be achieved by providing 
conditions that are in a sense the reverse of those for an isothermal process, i.e., 
perfect thermal insulation must be provided and the process must proceed very 
rapidly, so that heat is not able to escape from the system or be transferred to 
the system. In the case of compression, in accordance with the first law of thermo- 
dynamies, which is now written in the form 


pdv = —dU, 


the mechanical work is converted into internal energy of the body. In the case 
of expansion, on the other hand, the work is performed at the expense of a decrease 
in the internal energy of the system under consideration. 

For the three processes considered above, the changes occurring in the pressure, 
volume and temperature were quite apparent, and for gases followed directly 
from the equation of state. In an adiabatic process, the nature of the change in 
the parameters of state is not apparent, since all three parameters of state change. 
The simultaneous solution of two equations—the equations of the gas state and 
the first law of thermodynamics—enables us to determine the relationships. 
Since only the principle involved interests us, we shall restrict ourselves to an 
ideal gas in order to simplify the mathematical calculations. Using the expression 


for the thermal capacity of a gas at constant volume, & =¢,, and replacing the 


pressure p by 3 we obtain: — mee = Le Assume that in the initial state 


Dv 
the gas parameters are 1, p;, 7, and in the final state vz, po, Ts. Integrating 
the last equation from the initial to the final point of the adiabatic process, we 
obtain 


3 
BR ( dv (3 PR yy 22 — In 22 
73 a In oe 7, 


Recalling that c, — cp = wR and introducing the designation <E = 7, we obtain 
D 


pee ( Vy ‘ie 
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Kt is seen from this equation that for adiabatic compression the temperature in- 
creases and for adiabatic expansion falls. Various examples can be cited. Thus, 
a gas is rapidly expanded when we desire to cool it and carbon dioxide gas escaping 
from a gas tank may turn into dry ice due to the tremendous drop in temperature 
of the expanding gas. On the other hand, adiabatic compression may be used, 
for example, to ignite some substance. The following experiment is often demon, 
strated: a wad of cotton wool soaked in ether is placed in a vessel containing air. 
Rapid compression of the air by means of a plunger causes the cotton wool to 
burst into flame. 

Since we wish to represent the gas process on a pressure-volume diagram, it is 
necessary to convert the above equation of the adiabatic process into an appro- 
priate form. Substituting for the temperature by means of the equation of the gas 
state, we obtain 

Pw} = Poy. 

Comparing this equation with the Boyle-Mariotte law for an isothermal process, 
important differences may be observed in the nature of the pressure change for 
compression or expansion. For an isothermal expansion or compression, the product 
pv remains unchanged, while for an adiabatic process the product pv’ remains 
unchanged. Since y > 1, the adi- 
abatic on the diagram is steeper 
than the isothermal. When the 
volume is reduced to one-half 
in an isothermal process the 
pressure doubles, while in an adi- 
abatic process the increase is 
greater. For example, in the case 
of most diatomic gases, for which 
y = 1.4, when the volume is re- 
duced to one-half, the pressure 
increases to 2.63 times its orig- 
inal value. 

It has already been empha- 
sised that both processes are of ar 
ideal character and that the requirements for the creation of the ideal conditions 
of these processes are opposite. Therefore, it is evident that gas processes under 
actual conditions yield intermediary curves between the adiabatic and isother- 
mal curves. Digin 

The difference between the adiabatic and isothermal curves may be easily vi- 
sualised as follows: for adiabatic compression, the gas becomes heated, so that for 
one and the same reduction in volume the increase in pressure is greater in the 
adiabatic process, since heating at constant volume leads to an increase in tem- 
perature. 

Fig. 78 shows that the work of isothermal expansion is greater than the work 
of adiabatic expansion. On the other hand, the work of isothermal compression 
is less than the work of adiabatic compression. We are assuming, naturally, that 
the initial points of the processes coincide. 

The work of an adiabatic process may be determined graphically or by means 
of formulas. From the first law of thermodynamics, it follows that in adiabatic 
processes the work must equal the change in internal energy: 

2 
As {pq=U,—U2. 
i 


Ph 


Fig. 78 
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In the case of ideal gases, the difference in energy is calculated simply as Ui — 
— Uy = ey (T; — T2). Thus, for ideal gases, the work may be calculated by means 
of this formula. 

Another method may be used to determine the work in an adiabatic process. 
Since the equation pyvy = pvY holds for any intermediate point of the process, 
where the symbols without subscripts designate the current values of pressure and 
volume respectively, the work integral may be written in the form 


Upon integrating from the initial to the final point of the process, we obtain 


— bet (1) 
y—4 a vy-! : 


Naturally, this formula is equivalent to A = c, (1, — Tz), which is easily demon- 
strated by using the equation of state of an ideal gas and converting the above 


formula (taking —y—7 out of the brackets) to the form 
1 
. URT, Vy y-1= 
a eye ag) sie 


Depending on the given data, one formula may be more conveniently used than 
the other. 


Let us illustrate by a simple numerical example the statement made in Chapter 1X to the 
effect that the increments AQ and AA (note: AQ ~ AA) are not total differentials, i.e., they do 
not characterise the change of state of a system. 

Assume state (1) of a mole of hydrogen (Fig. 79) is char- / 
acterised by the following data: vy= 0,02 m3, 7, == 300 K 


and py = Bat 125,000 J/m® (here R = 8.31 J/K.) Now, 
v 


1 


2 


‘ ' : : c 
Cy) —~ ¢y = Rand, since hydrogen is a diatomic gas, —2 = 


Cy 
- 4.4. Hence cp = 29.4 J/K and c, = 24 J/K. 

We shall now consider three possible paths by means of 
which the gas can change to state (3), where v, = 0.04 m3, 
7’; = 300 K and ps; = 63,000 J/m°. 

Path 1-3. The work along the isotherm Aj,_, = 


RT 1n = = 1,700 J. These 1,700 J are absorbed from the 


hot body, and the internal energy U = const since 7,=7'y. 
Path 1-2-3. Here, (1-2) is an isobar. Hence, 7, = 600 K. 
The heat absorbed from the hot body is Q,_, = Cp (T. — Fig. 79 
~~ 11) = 8,600 J and the work against the external forces 
is Ay» = py (Vg — 4) = 2,300 J. Therefore, the internal 
energy of the gas increases by AU = 8,600 — 2,300 = 6,300 J. Process 2-3 constitutes iso- 
choric cooling and Q5-3 = ¢y (12 — 13) = 6,300 J of heat are transmitted to the cold body. 
Since vp, == v3, no mechanical work is performed. 
Thus, along the path /-2-3, the hot body gave up 8,600 J, 2,300 J of work was performed and 
the cold body absorbed 6,300 J. Along the path 7-3, the hot body gave up 1,700 J, 1,700 J of 
work was performed and no change in the state of the cold body occurred. However, the change 
in the state of the gas was the same for both cases, 
Path 1-4-3. Here (1-4) represents an adiabatic process, while (4-3) is an isobar. Now, 


i 
Es 1 
U4 Dy \¥ oY ay Khe ee 2 T Pl a dea 
— == (2) = 2%, so that v, = 0.020 x 2” m3, From the relation —t—{ ZL we find 
Vy yy) Ty V4 : 
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1 
at 
that 7, = 300% 2¥ . Along the path 1-4, the work against the external forces is performed only 


1 
. ——1 
al the expense of a decrease in the internal energy: A 1-4 = —Cy (1, — Ty) = 6,300 (1 = 2Y, oa) T, 


Along the path 4-3, the hot body gives up Qy_-3 = ep (3 — Ty) = 8,600 (1 — 2%) J of heat 


=-1 
and the work against the external forces equals Ay, == p (vg — vy) = 2,300(1 — 2Y ) J, 
1 
pi, | P 
Therefore, along the path 4-3, the internal energy increases just by 6,300 (1 — 2Y ) J. Thus 
the path 1-4-3 has also not led to a change in the internal energy ol the gas, which is uniquely 
determined by the temperature. 


Measuring the Thermal Capacity of Gases. [t would appear that the easiest 
way to determine the thermal capacity of a gas is to fill a container with the gas 
to be measured and immerse it in a calorimeter. However, this does not take into 
account the fact that the thermal capacity of a gas is very small with respect to 
the thermal capacity of a container, no matter what solid material is used to make 
the container. Therefore, the thermal capacity of a gas is not measured at constant 
volume, but rather at constant pressure. For this purpose, gas under constant pres- 
sure moves in a coiled pipe that passes through the calorimeter. By means of a ther 
mocouple, the temperature of the gas is measured at the input and output of the 
calorimeter. After preliminary heating, the gas enters the calorimeter and trans 
fers part of its heat to the water. Knowing the quantity of gas passing through 
the container during a particular period of time, and the quantity of heat trans- 
ferred to the water of the calorimeter during the same interval of time, the thermal} 
capacity of the gas at constant pressure, Cp, can be easily determined. This is 
done by dividing the quantity of heat. by the mass of flowing gas times the differ- 
ence in gas temperature between input and output. 

To determine the thermal capacity at constant volume, we use the ratio of ther- 


Ce) . - « ck ce r nite 
mal capacities, i.e., Poisson’s coefficient: y= —2. Many methods of determining 
Cc 


have been proposed, some of them being based on the measurement of the volume 
and pressure of the gas in a succession of states for an adiabatic process. Other 
relationships between the thermal capacities may also be used, e.g., the relation- 
ship defining the difference between the thermal capacities c, and cy. 

The thermal capacities of various gases are given in the table. 
re ee er ee ne 


1, c c , 
Gas J/K, mote J/K thole i 
Si ST Cin PREIS RR a nr Te ee, Oe 
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Ethyl aleohol CHOW 5... 79.4 8767 144 


Sec. 61, JOULE-THOMSON PROCESS 


This is the process in which gas is allowed to flow through a small opening from 
a region of high pressure p, into a region of low pressure py. The vessel in which 
the process takes place is thermally insulated from the surroundings. 
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In accordance with the conditions of the process, py and pz must not change 
This is done by having both pistons (Fig. 80) move to the right, compaxpandaig 
to the passage of gas into the region of low pressure. i 

M, the mass of gas that is moved from left to right, does not maintain constant 
volume, but changes from v, to v2, for it has entered a region of different pressure 
This transition is accomplished under the action of the left piston and the counter- 
action of the right one. The left piston does work at the constant pressure p 
This work is equal to pyAv, where Av is the change in the volume of the eas to the 
left of the partition. But v, is the change in volume on the left, so that the woek asia 
by the left piston is pyv,. This right piston does negative work, which in this 
case is equal to the product of the pressure py and the incremental volume Ve. 
Thus, when the mass of gas M is transferred from the left region to the right eis, 
the work performed is py, — Pov. The law of conservation of energy Tequires 
that the internal energy of the gas change by 
this same amount. Therefore, 


U, — U, = pry — Po. 


This formula is valid for any mass of gas. 
This means that in the process of moving a 
gas from one vessel into another the quantity 


U -+ pv = const 


(called the heat function or enthalpy) does 
not change. 

For an ideal gas, U and pv both depend Fig. 80 
only on the temperature. Thus, during 
a Joule-Thomson process, the temperature of an ideal gas dees not change. 

For actual gases, the situation is different. If the gas is not ideal the temper- 
ature may increase or decrease during a Joule-Thomson process, depending on 
the nature of the interacting forces between the molecules. 

It is noteworthy that a particular gas may behave differently at different tem- 
peratures. At a high temperature, the temperature increases during a Joule-Thom- 
son process, while at a low temperature, it decreases. The point of inversion cor- 
responds to the temperature at which the change in sign occurs. This temperature 
for oxygen and nitrogen is above room temperature. Therefore, the air is cooled 
during a Joule-Thomson process conducted at room temperature—not to speak 
of lower temperatures. For hydrogen, the inversion temperature is very low. 
The Joule-Thomson effect below the inversion temperature finds application indus- 
trially in the liquefaction of gases. 


CHAPTER 11 


Entropy 


Sec. 62. THE PRINCIPLE OF ENTROPY EXISTENCE 


In the middle of the last century, an important discovery was made regarding 
reversible thermodynamic processes. It was found that side by side with interna 
energy a body has yet another remarkable function of state, namely, entropy. 
Just as in the case of internal energy, entropy includes an arbitrary constant. Hx 
periments yield the incremental difference in entropy. If a body or system absorbs 
the heat AQ during an infinitesimally small transition from one state to another 

». AQ s P : : y opps 
at a temperature 7’, the ratio Ld is a total differential of some function S. This 
function is the entropy and is thus determined by the two following equivalent 
equations: 

2 


dS! and Sy—S,= (>. 
ih : 1 
i 
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The statement that a function exists whose differential is =F Cis known as the 
principle of entropy existence. It is one of the most important laws of nature ang 
an essential part of the second law of thermodynamics, which will be discussea 
below. The discovery of this principle, as well as the entire second law of ther~ 
modynamics, is primarily associated with the names of Carnot and Clausius. In 
spite of its somewhat abstract nature, the essence of the principle is easily under~ 
stood and may be summarised as follows: a body may change from one state to 
another in an infinite number of ways (represented on a diagram by the various 
curves connecting the same initial and final points); and, although the body may 

2 


; : a 5 A ; 
absorb various amounts of heat during such transitions, the integral \ . wil} 
i 
; ~ * KO P r 
in all cases have the same value. a the ratio of the quantity of heat to the tem~ 


perature at which this heat was absorbed, is sometimes called the reduced heat 
Since an integral may always be approximately represented as a summation | 
the change of entropy in transferring from one state to another is equal to the sum~ 
mation of the reduced heats. Let us assume that the body absorbs a calorie per 
degree as it is uniformly heated from 20°C to 25°C. The increase in entropy is ther 
1J 1J eo tty 3 
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For isothermal processes, the expression for the change in entropy is very simple - 
Q 
S,-Si=4, 
where Q is the heat absorbed during the process. Thus, when 1 kg of ice melts the 
entropy of the substance increases by 


33.6 % 104 J 


J 
—_, 2h 
273 K = 1,230 K 
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In applying the concept of entropy, the value of entropy at any state (e.g., boil- 
ing water or melting ice) may be adopted as zero entropy. However, in some cases, 
the value of the entropy of a substance at absolute zero is adopted as zero entropy. 


There is, incidentally, some theoretical basis for this (Nernst’s theorem), but we 
shall not. go into it. 
Assuming S = 0 at 7 = 0, the entropy of a substance at the temperature 
7 may be determined by the formula 
7 
ee \2 dt 
T cS 
6 
if the heating occurs at constant pressure. As can be seen, the dependence of the 
thermal capacity on the temperature must be known in order to determine the 


entropy. 
The entropy may be easily calculated (except for the arbitrary constant) if 


} : ; , eM aes ae 
the equation of state of the substance is known. By definition, dS’ == = aie Substi- 


iuting the value for AQ obtained from the equation for the first law of thermody- 


namics, we obtain 
dT dv 
dS = Co -+ Pp vin é 


By means of the equation of the gas state, we can eliminate the pressure from this 


i Joe dT AUS” ox R Fs Rial : 
equation, obtaining: dS = Cy + wR —. Taking the indefinite integral, we 
- : 


obtain an expression for the entropy that includes an arbitrary constant: 
S =c,InT + wR Inv + const. 
It is also possible to take the definite integral of dS, where the limits are two 
states. We then obtain the following expression for the entropy difference between 
the two states: 


Sos Sues C710 Ja do lt, 
“ Ty : Vy 
This is the expression for the entropy of ideal gases. It is seen from the formula 
that the entropy increases as the temperature and the volume of the gas increase. 
Naturally, this is in agreement with the general statement that the entropy increases 
when heat is transferred to the body. 


Example: Using the example on p. 129 (Fig. 79), we shall show that the entropy is indeed 


a function of the state of a system: 
Path 1-2-3. The change of entropy 


T. as Vg 7 ¢ é ze * = 

sks [RRO saewe —*_ = 20,74 In 2-++-8.% 2= 29.36 ln 2 ———>— 

S,—S ,==¢y In T, Rin 7 0.74 In 2-}-8.38 In 9.36 In eS aisle 
j 


__—_-___—., The total change 
K « mole 5 


—20.74 In 2 
J 
K x mole * 


The change of entropy Ss — So = 20.74 In z= 


entropy along path 1-2-3 is S; — Sy = 8.38 In 2 
J 
) 3. Ss — S, = 8.38 In 2 ———~_ 
Path 1-38. S3 — S81 38 In REI 
Path 1-4-8. Since (1-4) is adiabatic, S,; — S, = 0. 
0 
Peay fics 
7 18.38In2 | =29.361n2 


fo 


Ts VD. 
Se—S, == Cy n—-+8.38 In —& = 20.74 In 2 eae) ie 
a, ice 4 I V4 pe as K mole 


It is seen, indeed, that no matter how the transition of the gas from state (/) to state (3) is effe- 
cted the change o! entropy is the same. 
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Sec, 63, THE PRINCIPLE OF INCREASING ENTROPY 


As already stated, reversible processes, strictly speaking, do not exist. However, 
many processes occur that do not, practically, differ from reversible ones. But 
there are some processes that are always unidirectional and as a result can never 
be made reversible. Thus, gas may expand of itself, but it cannot be compressed 
without the application of an external force. Heat may spontaneously pass from 
a hot body to a colder one, but it can pass from a cold body to a hotter one oniy 
if work (e.g., electric energy) is expended. In the presence of friction, the kinetic 
energy of macroscopic motion is always converted into internal energy, but the 
reverse process never occurs spontaneously. All other irreversible processes are in 
the final analysis based on the fact that in each of them, to one degree or another, 
one of the enumerated unidirectional processes occurs. In actual processes, it is 
impossible to avoid spontaneous expansion, friction and thermal dissipation. 

Do not all the enumerated unidirectional processes have a common character- 
istic? As a matter of fact they do: in all unidirectional processes, the entropy in- 
creases. 

In the case of heat exchange between two bodies, the overall change in entropy 


‘ ‘ Sas 76 * ) 9 . F 
of the entire system is S$, — Sy = ae cm where Q, is the heat absorbed by the 


" To 
colder body and QV» is the heat given up by the hotter body. 
If 7, is greater than 7',, then Q; = —Q,. > 0, since heat transferred to a body 


; ‘ a f4 Ak ae : 

is considered positive. Hence, S, — S; = Q, (z-—7) > 0, ie., during heat 
. . . 7 1 2. . . 

exchange, there is an increase in the overall entropy of the system in which the 

heat exchange occurs. 

Let us take another case. Assume intensive mechanical motion (e.g., rotation 
of a wheel) takes place in a vessel containing gas. The volume does not change, 
but the temperature increases and, hence, the entropy changes by S, —- S, = 

£ : ; : 
eC, Ina i.e., it also increases. 
1 

Finally, upon expansion into an evacuated vessel at constant temperature, the 
. . = v. . * oye . * . 
increase in entropy, S, — S$; = wR In—, is again positive. Thus, in all unidiree- 

vy . 


tional processes, the entropy of the system increases. 

It is easily seen that this conclusion regarding all irreversible processes is of 
great importance. Since each irreversible process is accompanied by unidirectional 
effects serving to increase the entropy, the increase in entropy in an irreversible 
process is greater than the increase that would have occurred if the process were 
reversible. Let AQ be the heat absorbed by a body at temperature 7’ in an irrevers- 


é ‘ P : AO 
ible process. If the process were reversible, the increase in entropy would equal ee 
In an actual process, however, the increase in entropy is greater than this valuc! 
A 
dS>e. 


If the system is thermally insulated, then AQ = 0 and the above expression 
assumes the form dS > 0, i.e., in a thermally insulated system, only processes 
serving to increase the entropy are possible. 

It is quite clear that entropy and internal energy are the most important func 
tions determining a thermodynamic process. Thus, if entropy is analogous to the 
manager of a process, internal energy is analogous to the bookkeeper. While entropy 
determines the direction of flow of the process, the energy “meets the expenditures’ 
of conducting it. 


gr 
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If-in the above formula the symbol > is used instead of the symbol >, the 
law of entropy for reversible and irreversible processes may be described by the 
following simple formula: dS >. This formula expresses the essence of the 
second law of thermodynamics. For closed systems, the second law states that the 
entropy of a thermally isolated system increases or remains the same. 

Both laws of thermodynamics may be combined in the single formula dS > 


du -+- pdv hi rae . . : | saan 
ae which is applicable to all practical thermodynamic problems. 


The principle of entropy increase is applied to closed systems only. If a system 
associates with a medium, or, in other words, if we speak of an open system, 
then, of course, its entropy-can decrease. 

It will be shown below that the molccule ordering processes result in an entropy 
decrease. From a disordered system of small molecules received during the process- 
es of nutrition and respiration, a living organism constructs highly organised 
structures, i.e., biological macromolecules (see Sec. 253). This leads to a decrease 
in organism entropy. 

Consider a closed system: organism -- medium, whose entropy must increase, 
[t is obvious that entropy of the medium must increase so as to exceed the decrease 
in entropy of the organism. 

The medium entropy increases at the expense of ogranism secretions, 

If the process is steady, then 


eal Ota et 
dt Jorg dt /med’ 


We may state that the vital activity of the organism consists in passing an 
entropy flux of a substance through the organism. Here, the entropy of the sub- 
stance entering the organism is less than that given off to the medium since the 
organism degrades food products. 


Examples. 1. In the example on p. 50, we considered the nonelastic collision of a bullet with 
a ballistic pendulum and showed that, upon collision, 3,920 J of mechanical energy are dissipat- 
ed in the bullet-pendulum system. This means that the bullet irreversibly transfers AQ = 
== 3,920 J to the pendulum through heat conduction. If it is assumed that the process is isother- 
mal (i.e., the thermal conductivity of the pendulum is extraordinarily high), and that the tem- 
perature is, say, 27°C, then the entropy of the system in this irreversible process will increase by 


_ AQ _ 
AS =—g-= 13.4 J/K. 


2, A rubber ball weighing 0.3 kg rises 1 metre off the floor alter being dropped from a height 
of 2 metres. In this isothermal process (assume ¢ = 27°C), we transfer AQ = 2.96 J irreversibly, 
i.e., the entropy of the ball-floor system increases by 


AS = 12.87 x 10-° J/K. 


If the ball and floor were absolutely clastic, the entropy would not have changed (AS = 0) 
and the motion of the ball would have continued eternally. 

3. Let us consider the irreversible process involved in the transfer of heat from a steam boiler 
to a condenser. Assume that the steam boiler is at a temperature ¢; = 300°C and the condenser 
at a temperature t, = 30°C. For a boiler thermal capacity of 10,000 kW and an efficiency of 
25 per cent, 7.5 X 10% J will be transferred from the boiler to the condenser every second. Since 
the boiler loses heat, its AQ will be negative, i.e., the boiler loses entropy. For the condenser, 
on the other hand, the entropy increases. However, since 7, > 7's, the entropy of the boiler- 
condenser system will increase each second by 

4 1 
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Sec. 64, THE PRINCIPLE OF OPERATION OF A HEAT ENGINE 


A heat engine converts heat into work. In other words, it takes heat from some 
bodies and transfers it to others in the form of mechanical work. In order to ac- 
complish this conversion, we must have at our disposal two bodies at different 
temperatures, between which heat exchange is possible. The hotter body will be 
designated as the hot body and the colder one as the cold body. In the presence 
of two such bodies, the process of conversion of heat into work may be described 
as follows: a substance capable of expanding (the working substance) is brought 
into contact with the hot body. Heat Q, is taken from the hot body and is expended 
on the work of expansion, A,, which is transmitted to surrounding bodies. 
The working substance is then brought into contact with the cold body and 
transfers heat Q, to it at the expense of the work A, performed on the working 
substance by the external forces. ; 

To obtain a continuously operating heat engine, the compression process must 
be concluded where the expansion process began. In other words, the overall 
process must be cyclic. The working substance returns to its initial state at the 
end of each cycle. Hence, the law of conservation of energy requires that the ener- 
gy obtained from the surrounding bodies equal the energy transferred to the sur- 
rounding bodies. The working substance obtained the heat Q, during expansion 
and the work A, during compression. On the other hand, it gave up the work A, 
during expansion and the heat Q, during compression. Hence, Q, + A, = 
=Q,-++A, or Ay —A,=Q,—Q,. When the cyclic process is conducted clockwise, 
the work of compression is less than the work of expansion. Therefore, the last 
equation expresses the simple fact that the network transmitted to a working 
substance by an external medium is equal to the difference in the heat absorbed 
from a hot body and given up to a cold body. Accordingly, the efficiency of the 
cycle and, hence, of the engine as a whole is 
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The described process for the operation of a heat engine is, naturally, an ab- 
stract scheme. However, the essential features of every heat engine are incorporated 
in this scheme. An expanding and contracting gas or steam is the working substance, 
the surrounding medium plays the role of cold body, and a steam boiler, or 
a fuel mixture in internal combustion engines, serves as the hot bod y- 

A refrigerating engine, in which the cycle is reversed, requires the same three 
system components. The principle of operation of this engine consists in the follow. 
ing: expansion of the working substance occurs when it is in contact with the 
cold body. Thus, the cold body is cooled even further, which is precisely the task 
of the refrigerating engine. Now, in order to complete the cycle, the working 
substance must be compressed and the heat given up by the cold body rejected. 
This is accomplished when the working substance is in contact with the hot bod ae 
Thus, the hot body becomes even hotter. The “unnatural” transfer of heat from ~ 
a cooler body to a hotter body is at the “expense” of work. We see, then, that 
when the cycle is conducted counterclockwise, the relationship between the energy 
transferred to a medium and the energy absorbed from a medium, i.e., Q, + Ay = 
= Q, + A; or Q, — Q, = — (A, — Ay), where as before the subscript 1 refers 
to the portion of the process occurring when in contact with the hotter body, has 
the following meaning: The quantity of heat removed from a system must be 
compensated for by an equal quantity of mechanical work. 
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The second law of thermodynamics imposes certain conditions on the operation 
of a heat engine. If a process is assumed to be reversible, the change in entropy 
of the working substance for the entire cycle should equal zero. Stated otherwise, 
the change in entropy for the expansion process must equal (except for reversed 
sign) the change in entropy for the contraction process, i.e., 


dQ____ (4 
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tn the case of an irreversible process, the entropy of the closed system, consisting 
of the hot body, the cold body and the working substance, increases and, therefore, 
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(it should be recalled that Q is an algebraic quantity. Thus, heat entering the 
system is considered positive.) By evaluating these integrals for specific processes, 
it is rather simple in a number of cases to determine the maximum efficiency of 
one or another heat engine cycle. 


Sec. 65. EFFICIENCY OF A CARNOT CYCLE 


We shall now derive the expression for the efficiency of an ideal heat engine 
operating without losses in a reversible cycle. 

Let us first consider the theoretical four-stroke Carnot cycle represented in 
Mig. 81. The Carnot cycle consists of two isothermals (for temperatures 7, and 7’,) 
and two adiabatics. Assume that the first stroke of the cycle is an isothermal 
expansion from state 7 to state 2—the working substance is in contact with the 
hot body whose temperature is 7’; and the process takes place very slowly. When 
state 2 is reached, contact with the hot body is broken, the working substance 
is thermally isolated and it has the possibility 
of expanding further. Work occurs at the ex- 
pense of the internal energy and the tempera- 
ture of the’ working substance is allowed to 
drop to 7',. From this point (state 3), two- 
stroke contraction begins. The working sub- 
stance comes in contact with the cold body 
at temperature 7, and isothermally contracts 
to state 4. Here, the working substance is 
again thermally isolated and the contraction 
continues, now adiabatically, with the work- 
ing substance being heated, at the expense of 
performed work, to the initial temperature 7’. 

The adiabatic processes in a Carnot cycle 
are of an auxiliary nature, enabling us to Fig. 81 
transfer from one isothermal to another. These 
processes do not enter into the energy balance, since c, (7', — 7), the work 
of adiabatic expansion, and ec, (7, — 7,), the work of compression, cancel 
each other. 

In an adiabatic process, the entropy of a system does not change. During 

1 


isotherma! expansion, the entropy of the hot body decreases by f: and the entro- 
1 


. . Le. ny : : 
py ol the cold body increases by 0, The working substance returns to its initial 
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state with its entropy unchanged. If the process is reversible, then Gis 


Vor irreversible processes, the entropy of the entire system, consisting of the cola 
? wv . 


body, the hot body and the working substance, increases, i.e., the entropy incre- 
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ment a is greater than the decrement gh 
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Thus, 0,|\ 7, and, therefore, the efficiency of a Carnot cycle is 
Q ‘ 
max = 1— e ‘ 
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The efficiency of the cycle is determined by the temperatures of the cold and 
hot bodies, respectively. The greater the drop in temperature the greater the 
efficiency of the engine. It is not difficult to see that the efficiency of a Carnot 
cycle is the maximum efficiency possible. There is no cycle better than the Carnot 
cycle and, in this sense, it serves as a model for designers of heat engines. They 

strive to make actual cycles approach the cycle of this 
ideal engine. 


It is not difficult to prove that the elficiency of a Carnot 
cycle is the optimum. Fig. 82 shows an arbitrary cycle inscribed 
in the Carnot cycle. The decrease in the entropy of the hot body 
may be represented by the integral 
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is undoubtedly valid, since 7', is the largest value assumed by 7 


in the integration. The increase in the entropy of the cold body is expressed by the integral 


A 
dQ 
F 
. . . . B ; 
for which the inequality 
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is valid, since 7’, is the smallest value assumed by 7 in the integration. For a reversible process, 
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which yields the condition: 
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Thus, the Carnot cycle hag the maximum efficiency of all possible cycles. 
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This maximum efficiency formula shows why steam engines have low efficiency. 
At T, = 300 K and 7, = 400K, the efficiency is 25 per cent. Moreover, this 
is the maximum efficiency, attained by an ideal reversible engine operating with- 
out any losses in energy. It is,'therefore, not'surprising that in actual steam engines 
the efficiency is below 10 per cent. Courses in steam engineering discuss means 
used to increase the efficiency. Clearly, the most important method is to increase 
ihe temperature of the hot body, i.e., the steam or fuel mixture. 


Sec. 66. THE SECOND LAW OF THERMODYNAMICS 


As indicated above, the second law of thermodynamics states that the entropy 
in a thermally isolated system increases. This statement may appear to be some- 
what abstract, but it is not the form in which this idea was expressed histori- 
cally. In view of the tremendous importance of this law of nature, we shall briefly 
liscuss other important formulations of the second law of thermodynamics and 
show that they are equivalent to the above. 

Historically, the second law of thermodynamics was expressed in the form of 
Thomson's postulate on the impossibility of creating a perpetual engine of the 
second kind. A perpetual engine of the first kind creates work “out of nothing”, 
i.e., its work violates the first law of thermodynamics. A perpetual engine of the 
second kind produces work by means of a periodically operating engine merely 
by absorbing heat from the surrounding medium. If such an engine were possible, 
it would be practically eternal, for the supply of energy in the surrounding medium 
is almost limitless and the cooling, say, of the oceans’ waters by one degree would 
yield an inconceivably large amount of energy. The mass of water on the Earth 
is of the order of ~10'8 tons. If this entire mass of water were cooled by only 1°, 
the heat released would be about 107 kcal = 4.18 « 10°* J of heat, which is 
equivalent to the complete combustion of 10" tons of coal. Rolling-stock loadeds 
with this quantity of coal would extend for a distance of ~ 10" km, which i 
the order of magnitude of the dimensions of the solar system! 

A perpetual engine of the second kind is a heat engine working with a hot 
body, but without a cold body. If such an engine were possible, it could work 
on a single stroke. A gas contained in a cylinder with a piston could indeed expand, 
but the operation of the engine would end there, since for the engine to continue 
operating, the heat absorbed by the gas must be transferred to a cold body. For- 
mally, the formula for maximum efficiency shows that a perpetual engine of the 
second kind is impossible. In the absence of a temperature drop (7', = 7), the 
maximum efficiency is equal to zero. 

It is impossible to design a periodically operating perpetual engine by combin- 
ing an isothermal expansion with an adiabatic compression process. Such a process 
would not be possible even if we could make it reversible. For isothermal expan- 
sion of the working substance, the entropy decreases. Hence, the compression 
process would have to yield an increase in entropy. This, however, is not possible 
for an adiabatic process, since it proceeds at constant entropy. 

The postulate of Clausius also completely corresponds to the formulation adopt- 
ed here for the second daw of thermodynamics. It states that heat cannot be trans- 
ferred from a colder body to a hotter body without compensation. A process con- 
tradicting the postulate of Clausius would take place with a decrease in entropy. 
At the very beginning of our discussion, this was shown to be impossible. 

We shall again return to the second law of thermodynamics in Sec. 77, where 
it will be discussed from the standpoint of the kinetic molecular theory, 


CHAPTER 12 


Kinetic Theory of Gases 


Sec. 67. GENERAL 


If the molecules of a solid body are assumed to be contiguous, we can accurate- 
ly determine their dimensions by X-ray analysis. Then by comparing these 
dimensions with the space available to a molecule in a gas, the fundamental 
properties of the gaseous state of matter may be immediately determined. * 

The largest linear dimensions of a diatomic molecule of oxygen is about 4 A. 
Nitrogen molecules have approximately the same dimension, but molecules of 
hydrogen are considerably smaller. The volume of an oxygen molecule is about 
10-8 om®. Since under normal conditions there are 2.7 ~ 10! molecules in 1 em? 
of oxygen, the space available to a molecule is about 0.4 ~ 10-! cm’. Compari- 
son of the volume of a molecule with the space available to it shows how little 
of the space is occupied by molecules. It is evident that for such a low density 
collisions between molecules will be relatively rare. On the average, the length 
of the path traversed by a molecule between consecutive collisions is 1,000 A. 
flowever, the velocity of a molecule is large, about 500 m/sec, so that on the 
average a collision occurs every ten-thousand millionth (10-!) of a second. 
It will be shown below how these figures were obtained. 

Molecules begin to draw together only when the distances between them become 
comparable to their own dimensions. Therefore, for a large part of their path, 
molecules move rectilinearly and uniformly. Only when one molecule comes 
within range of another does the force of interaction become effective. Since the 
interaction occurs over an insignificantly small portion of the path, we can speak 
of a collision between the molecules. The interval of time during which molecules 
perceptibly interact—in other words, the impact time—is equal to about 10-* sec. 
Thus, a molecule spends by far the greatest part of its “life” in free motion subject 
to inertia. 

This is the situation for gases under normal conditions. An increase in pressure, 
leading to an increase in density may considerably alter the picture. 

The internal energy of gases in which interaction between molecules occurs only 
for the time of instantaneous collision does not contain potential energy of inter- 
action between molecules. Such gases are called ideal. The use of one and the same 
term a second time will be shown to be justified by demonstrating the validity 
of the equation of the gas state for such gases. 

Thus, a gaseous substance consists of a tremendous number of minute particles 
that pass through large spaces without colliding, then collide like billiard balls 
and fly apart in different directions, with different velocities, until the next colli- 
sion. If we were to trace the path of a single gas molecule (naturally, this can 
be done only mentally), we would find it moving now to the left or to the right, 
now forward or backward. Sometimes it would be moving with a large velocity 
and at other times it would be moving slowly. In view of the chaotic nature of 
thermal motion in a gas, the molecules of a free gas in thermal equilibrium may 
be considered to have uniform density distribution throughout its volume. Fur 
thermore, at a given instant, there will undoubtedly be equal quantities of mole- 
cules moving in all directions. Other random events will similarly be uniformly 
distributed. For example, at all locations, equal numbers of molecules per second 
of observation will be travelling without collision a distance of 100 A to 200 A. 
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It must be realised, however, that these statements are of a statistical character. 
They are valid on the average, whereby the greater the number of gas molecules 
involved the greater the validity. 

We assert, for example, that the number of molecules moving “to the right” 
is the same as the number moving “to the left”. Naturally, this does not mean 
that the numbers are equal to within several units. The number of molecules 
involved is so large that not only is a difference of several units insignificant, but 
even a difference of several million is negligible percentagewise. 

If numerous measurements are taken of the gas density of a given volume, the 
values obtained for the number of molecules will differ somewhat from measure- 
ment to measurement. From these data, we can determine the average value for 
the number of molecules in the volume under consideration. If it were possible 
to measure within an accuracy of even several thousand molecules, the individual 
measurements would oscillate, percentagewise, to an insignificant extent about 
this average value. 

When it is stated that a number of molecules have such and such a velocity, 
or move in some direction or other, or collide in accordance with some mechanism 
or other, then the average value of the number is always meant. If the number 
of gas molecules is large, the deviations of the instantaneous values from the 
average, i.e., the fluctuations, are negligible. In a very rarefied gas, however, the 
fluctuations may be considerable. 

It is shown in the theory of probability that, using absolute values, the average 
relative deviation of the gas density from the average is approximately equal 


to . where nr is the number of molecules in a unit volume. Since there are 


n 
2.7 ~ 10" molecules in 1 cm® of gas, the fluctuation of the gas density within 
one cubic centimetre amounts to 
1 
V 2.7X 1019" 
i.e., 2 ~ 107° from the average value. It is evident that such deviations are 
beyond experimental observation. 

This is how matters stand with respect to all gas properties that are determined 
by the average number of molecules. 

The origin of the kinetic theory of gases dates back to Daniel Bernoulli (1700- 
1788). M. V. Lomonosov (1711-1765) also made substantial contributions to 
its development. In the 19th century, the kinetic theory of gases developed under 
Clausius (1822-1888), Maxwell (1831-1879) and Ludwig Boltzmann (1844-1906) 
and assumed its modern form. 


Sec. 68. MEAN FREE PATH 


The distance traversed by a molecule between two consecutive collisions (the 
range of a molecule) is, naturally, a random quantity that may sometimes be 
very small or very large for individual molecules. However, in view of the chaotic 
nature of the particle motion, the average value of this quantity for a given gas 
state is undoubtedly constant. The mean free path or, for brevity, the range 1 
is related to the average velocity v of the molecular motion and the average 
time t between two collisions by the simple relation: | = vt*, Typical values 
for these quantities were cited on p. 140, 

* Since we are merely concerned with the determination of the connection between the phys- 


ical quantities and not with the determination of the exact formulas, we shall not differentiate 
between average and root-mean-square velocities (see below). 
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The range of a molecule depends, in the first place, on the number of molecules 
in a unit volume of gas. Moreover, it is evident that the larger the dimensions 
of the molecule the smaller the mean free path. 

In order to visualise the character of this relationship, let us consider a cylind- 
rical volume of gas through which a molecule moves along the cylinder axis. 
What is the path taken by the molecule? 

Molecules are not points. They have dimensions determined by the distances 
for which molecular interaction becomes effective. 

On the basis of crystallochemical measurements (see p. 470), we may, with 
considerable accuracy, ascribe a certain form to molecules. At distances extending 
beyond the limits of the molecule’s “boundary”, the forces of interaction are, 
practically, not effective. 

Let us project the maximum cross-section of the molecules on to the base of 
the cylinder. Each molecule will be projected differently. Since there are many 
molecules, the average cross-sectional area will characterise a molecule with 
sufficient accuracy. This average area of cross-section o is called the effective 
cross-section. 

A collision will surely occur along the length of the cylinder if the area of the 
cylinder base is completely filled with the cross-sections of the molecules. If the 
cylinder base is equal to 1 em*, cylinder length equal to J, and the number of 
molecules per unit volume equal to n, then there will be a total of nl molecul es 
in the cylinder. The projections of the cross-sections of these molecules will 
completely cover the cylinder base when nlo = 1. Under these conditions, the 
value of 7 will have an order of magnitude that is close to the average range of 


the molecule, ie., lr. More rigorous calculations confirm the validity 
: 


of this rough estimation. In the exact formula, the factor V2 enters in the denom- 
inator: 
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where o has a constant magnitude for a given gas. Thus, the mean free path 
is determined only by the density. A decrease in density by a factor of 100, for 
example, results in an increase in the mean free path by the same factor. 

For air under normal, conditions, the effective cross-section o is approximately 
equal to 5 % 107% em?. This is in excellent agreement with the dimensions of 
oxygen and nitrogen Malesiee obtained from cr ystal measurements. The maximum 
dimension is equal to 4.3 A and the minimum is 2 little less, namely, 3 A. The 
radius of a circle having an area of 5 x 107 © cm® is 4 A. 

We ean determine the dimensions of molecules by studying crystals. However, 
the investigation of particle collisions may be viewed as a method of establishing 


the effective cross-section of particles. This method is of value in studying atomic 
nuclei (p. 432). 


— 


The mean free path under normal conditions is: in air—600 A, in nitrogen— 
600 A, in hydrogen—1,100 A and in helium—1,800 A. 


Sec. 69, GAS PRESSURE. ROOT-MEAN-SQUARE VELOCITY OF MOLECULES 


Let us consider the problem of using the simplified concepts regarding the mo 
tion and interaction of gas molecules to express the gas pressure in terms of the 
quantities characterising the molecule. 
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Assume that we have a gas enclosed in a spherical tank of radius R and vol- 
ume v. Disregarding collisions between gas molecules, we may adopt the following 
simple scheme for the motion of each molecule: a molecule moves rectilinearly and 
uniformly with some velocity v, strikes the wall of the vessel and rebounds at 
an angle equal to the angle of incidence (Fig. 83). Traversing chords of equal 
length, 2R sin 0, time after time, the molecule strikes the wall of the vessel 
ene: - 5 times per second. For each impact, the momentum of the molecule changes 
4 Sin F 
by 2mv sin 0 (see p. 50). The change in momentum 


F mv 
per second is equal to = 


We see that the angle of incidence cancels out. 
If the molecule strikes the wall at an acute angle, 
the impacts will occur often, but will be weak. If 
the angle of incidence is close to 90°, the mole- 
cule will strike the wall less often, but will make 
up for it by stronger impacts. 

The change in momentum for each impact of the 
molecule on the wall contributes to the overall force 
of the gas pressure. It may be assumed in accord- 
ance with the fundamental law of mechanics 


that the force of the pressure is simply the Fig. 83 
change occurring in the momentum of all the mol- 
; mv}? mv3 i 
ecules in one second: x bes +... or, factoring out the constants, 
mM 79 a 
RM *} vor ) 


Assuming molecules are contained in the gas, we may introduce the concept 
of the average of the velocity squared of a molecule, which is determined by the 
formula 
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The expression for the force of the pressure may now briefly be written as follows: 


ary 
F = mnv 


R 


Dividing this expression by 4R?, the surface area of a sphere, we obtain the gas 
pressure: 
amv 
~~ 40R3 * 
Replacing 4%k® by 3V, the following interesting formula is obtained: 
4 = ip? 
pV =a nmv? or pV =5n() 
Thus, the gas pressure is proportional to the number of gas molecules and to 
the average value of the kinetic energy associated with the translatory motion 
of a gas molecule. 
A very important conclusion may be drawn by comparing the obtained equation 
with the equation of the gas state. Comparison of the right-hand members of the 
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equations shows that 


ae 2 mv? _ mv 3 pR » 
WRT =n (“-) or 5 ar She 


i.e., the average kinetic energy of molecular translation depends only on the abso- 
lute temperature and, moreover, is directly proportional to it. 

This conclusion shows that gases obeying the equation of the gas state are ideal 
in the sense that they approximate the ideal model of a group of particles whose 


Le 
interaction is insignificant. Further, it shows that the concept of absolute tem- > 
perature, introduced empirically as a quantity proportional to the pressure of a rare- 
fied gas, has a simple kinetic-molecular interpretation. The absolute temperature 
‘ a . . . . n 
is proportional to the kinetic energy of molecular translation. The ratio reer N 
is known as Avogadro’s number. It is the number of molecules in one gram mol- 
ecule and is a universal constant: NV = 6.02 x 103. The reciprocal quantity W is 
equal to the mass of a hydrogen atom: 

4 2 = 
My =a = 1.66 x 107% g. 
Another universal constant is the quantity 
R R 90. = 
b= ER = 1.38 x 10-15 ere/K, 
which is called Boltzmann’s constant. Thus 
mv as ay 
2 2 
If the velocity squared, v?, is represented by the sum of the squares of its compo- 
y 8q ’ ? ‘ p 
nents, v? = vz + v2 -+- v?, it is evident that the average energy for each com- 
ponent is 
4 N 
x kT. . 


This quantity may be described as the energy associated with one degree of free 
dom. 

The universal gas constant is accurately known from experiments with gases. 
The determination of Avogadro’s number and Boltzmann’s constant, which are 
expressed in terms of each other, is a relatively difficult task involving delicate 
measurements. 

These results put at our disposal useful formulas for calculating the average 
molecular velocity and the number of molecules in a unit volume. 

Thus, for the average of the velocity squared, we obtain 

— _ 3RT __ 3RT 
Sn re 


where 7 is the molecular weight. The square root of the average of the velocity 
squared is called the root-mean-square velocity: 


J 3kT SY 3RT 
Unie V = Or Dey = a 


i.e., the r-m-s velocity is directly proportional to the square root of the tempera- 
ture and inversely proportional to the square root of the molecular weight. It is 
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easily determined that at room temperature oxygen molecules have a velocity 
of 480 m/sec and hydrogen molecules—1,900 m/sec. At the temperature of liquid 
helium, these molecules would have, respectively, velocities of 40 m/sec and 
460 m/sec, while at the temperature of the surface of the Sun, namely 6,000°, 
these velocities would be 2,160 m/sec and 8,640 m/sec, respectively. These ex- 
amples are unrealistic, however, for, at the temperature of liquid helium, oxygen 
and hydrogen solidify and no translatory motion of the molecules will occur, 
while at the temperature of the surface of the Sun the molecules disassociate into 
atoms. 

We obtain the following simple expression for the number of molecules in a 
unit volume: 


n 3p. Pp 
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Avogadro's law follows from this and may be stated as follows: For equal pres- 
sures and temperatures, all gases contain the same number of molecules per unit 
volume. Thus, under normal conditions (at a pressure of 1 atm and a temperature 
of 0°C), 2.683 x 10! molecules (Loschmidt’s number) are contained in 1 em’. 


Sec. 70. INTERNAL ENERGY OF A GAS 


The properties of monatomic gases are determined by the kinetic energy of 
translation of the molecules. An atom’s internal energy does not affect the thermo- 
dynamics of the gas. Evidently, the internal energy need be considered only when 
the temperature of the gas is very high and collisions between atoms may lead 
to their excitation and ionisation. These proeesses will be discussed in detail la- 
ter on. 

Thus, the following formula for the internal energy of a monatomic gas will 
have very broad application: 


mp? 
U=N, 


where N is the number of molecules. Using the formulas of the previous article, 
we obtain for 1 mole of an ideal monatomic gas the expression 


: 3 


Hence, for the thermal capacity of 1 mole of a monatomic gas, we obtain by 
means of the formulas of Sec. 60: 


=5R 
and 
5 
Ch ai R, 


The direct proportionality between the temperature and the internal energy, 
and hence the constancy of the thermal capacities of a monatomic gas, are valid 
for quite a broad interval of external conditions. 

For polyatomic gases, such a simple picture is valid for a significantly narrower 
interval of temperatures, if valid at all. The reason for this is that the energy of 
a polyatomic molecule consists of the energy of translation, the energy of rotation 
and the energy of vibration of the molecule’s components (i.e., the molecule’s 
atoms) with respect to each other. Calculation of the average energy per molecule 
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becomes quite difficult. It turns out that the energy of a molecule is no longer 
linearly dependent on the temperature and, hence, that the thermal capacities 
are no longer constants independent of the magnitude of the temperature. Never- 
theless, it is usually possible to find a narrow interval of temperatures in which 
the thermal capacities do not depend on the temperature. This occurs for such 
values of temperature at which the average energy of the molecule is not yet suffi- 
cient for the collisions of the molecule to lead to a change in its vibratory state. 
At the same time, this energy is sufficiently large so that the discrete (quantum) 
character of the energy of rotation is not felt. Jumping ahead and referring the 
reader to Fig. 277 (p. 479), it may be stated that linear dependence between energy 
and temperature, and constancy of thermal capacity, will occur when the quan- 
tity k7’, descriptive of the order of magnitude of the translational energy of the 
molecule, is considerably greater than the distances between rotational energy 
levels and less than the distances between 
vibrational energy levels. 
If such an interval exists, the energy of 
a mole of gas and the thermal capacities 
of this quantity of gas are expressed by 
the following simple formulas: 


U = 3RT, 
Cy = 3R, 
Cy = AR. 


The doubling of the internal energy 
and c, with respect to a monatomic gas 
may be explained in the following man- 
ner. A polyatomic molecule has six degrees 
of freedom, while a monatomic molecule has three. Since there are twice as many 
degrees of freedom, there is twice as much internal energy. To be sure, there is 
nothing self-evident about this statement. However, we find support for this 
viewpoint when we consider a gas consisting of diatomic molecules. Since a diatom- 
ic molecule is a system consisting of two particles, it possesses five degrees of 
freedom (see p. 32). If the internal energy is indeed proportional to the number 


of degrees of freedom, then for a gas consisting of diatomic molecules the following 
formulas should be valid: 


Fig. 84 
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U=s> RP, e=aR and Cpa. 


Iixperiments show that in the temperature range in which the thermal capacity 
remains unchanged these formulas are quite applicable. The internal energy of 
one mole of a diatomic gas at a room temperature of 300 K is 1,500 cal = 6,250 J. 

A typical dependence curve for thermal capacity over a broad interval of tem- 
peratures is illustrated in Fig. 84. 


Sec. 71. STATISTICAL DISTRIBUTION 


Numerous events occur that cannot be predicted. These are called random events. 
The height of a young man appearing for military service, the number of pedestrians 
passing a particular crossing during certain hours, and the number of winning 
tickets in a loan lottery falling on each series of one hundred bond numbers 
are all examples of random events. The results obtained by observing numerous 
events of a single type, for example, measuring the height of a large number 
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of young people, counting the number of pedestrians per minute over a large 
number of days, or analysing the number of winning tickets for a large num- 
ber of loan lotteries, may be summarised in the form of a so-called distribu- 
tion curve. In the case of the height ofa person, the data may be processed 
in the form of numbers indicating the number of men called up for military 
service whose heights are between 170 cm and 171 em, between 171 em and 
172 cm, etc. Thus, the probability of observing a person among those called 
up who has precisely a given height (e. g., 1741.34 cm) is practically equal to 
zero. Therefore, it is better to refer only to the number of men called up 
having a height lying in a particular interval, 

In the case of the analysis of the prize list, the distribution curve may be con- 
structed on the basis of the data for the number of series of one hundred bonds for 
which there was not a single winner, for 
which there was one winner, two winners, 
etc. 

If we construct a graph, plotting the 
random quantity (e.g., height, number of 
pedestrians or number of winners) along 
the horizontal axis and the number of 
random events (e.g., number of people 
having a height lying in a particular in- 
terval, the quantity of cases of a given 
number of winners per one hundred num- 
bers, etc.) along the vertical axis, the ob- 
tained curve is a distribution curve. An Random quantity 
example of such a curve is shown in Fig. 85. Fig. 85 
The curve is drawn through the mid-points 
of the tops of the rectangles. Hach rectangle has an area equal to the number of 
times a random event occurred for the quantity lying in the given interval. 

The remarkable feature of distribution curves is their reproducibility. If we 
construct distribution curves analysing the height of young men called up for 
military service for a number of years, it will be seen that the curves are entirely 
similar. This similarity will not be found if we study the height distribution 
curves constructed on the basis of a small number of measurements. As we increase 
the number of measurements on which each curve is based, the curves for diffe- 
rent years will become more and more similar. The same holds true for the distri- 
bution curves of all events, provided the events are random and the conditions 
of the obtained curves do not change. 

We call the distribution law of one or another quantity a statistical law. It is 
more accurately given the greater the number of events used to determine each 
ordinate of the curve. 

Naturally, knowing the distribution curve does not enable us to predict the 
number of a bond that will win in the next lottery. However, we can say, for 
example, what portion of the series consisting of one hundred numbers each will 
have one winner. The greater the number of bonds used in the analysis, the 
greater the accuracy of this prediction. 

In view of the large number of molecules contained in very small volumes of 
matter, all kinds of statistical predictions about the behaviour of molecules are 
made with particularly high accuracy. A distribution curve of one or another 
random quantity plotted for the molecules of a substance will be reproduced with 
tremendous accuracy because each “rectangle” of the distribution curve corresponds 
to thousands of millions of molecules. 


Number of random events 


10% 
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Sec. 72. BOLTZMANN'S LAW 


Certain ideas about the distribution of molecules follow immediately from the 
chaotic nature of thermal motion. This applies to the velocity distribution of 
the molecules according to direction and to the volume distribution of the mole 
cules for the case when no forces act on the gas. However, there are numerous cases 
when the consequences of the assumption regarding the chaotic nature of thermal 
motion are not evident in advance. 

First, there is the question of the distribution of the molecules according to 
speed. What percentage is moving rapidly, and what percentages are moving 
with average or slow speeds? Then, there is the problem of determining how a 
uniform density distribution of molecules changes when the gas is placed in a 
field of force, say in a gravitational field—or, if the molecules have electric or 
magnetic properties, in an electric or magnetic field. Boltzmann’s law, which 
may be derived by means of the theory of probability, gives the answers to these 
and similar questions. 

Let us consider a small volume of space—a cube at point 2, y, z whose sides 
are Az, Ay, Az. Assume a considerable number of molecules to be contained 
in this cube. We shall consider those molecules having velocity components in 
the ranges from v, to v, + Avy, vy to vy -+- Av, and v, to v, + Av,. The magni- 
tudes of Av,, Av, and Av, are such that a large number of molecules are contained 
in the indicated interval of velocities. This is necessary in order to be able 
to apply the laws of statistical physics to these small volumes (physically, infini- 
tesimal volumes). In the future, we shall say that such molecules have coordinates 
in the neighbourhood of x, y, 2 and velocities in the neighbourhood of vy. Vy, Vg 
We repeat, to speak of a quantity of molecules that have exactly a given velocity 
is impermissible, for the probability of encountering such a molecule is infinitely 
small. Since the kinetic energy of a molecule is determined by the value of the 
velocity and the potential energy of a molecule in an external field depends on 
the coordinates of the molecule in space, all the molecules segregated by us have, 
practically, one and the same energy 6. 

Boltzmann’s law, based on considerations developed in courses on theoretical 
physics, gives a general expression for the number of molecules whose coordinates 
are in the neighbourhood of x, y, 2 and velocities in the neighbourhood of vx, 


Vy, Vz. This number is 
Bins 
An= Ae~@!"" Ag Ay Az Avy Avy AUz, 


where A is a constant that may be determined for a concrete problem, 7’ is the 
absolute temperature and & is Boltzmann’s constant. 

The energy in the exponent is equal to the sum of the kinetic energy of transla- 
tion of the molecule and the potential energy of the molecule in the external field: 


¢ — imv® 


kee +U. Hence, 


mov 
9 


+U 


An= Ae *T  AxAyAz Av, Avy Avze. 


This formula also applies to the case when the molecule possesses other forms 


of energy as well, for example, rotational and vibrational. These components 
of the energy must then be included in @. 
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Boltzmann’s law or, as it is al me 
the largest energy corresponds to the lowest 
and coordinates lie in the given interval. 
We shall apply Boltzmann’s law to the 
to the height distribution of par é 


80 called, Boltzmann's 


distribution. s 3 that 
Number of pe ee 


ticles whose velocities 


Solution of import 


ticles and the Velocity distr 


ant problems related 
ibution of molecules. 
Sec. 73. DISTRIBUTION OF PARTICLES WITH 


RESPEC 
IN A GRAVITATIONAL FIELD T TO HEIGHT 


If, in a liquid, there are a large number of small 
the liquid and do not dissolve in jt, at first o] 
or later these particles must fall to the bottom, 
but it would if there were no thermal motion 


Thus, the force of gravity attracts the navi. 
thermal motion, an inherent property Of all pani downwards, but the chaotic 
the action of the gravitational force, A particle moving tae ; pacanamdeas | mr kee 
a collision on the way that hurls it back upwards eae may experience 
wards and again a collision may hurl the particle a move down- 
some particle may succeed in reaching the bottom of “iipeins sidewise. While 
on the other hand, may be raised from the bottom by oe another particle, 
to the upper layers of the liquid by random a enieorn. Eenpots anid brought 
impulses. It is quite understandable that as 42 
a result some nonuniform distribution of par- a 
ticles is established. In the upper layers 
there will be the least number of particles. 
while at the bottom of the vessel there will 
be the greatest number. The heavier the par- 
ticles and the lower the temperature, the 
more will the height distribution of partie] 
be “compressed toward the bottom”, 

The quantitative aspect of this interesting 
phenomenon, occurring for all particles locat. 
ed in a gravitational field (molecules of a gas Fig. 86 
or particles of an emulsion suspended in a 
gas or liquid) becomes clear from Boltzmann’s law. We 
exponential factor in the formula for the 


Particles that are heavier than 
a It may appear that sooner 
Chis, however, does not occur— 


es 


may rewrite the 
Boltzmann distribution in the form 
mes emgh 
e 2kRT e kT : 
U, the potential energy of gravitation, has been repl 
Now, we are interested in the number of molecule 
a height between 2 and h -+- Ah, It is 


aced by the expression mgh. 
8 (of all velocities) located at 


_ ingh 
An=ne *T Ah, 
Here, the coefficient of proportionality no is simply the specific number of par- 
‘ v ‘ . . es 
ticles ~ at h = 0. Fig. 86 shows how the number of particles decreases with 
increasing height. 
The form of this relation confirms the correctness of the assertion made above 


that the greater the mass of the particles and the lower the temperature, the more 
rapidly does the curve fall. It is also evident from the curve that its rate of de- 
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erease depends on the gravitational acceleration. On different planets, the distribu- 
tion of particles with respect to height will differ. 

According to the above formula, at least a small number of molecules exists 
at every height above the Marth’s surface. This means that molecules may recede 
from the Marth and fly into space, for it is not excluded that as a result of random 
collisions one or another molecule will attain a velocity of 41.5 km/sec, which 
is sufficient, as we know, to escape from the Farth’s gravitational pull. [t may, 
therefore, be stated that the Earth is gradually losing its atmosphere. However, 
valculation of the rate of dispersion of the atmosphere shows that it is negligible. 
During the entire existence of the Marth, an insignificant amount of air has been 
lost. The situation is different as regards the Moon, where the velocity required 
to overcome gravity is ~2 km/sec. Such a small velocity is very easily attained 
by molecules and as a result the Moon has no atmosphere. 

The formula giving the number of particles as the function of height may be 
rewritten for the density of a gas or for the pressure of a gas. Since the gas pres- 
sure is proportional to the number of particles in a unit volume, the formula may 
be written in the form 

__mgh 
p=pe 


Flere, po is the pressure at zero level. This formula is called the barometric formu- 
la. It is used by meteorologists measuring atmospheric pressure at high altitudes 
to reduce the results of their measurements to “sea level”. 


Il is necessary to note yet another important application of the formula for the distribution 
of particles with respect to height, which was used for the experimental determination of Avo- 
gadro’s number by Perrin, the French scientist. In accordance with the conditions of the experi- 
ment, Perrin had to somewhat modify the formula for the distribution of molecules with respect 
to height. He studied an emulsion obtained by dissolving gutta gamba (a variety of resin) in 
water. Using a microscope, an entire mound of spherical granules could be observed in the emul- 
sion. Perrin used a centrifuge to sort the gutta gamba granules according to size. Several months 
of labour yielded 20-30 g of gutta gamba granules having a diameter of 0.74 microns. The den- 
sity of gutta gamba is D = 1.195 g/cm, i.e., the mass of one grain was equal to 7 * 107M g¢, 
lixact determination of the dimensions of the grains was no easy task. Perrin made this determi- 
nation using three independent methods: 


(1) The length ofa chain of several dozen contiguous grains was determined under a micro- 
scope. 


(2) The weight of several thousand gr 
the known density of gutta gamba. — 

(3) Stokes’ formula (see p, 166) was used to determine the dimension from 
the velocity with which a cloud of grains sinks in an emulsion. It was assumed th 


ains was measured and the dimension calculated from 


observations on 
at, in accordance 
with Archimedes’ principle, a grain sinks under the action of the force 2 sy (D—d) g, where 
d is the density of the liquid and r is the radius of the grain. When the grain sinks uniformly, 
this force is balanced by the force of viscous friction calculated by Stokes’ formula. From this 
condition, it is easy to determine r. 

There was close agr 


, oo A cement between the results of all three methods. This signified that the 
effective weight of 


: a microscopic granule floating in a liquid may be written in the form 
a ' R : ; . ae : 
mg c= aE Recalling that k = yr we obtain the following barometric formula for an 


“atmosphere” of gutta gamba grains floating in water: 


N= Noe 


ee 


The experiment reduced to the determination of the ratio of concentra 
This was accomplished by focussing the micr 
and calculating the number of particles 
changed the viscosity of the emul 
concentrations exactly agr 


tions n at equal levels. 
oscope on sufficiently thin layers of the emulsion 
in the field of vision for equal intervals of time. Perrin 
sion by a factor of one hundred and observed that the ratio of 
eed with the barometric formula. Substituting the values of no, n, h, 
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m, d, D and 7, it was possible to determine NV. It turned out that, in spite of the large changes 
in the viscosity of the emulsion and the dimensions of the grains, NV determined in this manner 
agreed excellently with the values predicted by the kinetic molecular theory. Perrin obtained 
6 102 < N <7 10%, while according to modern data N = 6.0225 405, This was highly 
reliable evidence that the Boltzmann distribution according to energy is applicable even to 
particles having a gram molecule (mass of NV particles) equal to 50,000 tons! 


Sec. 74. VELOCITY DISTRIBUTION OF MOLECULES 


The velocity distribution of molecules, first determined theoretically by Max- 
well, an outstanding Hnglish physicist, may be considered to be a consequence 
of Boltzmann’s law. 

According to Boltzmann’s law, the number of molecules whose velocities are 
in the interval from v, to vy + Avy, Vy to vy-- Avy, and v, to v, + Av, is 

mv 


An=Ce #h? Av, Av, Avz. 


It is implied that we are interested in the velocity distribution in a small volume 
of gas and that the space distribution of the molecules is taken into account by 
the constant factor C, which does not interest us at the moment. 

The above formula takes account of the distribution of the molecules with 
respect to the magnitudes as well as the directions of the velocities. However, 
we already know the distribution with respect to the directions—the number of 
molecules moving in one or another direction must be the same for complete ran- 
domness in the molecular motion. We are interested in the number of molecules 
having a speed from v to v + Av, where 


v= Vox oy + 0%. 


If we construct a three-dimensional diagram, along whose axes vy, Vy, Vz, the 
projections of the velocities of the molecules, are plotted, and consider this space 
to be divided into infinitely small cubes of volume Av,Av,Av,, the data on the 
velocity distribution of molecules may be simply represented as the numbers of 
molecules contained in a cube. Boltzmann’s formula gives us the number of mole- 
cules for each one of the cubes. However, examining the formula, we see that the 
number of molecules is the same for all cubes located within a spherical shell of 
radius v to v - Av, for only the absolute value of the velocity enters in the expo- 
nential factor of the formula. The number of molecules having velocities in the 
range from v to v + Av is proportional to the volume of the spherical shell, i.e., 
Anv?Av. Thus, if the number of molecules contained in one cube is equal to 


mov2 


Ce 78" Av, Ao, Av, 


the number of molecules contained in the spherical shell, i.e., possessing velocities 
in the range from v to Av, is represented by the formula 


mov2 


An=Ce 2hT Asp? Av. 


What then is the nature of this dependence? At v = 0 and v = oo, the number 
of molecules is equal to zero. It is evident that the curve must have a maximum. 
Let us determine in the usual manner the maximum of the factor preceding Av. 
Taking the derivative of this expression and setting it equal to zero, we obtain 
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Hence, the value of the velocity for which the distribution function has a maxi 
mum is 


2br 
a? | Gabor 


What can be said about this velocity? Since the number of molecules having 
the velocity v are plotted along the ordinate of the distribution curve, ¢ is a 
peculiar boundary. Molecules moving with velocities greater or less than c are 

encountered less often than molecules of ve. 

an locity c. 
av This velocity is called the most probable. 
The velocity distribution curve for gas mole. 
cules (Maxwell distribution) is shown in Fig. 87. 
It is interesting to compare the formulas 
for the most probable velocity and the r-m-, 

velocity: 

o trae vr a 


2kT 3kT 
a V m) and Vrms = Vv m 


We see that the r-m-s velocity is greate; 

than the most probable. The reason for this 

is evident from the form of the distribution curve. Since the curve extends 

far to the right, the root-mean-square velocity is displaced in that direction. 

Let us cite several figures characteristing the velocity distribution of gas mole. 

cules. The number of molecules with velocities close to the most probable velocity 

c is 1.1 times larger than the number of molecules with velocities close to the 

root-mean-square value, 1.9 times larger than the number of molecules with 

velocities close to 0.5c, and 5 times larger than the number of molecules with 
velocities close to 2¢ (see Fig. 87). 


Fig. 87 


Sec. 75, MEASUREMENT OF THE VELOCITIES OF GAS MOLECULES 


ven though the law of molecular velocity distribution is based on exceptional- 
ly well-founded theoretical grounds, whose validity is confirmed by a large number 
of physical facts, it is interesting to subject the distribution formula to direct 
experimental verification. 

The velocity of gas molecules can be measured in a volume only by indirect 
means. If a molecule radiates light, the velocity of its motion affects the width 
of the spectral lines (Doppler effect). 

Direct means of measurement require molecular beams. For this purpose, a 
long tube of large diameter is partitioned by two shutters having very smal] 
apertures. The gas is placed in an end compartment, whereupon the molecules 
begin, at first, to penetrate into the middle compartment and will sometimes 
even reach the compartment at the other end. Clearly, only those molecules whose 
vector velocities are directed along the axis of the tube when passing through 
the first aperture can traverse the entire length of the tube. Thus, a molecular 
beam is separated out from the gas. The velocities of the beam molecules all have 
the same direction. It is evident, however, that due to the random motion of 
the molecules, the distribution with respect to speed will be the same as for the 
molecules of any other direction of motion. 

To measure the velocities of the beam molecules, we can resort to an arrange- 
ment reminiscent of an apparatus used for measuring the velocity of a bullet. 
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Such an apparatus has two cardboard disks rigidly fixed on a shaft and rotate 
about it with a velocity o. If the bullet travels parallel to the axis of rotation, 
the disks will be consecutively pierced at two points displaced in azimuth by an 
angle @ with respect to each other. This angle corresponds to the rotation of the: 
system while the bullet traversed the distance 1 between the disks. The rotation 


time for angle @ is equal to <. Hence, the velocity of the bullet is 


. lo 
v=li—=—, 
wo 10) 

Since molecules cannot pierce disks, the analogous experiment for molecular: 
beams is performed with disks in which slits are cut along radii. The angular’ 
distance between the slits is equal to ~. Clearly, molecules of velocity v can 
pass through two slitted rotating disks only for a specific angular velocity o, 
satisfying the condition Be a Thus, by varying , we can filter the molecules. 
according to their velocities, collect molecules having the same velocities and: 
measure their relative quantities. 

The velocity distribution formulas discussed above, and hence the formulas. 
for the r-m-s and most probable values of molecular velocities, have been verified 
by numerous experiments. 


Sec. 76. PROBABILITY OF A STATE 


Let us consider a box divided into two equal parts by a partition in which an 
aperture has been cut. If there are molecules of gas in the box, they may be trans- 
ferred from one half of the box to the other as the result of random collisions 
with the walls of the container and with each other. 

In spite of the fact that the molecular motion is completely haphazard, a method 
exists for predicting how many molecules will be in the left half of the box and 
how many in the right half. This method is based on the application of the theory 
of probability. 

If there were one molecule in the box, the chances or, as we say, the probabili- 
ty, that the molecule is in the right-hand portion is the same as that it is in the 
left-hand portion. Since, in all, there are two possible cases (the molecule is either 
in the left-hand or in the right-hand portion), and we are interested in the realisa- 
tion of one of these cases, the probability of the molecule being in one half of 
the box is said to be equal to “ . Now, assume that there are two molecules in 


a 


the box, designated by the figures 4 and 2. In all, there are now four possible: 
dispositions—both molecules on the left, both on the right, molecule No. 1 om 
the left and No. 2 on the right and, finally, No. 2 on the left and No. 4 on the: 
right. We are interested in the probability of finding two molecules on the left. 


[his is one case out of four possible ones, so that the robability is equal to — 
I re 


ice., (+) _ For three molecules, the situation is as follows: 
left 1, 2,3 0 4, 2 4; 3 2, 3 3 2 1 
right 0 1, 2, 3 3 2 1 dee 2 1, 3 Dis. 


4 3 
Clearly, the probability of all three molecules being on the left is + , i.€., (+) 


It is not difficult to see that, for the case of V molecules, the probability of all 
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: ‘ F 1 \N 
the molecules being in one part of the box is equal to (=) . Whenever another 
molecule is added, it is always possible to place it either in the left-hand or in 
the right-hand part. Therefore, with each newly added molecule, the probability 
of the molecules being in one half of the cont 


ainer is obtained by dividing the 
preceding probability by two. 
When the number of molecules is still no more than one hundred, the quantity 
chy 
J 


iz] is already so small that we need no longer take account of the possibility 
that all the molecules will be located in one half of 
number of molecules in 
If the cont 


the container. However, the 
a cubic centimetre of gas is not one hundred, but about 41020. 
ainer is considered to be divided into two parts, the probability that 


2.0 
the molecules will all turn up in one half of the vessel is equal to (S)" By 
taking the logarithm, this number may be converted into the form 10-8xtol? Tp) 
put this number in decimal form, 3 % 10 zeros must be written! A person writ- 
ing at a rapid speed of three zeros per second will require 10!° sec to write this 
number, This is equivalent to 300,000 million years, which is ten times the amount 
of time our solar system has been in existence. 

Let us return to the table for the disposition of three molecules. Only for one 
disposition out of eight do all the molecules turn up on the left. Every other 
disposition is also encountered one time out of eight. It should be remembered, 
however, that the molecules are arbitrarily numbered and there is no way of dif- 
ferentiating a disposition in which Nos. 4 and 2 are on the left from one in which 
2 and 3, or 1 and 3, are on the left. Thus, compared to the one disposition in 
which there are three molecules on the left, there are three dispositions in which 
there are two molecules and the same number of dispositions in which there 
one molecule on the left. Therefore, the probability of some char 


bution existing, regardless which particular molecules produce it 
ed by the number of 
this number, 


is 
acteristic distri- 
, may be measur- 
dispositions that can produce the distribution. The greater 
the more frequently will such a distribution be encountered, i.e., 
the more probable will this distribution be. 

This example brings us to the concept of probability of a state of a body. 

At each instant the atoms of which the body is made up have certain coordinates 
and velocities. This instantaneous structure will be called a microstate. 

Any body which is in a state of equilibrium with the surrounding medium retains 
all its properties, but, nevertheless, it does not remain in one and the same micro- 
state. Due to thermal motion of the particles, the body continuously changes 
its microstates. In gases these changes are caused by translational (or progressive) 
motion, vibration, and revolution of the particles; in liquids, microstates are 
changed owing to vibrations of the particles and their transition from one surround- 
ing to another; in solids—mainly due to vibrations. In any case, the body is in 
a dynamic equilibrium. 

Passing from one microstate to another, 
one and the same state. Some of these st 
rarely, as it is clear from the abo 

[ff during a long per 


the body will repeatedly return to 
ates occur more frequently, others more 
ve considered example. 


iod of time 7 a body lived in a certain microstate for 


a 
time At, then At/T is the probability of this microstate. 
The probability of a microstate is expressed by a simple formula derived by 
J. W. Gibbs: 


Pree 
w= Ae El"? 
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where @ is energy. The constant A takes into account the number of permuta- 
tions through which a microstate can be realised. With equal A’s the probability 
of a microstate is determined by its energy. 

The form of the above formula coincides with that of the Boltzmann law. What 
is then the relationship between these two laws? The Boltzmann formula con- 
siders a large number of molecules (or bodies) at one instant and tells us about 
the energy distribution of these molecules (bodies), whereas the Gibbs formula 
is applied to one body (or molecule) which is “watched” by us for a long time, 
and yields information concerning energy distribution of this body in time. Of 
course, this is not a random coincidence. 

As it was already stated, the discreteness of a body state (quantum state) belongs 
to the principal laws of nature. Therefore, we may speak of the number of micro- 
states by which a given microstate of the body is realised. This number is called 
the statistical weight of a macroscopic state (another term for thermodynamic 
probability). 

The thermodynamic probability W is uniquely associated with thermodynamic 
functions of a body. It is easily understood that the statistical weight of a state 
increases with temperature; it increases during the processes of melting, evapora- 
tion, etc. We may assert that the greater the freedom of motion of the particles 
the body is made up of, the higher the thermodynamic probability of the state. 

We can obviously imagine the relationship between the observable (microscopic) 
quantities and the probability of microstates. It is clear that the values obtained 
for a microscopic quantity are mean values of those attained by this quantity 
for microstates. If, for instance, for the nth microstate the energy is equal to E,, 
then the mean (observed) energy 


E = w,Fy + wollg + w3ky +...- 


Of course, the probabilities w, must be normalised to unity Co) wy = 4). 


Sec. 77. IRREVERSIBLE PROCESSES FROM THE MOLECULAR VIEWPOINT 


The example of the previous article shows quite clearly that the state in which 
the molecules are distributed “uniformly” is the most probable. Any deviation 
from “uniformity” —displacement of one portion of the molecules to the left side 
of the container, disposition of the faster molecules on the left, directed motion 
of a large portion of the molecules, in short, any deviation from haphazardness 
in the space and velocity distribution of the molecules—results in a decrease in 
the probability of the state. This conclusion enables us to comprehend the kinetic- 
molecular nature of the irreversibility of actual processes. 

As was established above, the second law of thermodynamics for irreversible 
processes, i.e., the law of increasing entropy in thermally isolated systems, is 
a generalisation of experimental experience on the impossibility of certain proc- 
esses. Thus, heat cannot be transferred from a cold body to a hot one without com- 
pensation, a body cannot acquire kinetic energy merely at the expense of a decrease 
in the internal energy of the surrounding medium, and a gas may expand of itself 
but not contract. 

The existence of irreversible processes is a peculiarity of molecular phenomena. 
For a purely mechanical phenomenon, i.e., a process without friction, the process 
may always be reversed. When a pendulum moves to the right, it passes in reverse 
order through all the states passed in moving to the left. A billiard ball rebounding 
from the side of the table in some direction or other will, in turn, rebound from 
an elastic wall placed in its path and retrace in reverse order the entire path tra- 
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versed in the “forward” direction. The complete equivalence of “forward” and “back— 
ward” is evident for purely mechanical processes. Why then do molecular processes, 
which we have considered as the totality of the movements of the molecules, not 
possess the property of reversibility? There is only one reason. In all irreversible. 
processes, the probability of the state increases. A reversible process is a conceiv- 
able process, i.e., its implementation is in principle possible, but for the time 
available to a person for observation such a process is, practically speaking, 

improbable. 

This is not difficult to show for any irreversible process. Heat transfers fron» 
a hot body to a cold one, but not vice versa. In the case of gaseous bodies, such 
a process may be visualised as a mixing of fast molecules with slow ones. The 
reverse process cannot occur according to the random law, for it would constitute 
a sorting out of fast and slow molecules, i.e., a transition to a more orderly state. 

For the same reason, using a shovel, we can quite rapidly mix the contents of 
two sacks of different grain. However, we can continue to mix the contents of 
these two sacks endlessly without the grain separating in such a manner that 
one of the grain varieties appears above and the other below. [t should be realised, 
moreover, that the number of kernels in the sacks is immeasurably less than the 
number of molecules in a cubic millimetre. 

It is also easily seen that the reverse process of spontaneous expansion of a 2as 
is completely improbable. If in the partitioned box considered above there is gas 
on the left and vacuum on the right, both parts of the box will be uniformly filled 
with gas within a short time. In principle, it could occur that all the molecules 
turn up together again on the left. However, the probability of such an event is 
extremely small. Its value has been shown to be equal to (+)". 

No matter which irreversible process we consider, the result wil] always be 
the same—each irreversible process is accompanied by an increase in the probabil- 
ity of the state. 

Thus, there are two quantities that increase during irreve 
the entropy S$, with which we are already familiar, and the probability of the 
stale W, which we have just discussed. It is natural that these two physical quan- 
tities should be related. Boltzmann showed that such a relation does, in fact. 
‘In W, i.e., the entropy is 
proportional to the logarithm of the probability of the state. 

The second law of thermodynamics thus acquires still another formulation: 
in reversible processes, the probability of the state does not change, while in 
irreversible processes (we are referring to closed systems) the probability of the 
state increases. 


Sec. 78. FLUCTUATIONS, LIMITS TO THE APPLICATION OF THE SECOND LAW 


All physical properties remain unchanged if the space and velocity distribu- 
tions of the molecules do not change. In principle, the distribution of the molecules 
of a substance may change with time. However, as we have indicated above, 
the most probable distributions stand out so sharply that deviations from these 
distributions must be considered to be very rare events. The physical character- 
istics corresponding to this most probable distribution are called the average 
characteristics. Practically, the deviation of a measured physical characteristic 
from its average value for systems having large numbers of molecules is impossible 
to observe. This is the situation when the physical properties are being considered 
for volumes containing large numbers of molecules. However, if the number of 
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particles in a system is small, it is also possible to observe rarer space and velocity 
distributions of molecules. The values of the physical characteristics corresponding 
to these rarer distributions differ from the average values. These deviations of 
the physical characteristics from their average values, which occur in systems 
having a relatively small number of particles, are called fluctuations. All properties 
of volumes containing small numbers of molecules—e.g., temperature and pressure, 
thermal capacity and thermal conductivity—are subject to fluctuations about 
the average values. 

This question may be approached somewhat differently. If a tiny mirror suspend- 
ed from a thin string is placed in a gaseous medium, then, from the macroscopic 
standpoint, the pressure of the gas acting on the mirror cannot manifest itself, 
for the forces act on all sides equally. In principle, from the molecular standpoint, 
the changes in momentum due to the impacts of the molecules on the mirror do 
not necessarily have to balance for the different portions of its surface. A light 
mirror may thus begin to execute fluctuational vibrations. As was stated above, 
for any particle (molecule, Brownian particle, pea), the energy of thermal, random 


; : 1 rf , ‘ a 
motion is equal tox k7 for one degree of freedom of motion. And this is the 


energy, on the average, falling on the mirror. On the other hand, the work of rotat- 
ing the string by an angle Ap is equal to MAq. Therefore, angular deflections 
of the order of magnitude Aq ~ re will occur quite often. 

Such fluctuations are indeed observed and their measurement may be used for 
the experimental determination of Boltzmann’s constant and, hence, of Avogadro's 
number. 

Fluctuational effects limit the accuracy of measurements. A pointer, mirror, 
or any other indicating device is subject to fluctuations. At room temperature, 
the accuracy limit in energy units is about 10-°° J. In the construction of many 
instruments such accuracy has not yet been achieved, but in some of the best 
measuring devices it already has. 

Fluctuations limit the applicability of the second law of thermodynamics. 
They represent processes in which the system passes from a more probable state 
to a less probable one, i.e., processes in which the entropy decreases. 

This is excellently illustrated by Brownian movement, where the pressure 
fluctuations occur in small volumes and affect individual particles. Due to these 
random pressure vibrations, a particle may, for example, be impelled upwards. 
However, motion against the force of gravity requires work. In this case, the work 
is performed at the expense of the random, thermal motion of the molecules, i.e., 
only at the expense of the internal energy of the substance, which is at complete 
variance with the second law of thermodynamics. 

Although phenomena for which the entropy decreases occur at times in individ- 
ual small volumes, i.e., the second law of thermodynamics is contradicted, the 
system as a whole will always obey this law. Due to the randomness of the events, 
the number of processes occurring at the expense of the internal energy will be 
exactly equal to the number of processes occurring in the reverse direction. It can 
be rigorously proved that any attempt to create a perpetual engine of the second 
kind by “selecting” in individual small volumes processes that contradict the 
second Jaw will end in failure. 

The second law of thermodynamics has a limit at the other end of the scale as 
well. In addition to being inapplicable to systems having a very small number of 
particles, it loses validity for systems having an infinitely large number of parti- 
cles, namely, the universe or any of its infinitely large components. As was ex- 
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plained above, the essence of the second law of thermodynamics consists in the fact 
that the number of equilibrium states is overwhelmingly greater than the number 
of nonequilibrium distributions. However, for the universe, which consists of an 
infinitely large number of particles, this statement loses its meaning, for the num- 
ber of equilibrium states and the number of nonequilibrium states are both infinite 
ly large. Consequently, for the universe as a whole, one cannot speak of the dif 
ferences in the probability of states. 


CHAPTER 13 


Processes of Transition to Equilibrium 


Sec. 79, DIFFUSION 


A body interacting with its medium changes its state so as to come into equi- 
librium with the bodies surrounding it: its internal energy tends to a minimum, 
while its entropy increases and becomes a maximum when equilibrium is established. 
These two tendencies are usually conflicting. As a result it is difficult to predict 
the effect when both energy and entropy are capable of changing. Let us now 
consider the phenomena of diffusion, thermal conductivity and internal friction 
occurring in closed systems. In other words, we are concerned with equalisation 
of the concentrations, temperatures and velocities of some parts of a body with 
respect to others. (Naturally, equalisation of velocities is meaningful only for 
liquids and gases.) Since the energy cannot change in such systems, the transition 
to a state of equilibrium consists only in an increase in entropy. 

The basic laws for the phenomena of diffusion, thermal conductivity and internal 
friction are very similar. Let us first consider diffusion processes. It is immaterial 
whether we deal with the equalisation of the concentration of a gas or a liquid. 
Our discussion will even be valid for solid solutions (see p. 490), since in this 
case too the tendency to maximum entropy makes the atoms or molecules of a 
substance intermix so that a single concentration is established in all parts of 
the body. 

Let us consider two physically close, infinitely small volumes of a substance 
whose concentrations of diffusing atoms (or molecules) are ¢ and ¢ + de. If these 
two volumes are a distance dz apart, the ratio - gives the rate of change of con- 
centration. This ratio is called the concentration gradient. If the x-axis is chosen 
so that its positive direction coincides with the diffusion direction, then will 
be a negative quantity. Substance will migrate in the direction of lower concentra- 
tions. 

This does not mean that all the molecules move in one direction in a continuous, 
uninterrupted stream. On the contrary, diffusion maintains to a considerable extent 
the haphazard features peculiar to molecular motion. The molecules move haphaz- 
ardly in all directions, including the direction of greater concentration, but the 
probability of molecules being displaced in the “correct” direction is ereater than 
for other directions. This means that through an area perpendicular to the flow 
more particles pass in the direction from greater concentration to less concentra- 
tion than the other way round. 

The basic law of diffusion states that the flow of matter u, i.e., the mass of 
matter passing through a unit area per unit time, is directly proportional to the 
negative gradient of the concentration: 


de 


D, the constant of proportionality, is called the coefficient of diffusion. The above 
relation is convenient since the coefficient of diffusion is, within broad limits, 
a constant for a given substance and medium. 
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In measuring the concentration and the flow of matter, the units should cor- 

espond. Thus, if the concentration is measured in grams per cm®, the flow should 

P be measured in grams per cm? per sec. We see 

then that the dimensions of the coefficient of 

diffusion are completely determined and in the 
CGS system are expressed in cm2/sec, 

A decrease in concentration usually follows a 
sagging curve as shown in Fig. 88. If we are inte- 
rested in the portion for which the decrease in 
concentration may be represented by a straight 
line, then 


= ae 
tana= 2 <0 


w= ssf) Co C4 


sf L_y—2y 
where c, and c, are the values of the concentra- 
Fig. 88 tions at points 2, and z,, respectively. 


The coefficients of diffusion vary within broad limits. For example: 
(1) for gases at temperatures from 0° to 15°C: 


hydrogen + oxygen, D == 0.778 cm?/sec; 
airy — oxygen, D = 0.178 cm?/sec; 
air -» carbon disulphide, D = 0.099 cm2/sec; 


(2) for solutions of blue vitriol diffusing in distilled water (where c is in gram equivalents 
sper litre): 


c D (cm2fday) 
0.4 0.39 
0.5 0.29 
0.95 0.23 


‘Sec. 80. THERMAL CONDUCTIVITY AND VISCOSITY 


The temperature equalisation process is very similar to that of diffusion. If 
the temperature of a body differs at different points, the entropy is not a maximum. 
In order for equilibrium to be established, the average velocities of the molecules, 
and hence the temperatures, must become equalised. 

If the temperatures at two neighbouring points separated by a distance do 
ae 7 and 7-+-dT, the ratio = expresses the rate of temperature drop and is 
‘called the temperature gradient. 

During the process of temperature equalisation, portions of the body having 
more energy give up energy to portions of the body having less energy. In a cet 
tain sense, heat “flows” from one portion to another. The amount of heat passing 
from one portion of the body to another through a unit area per unit time is called 
the heat flow q. Just as in the case of diffusion, one can assume that the heat flow 
is proportional to the negative temperature gradient. The greater the temperature 
difference, the more rapid the heat flow. The formula 

aT 


as 


is convenient here too since the constant of proportionality *, which is callec 
the coefficient of thermal conductivity, is a constant for a given substance and does 
not depend on the magnitude of the heat flow. For a linear temperature drop, th) 
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formula assumes the simplified form 

T,—T 
g=—x— 1 

Ly— 2 

It is not difficult to determine the dimensions of the coefficient of thermal 
conductivity. In the CGS system, this coefficient is measured in cal/(em sec K). 
It is evident from the formula that x is the heat flow per second through an area 
of 1 cm? when the temperature drops 4 K over a distance of 4 cm. 


The values of the coefficient of thermal conductivity, just as in the case of the coefficient of 
diffusion, vary within broad limits. 

For example: 

(1) for solid bodies (0°-48°C): cork—0.00012, wood—0.0008, fused quartz—0.0033 and sil- 
ver—1.06 cal/(cm sec K). 

(2) for liquids: carbon disulphide (14°C)—2 x 10-1, sulphuric acid 30% (32°C)—62.4 x 
x 10-4, mercury (0°C)—0.2 cal/(cm sec K). 

(3) for gases (0°C): carbon dioxide—3.4 x 10-5, air—5.7 x 10-5, hydrogen—40.6 x 
* 10-5 cal/(em sec K). 


The third phenomenon of this class relates to the equalisation of velocities. 
If a gas or liquid moves in some direction or other so that different layers of the 
substance move at different velocities, the motion is unstable. Sooner or later, 
the velocities must become equalised—the slower layers are accelerated and the 
faster ones are retarded. This phenomenon is also called internal friction or viscosity. 
It is typical for all substances except helium II (see Sec. 256). 

Let us consider a liquid or gas moving along an x-axis. Assume that different 
layers of the fluid are moving at different velocities. Along the y-axis, perpendicu- 
lar to the direction of flow of the liquid or gas, take two close points separated by 
the distance dy. The velocities of flow differ at these two points by dv. Thus, 
the ratio 5. is the gradient of the velocity and expresses the rate of change of the 
velocity as we move away from the surface of the fluid. To make this clear, con- 
sider a rapid stream. The velocity of flow is a maximum at the surface and eradual- 
ly decreases as the bottom of the stream is approached. 

If at some instant we eliminate the causes of the fluid motion, the velocities 
of the different layers will begin to be equalised in accordance with the law of 
increasing entropy. In order for such an equalisation to be possible, an internal 
frictional force must exist between the layers of the liquid or gas. The magnitude 
of this force per unit layer area is proportional to the gradient of the velocity, i.e., 


Here, » is the coefficient of viscosity (or internal friction). Its dimensions in the 
CGS system are g/(cm sec). Such a unit is called a poise (P). In the SI system 
N & sec/m? = 10 P. 


The viscosity of different bodies varies within even broader limits than the two analogous 
coefficients considered above. For example: 

(1) Solid bodies: glass (710°C)—4.5 * 10!, glass (420°C)—4 x 1014, lead (9°C)—4.7 * 104, 
ice (—14°C)—8.5 x 102 P, : 

(2) Liquids: ethyl ether (25°C)—0.0022, water (20°C)—0.01, glycerine (0.8% water, 18°C)— 
13.93 P. 1h, 

(3) Gases: hydrogen (0°C)—8.49 x 40-5, air (0°C)—17.19 x 10-5 P, 

It is interesting to note that hydrogen has one-half the viscosity: of ‘air and seven times its’ 
thermal conductivity. That is why hydrogen is used to cool powerlul turbogenerators. 


11~—01028 
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Sec. 81. RATE OF EQUALISATION 


We all know that the time it takes for equilibrium to be established varies 
within broad limits. The temperature of a red-hot piece of iron thrown into water 
and the temperature of the water become equalised rapidly. On the other hand, 
the temperatures of air and a hot brick become equalised slowly. Nitrogen diffuses 
almost instantaneously in oxygen, while the equalisation of the concentrations 
of a solution of blue vitriol takes many days. Similarly, the equalisation of veloc- 
ities also varies within broad limits, depending on whether we are dealing with 
a gas or a viscous liquid. 

A universal formula for the time of equalisation cannot be given, for the geome- 
try of the object affects the time. A cooling body may have the form of a cylinder 
or a plate; a diffusing gas may initially be within a small spherical volume or 
distributed over some surface; and the internal friction may occur in pipes of 
various cross-section or in open reservoirs. The particular circumstances must be 
taken into account in each case and exact calculation of the value for the time 
of equalisation is a difficult mathematical problem. However, we can abstract 
from the geometric details and try to solve the problem in general form if we 
abandon the aim of obtaining an exact formula and are content to merely deter- 
mine the proportionality between the physical quantities. In this connection, 
it is helpful to consider the dimensions of the physical quantities that should be 
related to each other. 

Let us consider, for example, the phenomenon of diffusion. It is evident that /, 
the time of concentration equalisation, depends, in the first place, on the dimen- 
sions of the region in which the diffusion occurs (characteristic length L) and the 
properties of the diffusing substance (characterised by the coefficient of diffusion D). 
The diffusion equation has the form p = — The dimensional equation 
is then 

M 
rp = Wize. 


[2 ‘ L? 
We see that 7 = im i.e., the time of equalisation t = K — 


D 
depend on the coneentration. 


Therefore, the following conclusion may be drawn: every rigorous solution 
determining the time of concentration equalisation for diffusion processes will 
always yield the equation 


and does not 


where K is a constant, dimensionless quantity depending on the geometric 
conditions of the problem. The quantity L, on whose square the speed of con- 

centration equalisation depends, refers to the geometric dimension of the region 
in which the equalisation occurs. Thus, if the concentration becomes equalised 

within the limits of one centimetre in, say, 10 sec, then, within the limits of 
two centimetres, it will become equalised in 40 sec. 

We can solve the problem of temperature equalisation in exactly the same 
manner. The basic relation of this phenomenon includes the following quantities: 
heat, coefficient of thermal conductivity, temperature and distance. However. 
the increment of heat per unit volume may be written in the form 


dq = pc, aT, 
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where c, is the specific heat at constant pressure and p is the density (thus, c,o 
is the thermal capacity of a unit volume). Therefore, the following quantities 
must be related to each other: temperature, length, time, density, thermal capac- 
ity and thermal conductivity. It is easily verified that the time t cannot depend 
on the temperature and can only be expressed by the other quantities as follows: 


L0ep 


x 


Thus, the time of temperature equalisation is expressed by the formula 
L 
t= K x ’ 


where y designates the combination of constants oe, Fhe quantity x is called 


the thermometric conductivity and has been introduced in order to put the formulas 
for the equalisation of concentration and temperature in similar form. The coeffi- 
cients of diffusion and thermometric conductivity have the same dimensions and 
are completely analogous in the two equalisation phenomena considered. 

We thus see how the cooling of a body is determined. The greater the density 
and thermal capacity, and the smaller the coefficient of thermal conductivity, 
the slower the process. 

Example. Let us compare two rods of identical dimensions made of fused quartz and silver, 
respectively. For quartz, x = 0.0033 cal/(cm sec K), = 2.65 g/cm3, and Cp = 0.1844 cal/(g K), 
i.e., y = 0.676 % 10-* cm?/sec. For silver, x = 1.06 cal/(cm sec K), p = 10.5 g/cm? and cy = 
= 0.0558 cal/(g K), i.e., y = 1.71 cm*/sec. Thus, the equalisation of temperature in the quartz 
rod takes 253 times longer than in the silver rod. 


Just as for diffusion, equalisation of the temperatures is characterised by a 
dependence on the square of distance, i.e., the time of equalisation is proportional 
to the square of the linear dimension of the region. 

Without going through an analogous procedure, let us write the formula for 
the time of velocity equalisation for the various parts of a liquid or ghs. It is not 
surprising that the form of this relation is similar, namely: 


oy oe 
Vv 


The coefficient v, whieh determines the rate of equalisation of the velocities, is 


equal to and is called the kinematic viscosity. 


Example. For water, ) = 0.01 P and p = 1 g/em3, i.e., v= 0.01 cm/sec; for glycerine, 
1 = 18.9 P and p = 1.25 g/cm’, i.e., v = 11.1 cm/sec. This means that if a disturbance in gly- 
cerine is equalised in 0.1 sec, the same disturbance in water will be equalised in about 2 minutes. 


Sec. 82, STEADY PROCESSES 


If a body is left undisturbed, the differences in temperature concentration and 
velocity of the various parts of the body will be equalised, to be sure, in accordance 
with the principle of increasing entropy. However, it is also possible to have 
a state of a body for which, over a prolonged period, the flow of heat or matter, 
or the velocity distribution of various parts of the body with respect to each other, 
remains unchanged. Processes of this type are called steady processes. Naturally, 
in the case of a steady process, the body is not in a state of equilibrium. 


4i* 
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Under what conditions are such processes possible? Let us consider a metallic 
rod to which at each instant of time, a certain quantity of heat is supplied at one 
end of the rod, while the other end is in thermal contact with a cold body. The 
condition under which the temperatures along the rod will not change, i.e., the 
condition of constant temperature gradient along the entire path of heat flow, 
is that the quantity of heat absorbed by the cold body be exactly equal to the 
quantity of heat supplied by the hot body during the same period of time. 

Under analogous conditions, a steady diffusion process is also possible. To 
create such a process, a certain quantity of matter must be supplied to one part 
of a body and the same quantity must be removed from another part. In this 
manner, a constant difference of concentration is maintained between two parts 
of the body. 

A steady viscosity process may be obtained, for example, in the region between 
two coaxial cylinders rotating at different velocities. Since close to the solid sur- 
face the liquid or gas has the same velocity as the solid wall, a constant velocity 
gradient is created within the fluid. 

Steady processes do not arise immediately. A certain amount of time must elapse 
for such processes to become established. 

Let us assume that one end of a rod that transmits heat is placed in snow. At 
the initial instant, the temperature of the rod is equal to zero at all points. If the 
other end of the rod is then brought into thermal contact with boiling water, the 
temperature begins to rise throughout the rod, but, of course, not at the same rate 
at all points. Almost immediately, a high temperature is established at the end 
of the rod that is in contact with the boiling water. The temperature of the end of 
the rod that has been placed in snow will rise slowest. After a certain period of 
time, the temperature will cease rising at all points of the rod and a definite tem- 
perature distribution becomes established, i.e., the process becomes steady. The 
nature of the temperature distribution depends on the amount of heat supplied 
(or removed) per unit time. 

In an electric iron heated by a spiral element, the highest temperature is in 
the central region and the temperature gradually drops towards the outer edges. 
Naturally, the air immediately surrounding the iron is hottest. With increasing 
distance from the iron, the temperature falls more rapidly owing to the low thermal 
conductivity of air. 

In the case of small bodies in air or liquid, the temperature curve need not be 
considered in rough calculations, i.e., it suffices to deal with the temperature 
difference 7 — 7’) between the body and the medium. The heat flow per unit time 
from the body to the medium may then be assumed to be proportional to this 
temperature difference: 

g=k(T — To). 


The coefficient k is called the coefficient of thermal output and is an important 
engineering quantity. In courses on heat engineering, values for this coefficient 
are determined and related calculations discussed. 

Let us designate by P the power supplied to a body, e.g., electric power in the 


case of an electric iron. The condition for a steady process requires that 
P =k(T —T»). 
; . ‘ P 
Here, T is the body temperature established in this steady process: 7 = To + zr: 


It may vary considerably, depending on the power supplied and the conditions 
of heat exchange. 
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It is appropriate at this point to comment on the temperature indicated by 
a thermometer placed “in the sun”. The thermometer is involved in the steady 
process of transferring solar heat to the surrounding air. Depending on the value 
of the coefficient of thermal output, the thermometer lying in the direct rays of 
the sun may indicate any value whatsoever. The temperature measured under such 
conditions is the temperature of the thermometer and is in no way an indicator of 
the weather. 

We shall not consider the analogous diffusion problems. 


Sec. 83. MOTION IN A VISCOUS MEDIUM 


Consideration of the dimensions of physical quantities helps to solve problems 
of tremendous practical importance. One such problem is the steady flow of a 
liquid or gas around an obstacle or, what amounts to the same thing, the steady 
motion of a body in a medium. 

The most important problem concerns the resistance force experienced by a body 
in moving through a medium. This resistance force may depend on the body di- 
mension L, the body velocity u, and properties of the liquid (or gas), namely, 
its density p and viscosity y. Other quantities should play no part in this process. 

Let us first consider the dimensionless quantity comprised of L, u, p and ». 


It will be recalled that the kinematic viscosity, v = ba has the dimension L277). 
But the product Lu also has this dimension. Therefore, 
Re =! _ 44 
y Vv 


is a dimensionless quantity. This quantity is designated as indicated and is called 
the Reynolds number. It can be shown that Re is, in effect, the only dimensionless 
combination of the indicated quantities. Other dimensionless quantities can 
only be functions of the Reynolds number, i.e., f (Re). If the motions of different 
bodies in different fluids lead to one and the same value for Re, the motions are 
said to be similar. A large technical field founded on the principle of similitude 
has developed. In this field, the characteristics of a phenomenon are determined 
on the basis of observations of a similar phenomenon occurring in a model. 

Let us now return to the problem raised above, namely, finding the expression 
for the resistance force experienced by a body moving in a medium. 

The dimensions of force are given by MLT~. This can be equated to the dimen- 
sions of the quantities with which we are dealing, since it cannot depend on any 
other quantities. Thus, 

MLT~ = (p]* Jul? (LV (al 
i.€., 
PD A ie mee hal aml Be ial a a aa i 
Hence, 
at+tS=1, —3a+B+y—S=1, —p—5= —2. 
Expressing a, Bh and y in terms of 6, we obtain 
a=1—6, p=2—6, y=2—6. 

Thus, in the most general case, * may be expressed in the form cf a sun of terms, 
each of which has the indicated dimensions, i.e., 

F=A[p!~6u2-0L?~ nd] = peed [ (2) |, 
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where A represents numerical coefficients. We have thereby demonstrated that 
the force must be given by the formula 


F = Kou®L*f (Re). 


This result has been obtained only by considering the dimensions! The function 
f (Re) is not known and must be determined experimentally. 

Definitive formulas for limiting cases may be obtained by simple reasoning. 
If the velocity is small, F must be proportional to the first power of the velocity w. 


For this to be true, f (Re) must be equal to a and, therefore, 


F = KnuL. 


The numerical value of the constant depends on the form of the body. For a 
sphere, 


F = Onur, 


where r is the radius of the sphere. The last formula is known as Stokes’ formula. 


Example. A mercury globule (r = 0.53 mm), sinking in glycerine with a velocity of 0.6 cm/sec, 
experiences a force of friction of about 8 dynes. 


In the case of very large velocities, the fluid motion with respect to a body 
ceases to be steady. Eddies appear and the motion becomes turbulent. The body 
motion may be steady, but the fluid particles move more or less randomly. Owing 
to the intense nature of the disturbance, the transfer of motion from layer to 
layer ceases to depend on the viscosity. This can only occur if f (Re) approaches 
a limit as the velocity increases. Therefore, for large velocities, the resistance force 
becomes proportional to the velocity squared: 


F = Kouw®L?. 


Sec. 84, COEFFICIENTS OF DIFFUSION, VISCOSITY 
AND THERMAL CONDUCTIVITY FOR GASES 


The processes of equilibrium establishment in gases are closely related to the 
characteristics discussed in the previous article. Temperature, concentration and 
velocity equalisation of some parts of a gas with respect to others occur owing 
to the mixing of the molecules. The rate of this mixing is determined by the role 
played by collisions between particles. For example, in case of a large free path, 
the fast molecules quickly penetrate into the regions where the slow molecules 
are located and distribute themselves throughout the gas. 

It is quite natural that the time of equalisation in all three processes should 
be of the same order of magnitude as the time between molecular collisions. This 
may be verified by theoretical calculations for particular cases, but we shall not 
concern ourselves with this problem. 


Taking the equation for the equalisation time to be t = - , whereby a dimen- 


sionless constant of proportionality whose order of magnitude is usually equal to 
unity is omitted, we obtain on the basis of Sec. 84 perfectly identical expressions 
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for the coefficients of diffusion,* kinematic viscosity and thermometric conductiv- 
ity (assuming LD xl): D~v~ yw vl. 
The following table indicates the accuracy obtained: 


air hydrogen 
v=043 v=0.94 
¥=0.18 y= 1.3 
vl=0.27 vl=1.9 


These results should be considered good. Agreement within an order of mag- 
nitude cannot be viewed as accidental when it is recalled how greatly the quan- 
tities with which we are dealing vary. 

Using the expression for the coefficient of thermal conductivity in terms of the 
thermometric conductivity, we obtain 


MCpv 
Rt Pilly oy 


where m is the mass of a molecule. 

In this formula, , the number of molecules in.a unit volume, has cancelled out. 
It follows, therefore, that the thermal conductivity of a gas does not depend on its 
density and, hence, pressure. We should carefully note this unexpected, but nev- 
ertheless perfectly correct, conclusion. Increasing the density of gas does not 
lead to an increase in thermal conductivity. 

Another prediction may be made on the basis of the formula for the coefficient 
of thermal conductivity. Since the effective cross-section and the thermal capac- 
ity hardly depend on the temperature (generally speaking, o decreases slightly 
with increasing temperature), and the thermal velocity is proportional to / 7, 
the coefficient of thermal conductivity should be proportional to the square root 
of the temperature. 

The data presented below indicate the accuracy of these two predictions. For 
example, for nitrogen at 0°C, 325°C and 500°C: 


M3 i Xo i Xy = 1.938 34.65 : 4, 
VTs:V To: VTi =1.68 : 1.48 : 4. 


We see that the thermal conductivity increases with temperature somewhat 


more than proportionally to V 7. This is due to changes in the cross-section and 
thermal capacity. As can be seen, the thermal conductivity is independent of 
pressure in a very broad interval. 

Similarly, the dynamic viscosity y ~ pul also does not depend on the pressure 
and density of the gas. The temperature dependence of the viscosity of an ideal 
gas should be the same as that of the thermal conductivity, i.e., the same pro- 
portionality should exist. A numerical example will help to fix this point 

For nitrogen (7; = 273 K, T, = 289K, T, = 296 K): 


M3? Ne: ni = 1.06 : 1.04: 4, 
VTs:V Te: VTi = 1.04: 1.03 34. 


— 


* It should be kept in mind that, in addition to the concept of diffusion of one substance in 
another, there is the concept of self-diffusion, i.e., the motion of molecules among similar mole- 
cules, e.g., the diffusion of hydrogen in hydrogen, oxygen in oxygen, etc. Investigation of this 
phenomenon became possible after the technique of radioactive tracers (atoms and, hence, 
molecules) was introduced. 

Thus, D is here the coefficient of self-diffusion. 
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The viscosity of a gas remains amazingly constant with changing pressure. When 
the pressure of CO, changes by a factor of 380—from 2 mm to 760 mm of mer- 
cury—the viscosity practically does not change. It remains at all times equal to 
14.8 x 10-5 P—to within an accuracy of one unit in the third figure. 


Sec. 85, ULTRA-RAREFIED GASES 


When the free path length in a gas is greater than the linear dimensions of the 
vessel, we say the gas is ultra-rarefied. Under normal conditions, the magnitude 
of the free path length is of the order of 10-° cm and is inversely proportional to 
the density. Therefore, at a pressure of the order of 10-4 mm of mercury, the free 
path length is measured in tens of centimetres. For vessel dimensions of about 
10 cm, a vacuum or ultra-rarefied gas is obtained at such a pressure. 

It should be noted that even in a vacuum the number of molecules per unit 
volume is large. For the pressure indicated above, 1 cm® of gas contains tens of 
thousands of millions of molecules. 

When molecules cease to collide with one another, and collide only with the 
walls of the vessel, the gas acquires certain special characteristics. A number of 
concepts become meaningless under such conditions. Thus, it is no longer possible 
to speak of the internal friction of the gas molecules, since there can be no mole— 
cular layers exchanging velocities in the gas. It is no longer possible to speak of 
the pressure of one part of the gas with respect to another (however, the concept 
of gas pressure against the walls of the vessel retains its meaning). Also, the con-— 
cept of heat exchange between different parts of the gas and, in general, all con— 
cepts related to interaction between different parts of the gas become meaning-— 
less. An ultra-rarefied gas interacts only with bodies within the gas. 

It will be useful to illustrate by means of examples the specific character of 
vacuum as a special physical state of a gas. 

What is the expression for the heat flow from one plate to another when these 
plates have different temperatures 7, and 7’, and are located in a vacuum? The 
essence of heat exchange in this case consists in the following: gas molecules 
strike a wall and rebound from it with an average velocity corresponding to the 
temperature of this wall. As regards the expression for the heat flow, examining 
the familiar formula 

qa BS? — pevit : T. f 


we see that the change consists in the fact that the role of free path, length is now 
played by L, the distance between the walls. Therefore, the expression for heat 
flow should assume the following form in the case of ultra-rarefied gases: 


q = pcv (Ty — T 2). 


According to this formula, when ultra-rarefied gases are rarefied still further, the 
heat flow should decrease after the free path length becomes comparable to the 
linear dimensions of the vessel. And this is precisely what experiment shows to be 
the case. 

Also peculiar to an ultra-rarefied gas are the equilibrium conditions for a gas 
in two communicating vessels at different temperatures. In the case of a usual gas, 
the gas pressures in both vessels are the same at different temperatures, but the 
gas densities are different, i.e., they are inversely proportional to the tempera- 
tures. Equality of pressures is necessary for equilibrium, for otherwise gas molecules 
will be knocked from one vessel into the other as a result of molecular collisions. 
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In the case of a vacuum, the situation is completely different. In this case. no. 
collisions occur between molecules and as a result the molecular flow between 
vessels is not impeded. The equilibrium condition consists in equality of molecular: 
fluxes. If there are n particles in a unit volume and the particles move with a veloc- 
ity v, then nv molecules pass through a unit area per unit time. Thus, for equi- 
librium, 7,v; = Mgvg. Since the number of molecules in a unit volume is propor- 
tional to the pressure divided by the temperature (this follows from the equation 
of state for an ideal gas) and since the molecular velocity is proportional to the. 
square root of the temperature, the condition for equilibrium assumes the form 


ag 24 Ay Ps 
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Thus, it is not the pressures that are equal, but rather the ratios of the pressures. 
to the square root of the temperatures. If the gas density is increased, the pressures: 
gradually begin to be equalised and the usual equilibrium condition is obtained, 
when the free path length becomes sufficiently small. 


PART TWO 


Electromagnetic fields 


CHAPTER 14 


Electric Fields 


Sec. 86. VECTOR PROPERTIES OF ELECTRIC FIELDS: 
INTENSITY AND DISPLACEMENT 


The presence of an electric field in a region may be recognised by a variety of 
properties. Thus, an electric field creates a force that acts on electric charges. Also, 
it can induce electric charges on the surface of a neutral metallic body. 

By measuring the force acting on a charge g, one can show that the force F has 
different magnitudes and directions at different points in space, and at a given 


point is proportional to qg. Hence, it is possible to describe an electric field by its 
intensity E, which is defined as follows: 


The stipulation should be made that q must be small. Then, E may be measured 
at points in space that are sufficiently close to each other and the field created by 
charge q does not noticeably distort the measured field. 

A vector field is frequently characterised by so-called vector flow lines. The 
tangent at each point of such a line coincides with the direction of the vector at 


this point. This also holds for electric fields, which may be characterised by vector 
flow lines of electric intensity EF. 


Numerical examples. 1. The electric field intensity of an incandescent wire is tens of volts per 
centimetre. ig 

2. The electric field intensity of the Karth close to its surface is ~4100 V/m — au oo® 
units. 

3. The electric field intensity of a hydrogen atom’s nucleus at a distance corresponding 0 
the radius of the electron’s “orbit” is 19.2 x 10° CGS units = 57.6 x 10! V/m. 

4, The electric field intensity at which air breakdown occurs is 30 kV/em = 100 CGS units. 


An experiment for the determination of the charge induced by a field may be 
conducted using two small metallic plates fastened to an insulated handle as 
shown in Fig. 89. Such plates are called Mie plates—after the German physicist 
G. Mie. Placing the pair of closely spaced plates in a field, and then carefully rotat- 
ing them, positive charge may be accumulated on one plate and negative charge 


on the other. Moreover, the quantity of induced electricity may be measured by 
an electrometer or ballistic galvanometer. 


IEE '“=« eee Pe ae - 
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is !xperiments show that the plates may always be so oriented that no electricity 
We ‘duced on the plate faces. For homogeneous, isotropic bodies (and for the present 
Yoo, hall not consider others), this occurs when the plate faces are parallel to the 
fag OF E. On the other hand, the induced electricity is a maximum when the plate 
Veo, she perpendicular to the vector E. This enables us to introduce still another 
fgg OF to describe an electric field, namely, the electric displacement ®, which is 
thued by the following condition: the vector is normal to the Mie plates when 
A Orientation of the plates is optimal with respect to induction, i.e., when 
Ly ee ta charge is induced on them. Moreover, this vector is directed outward 
ha ‘ the positive Mie plate. In all cases, except for anisotropic bodies, ® and E 
© the same direction. The ab- 


vf, : 
Ace charge density o may be 


Bo} 
Ute value of ® is equal to o: \ i 
ie: 
| |D1 =o, olde 
w ; : e 4 SA 
sitet’ o is the surface charge den- L,] 8 ©: Yi 
fag of the Mie plate. Since the a ¥ 
Dy sad of Sy 
ZL ‘i 
\ \ 


Wry 
‘Itten as i , then 


_ _dq 
|D| a as) Fig. 89 
| Waar : 
fing was stated above that the electric field may be characterised by the flow 
Yon,” of vector E. We can, of course, also describe the field by the flow lines of 
‘ oe 2, ie., the electric lines of force. The number of lines of force passing through 
“ “Tut area perpendicular to the force lines is |® |= ®D, and the quantity 
aN = Dd dS, 


v6 


hritled the electric flux through the area dS. If the same electric flux passes 
Tough the inclined area dS as through dS ,, then 


as, 

cos a 

“here a is the angle between the normal to the area and the lines of force, i.e., 
dN = Dceosa ds. 


rf! ie 
She flux through a large surface is expressed in the form 


N= { Dcosads, 


dS = 


? 


and the flux through a closed surface is usually denoted by placing a circle on the 
iMtegral sign: 
N= AY Deosa dS. 


S&C. 87, PERMITTIVITY 


'xperiments show that the two vectors characterising an electric field are relat- 
” . 

el. For the case when these vectors are parallel, they are also proportional to each 
other at a given point in space.* A change in the vector & results in a proportional 
ta : P haa} : 
change in the vector @. The ratio a depends only on the medium. 
_.* The ease of anisotropic media, where the vectors ® and £ are not parallel, will be con- 
sidered on p. 193. 
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It is customary to characterise the electric properties of a medium by the qj 
mensionless quantity ¢, whose value is selected so that ¢ = 1 for vacuum. The 
reason for this condition is the fact that, as will presently be seen, no body can 
exist with ¢ < 1. Therefore, it is natural to “base” the value of ¢ on vacuum. The 
quantity ¢ is called the permittivity and defined by the equation 


a aa EE, 

where €9 depends on the choice of units. If the state of the medium does not vary 
from point to point, then ¢ is also constant. At the boundary between two media 
é changes abruptly. Bodies that are nonhomogeneous with respect to density and 
other properties are usually nonhomogeneous with respect to permittivity as wel | 

The permittivities of several substances at 18°C are as follows: air—1.00059 . 
glass—7.00, paper—2-2.5 and water—80.09. 

In the SI system, the quantity D is measured in coulombs/metre? (coul/m?), ang 
the field intensity in newtons/coul (N/coul). Then, €o is measured in coul?/(m?.< Ny 
and, in these units, 

: 10-9 coul? 
© Sen (m?XN)° 


. : ‘ ; 1 
In the CGS system, eo is dimensionless and equal to: 
& A] 
® 4m 


A quantity called the electric induction D may be used instead of displacement. 
It is 4 times larger than displacement and in the CGS system D = eF. 

As we shall soon see, both choices for the value of ¢o have their relative advant- 
ages. The first system simplifies one group of formulas but complicates another. 
while the second system leads to the reverse result. 

It should be emphasised that the concepts of electric displacement and electric 
induction have exactly the same physical meaning. The difference in the nu— 
merical factor merely leads to a difference between the ratio of an electric induction 
unit to a charge density unit and the ratio of a displacement unit to a charge 
density unit. 

The electric displacement is equal to unity if the charge density on the Mie 
plates is equal to unity (see p. 171), while the electric induction is equal to unity 


if the charge density on the Mie plates is equal to E- 


In electrical engineering, as a rule, only the quantity ®, i.e., displacement, is 
used. On the other hand, in physics, the electric induction D is used exclusively. 


Several comments are necessary regarding the formulas and units of measurement that are 
used in this part of the book. 

Although in mechanics and thermodynamics various choices are made for the fundamental 
quantities and various units of measurement are used, nevertheless, the constants of proportion- 
ality are invariably dimensionless, Therefore, the form of the formulas in those fields of 
physics does not depend on the choice of the system of units. 

; Unfortunately, however, the situation is not the same in the case of electromagnetic fields, 
Two general approaches exist, i.e., one approach has been adopted in electrical engineering 
and the other in physics. Not only is there a difference in the choice of the fundamental quanti- 
ties and the units of measurement, but it turns out that we must distinguish between the con-~ 
stants of proportionality for one and the same formulas. Of necessity, one must become familiar 
with the formulas in both systems. This will be done in the course of the presentation, but for 
the present it suffices to limit ourselves to several general comments. 

_ In electrical engineering, the so-called SI system is widely used. Side by side with the metre, 
kilogram and second, a unit of current is taken as fundamental. A current of 4 A is defined as 
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which the constant of proportionality po, i.c., the magnetic permeability of 


the current for 
has the value 


vacuum, which occurs in formulas for electrodynamic interaction (see p. 206), 
Mo = 40 X 10-7 J/(A® X m). 


at such a choice of unit current is explained by the fact that when a 
current of 1 A flows through two parallel conductors of an infmuite length and negligibly small 
circular cross-section placed in vacuum at a distance of 1 m from each other, a force occurs be- 
tween the conductors equal to 2 xX 10-7N per metre of the conductor length. The reasons for 
this choice, which may appear strange, will not be discussed here. For more detail see L. A. Sena 
“Units of Physical Quantities and Their Dimensions”, MIR Publishers, 1972. 

All the rest of the units in the SI system may be expressed in terms of the kilogram, metre, 
second, and ampere. 

Sinee in electrical engineering the system of units is based on four fundamental quantities, 
there is no way of obtaining the same set of formulas in the CGS system, which is based on three 
fundamental quantities. There are, however, other differences between these two systems. These 
are expressed in the different choice of numerical, dimensionless coefficients. In the course of 
e shall on occasion list certain formulas in both systems, while in the appendix 
las in both systems with the units 


Experiments show th 


presentation, W 
the reader will find a compilation of the electrodynamic formu 


of measurement indicated. 


Sec, 88. ELECTRIC FIELD RELATIONS 


Consider a system of electrically charged bodies forming an arbitrary field. 
Now, describe a closed surface in this field. Some of the charges will fall within 
the surface, while others will be external to it. The result obtained by measuring 
the electric flux in the outward direction through this surface is very simple and 
in no way surprising. Thus, the total electric charge induced on the surface— 


which by definition is precisely the flux V = 4 Deos a dS —is equal to the total 


electric charge within the volume enclosed by this surface: 
$ Dcosfa dS = 2. dis 


This theorem, named after Gauss and Ostrogradsky, shows that lines of electric 
flux begin on charges of one polarity and terminate on charges of the other polarity. 
Interrupted lines of force do not exist. 
Lines of electric intensity closed on themselves do not exist in a constant electric 
field.* This follows from the second law for electric fields, which states that an 
electric field (more accurately: the vector field of electric intensity FE) is a potential 
field. Thus, the work performed in moving a charge along a closed curve is equal 
to zero in such a field, i.e., closed lines of vector E do not exist. The work performed 
in moving a charge from one point to another depends only on the location of 
these points and does not change when the form of the path changes. In this re- 
spect, the properties of an electric field are the same as those of a gravitational field. 
Let us select a reference (initial) point in an electric field and calculate potential 
energy with respect to this point. No matter what path is taken, the work A in 
moving a charge from the initial point to a given point in the field is always the 
same. Therefore, at this point the charge possesses a potential energy U that is 
numerically equal to the expended work A. 
Just as the potential energy in a gravitation 
of a body, the potential energy in an electric 


al field is proportional to the mass 
field is proportional to the charge: 


U = qq. 


and ® vector lines coincide. In this case, we 


* Tn vacuum and homogeneous media, the EF 
ig which of the vectors is being considered. 


can speak of the electric lines of force without indicati! 
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The quantity @ = , l.e., the potential energy that a unit positive charge would 
possess at a given point in the field, is called the electric potential of the field or, 
simply, the potential. 

The expression for the work performed in moving a charge from one point of the 


field to another follows from the definition of potential. Since work is equal to the 
change in energy, i.e., dA = —dU, then 


dA=Fdl=qEdl= --qdq, 
or Edl=—dgq, 


where dp is the change in potential. 
For a finite portion of the path 


9 
\ E dl = q,—». 
1 


Thus, the potential difference* is equal to the work expended in moving a unit 
charge. 


If a charge moves along a line of force, the vector sign need not be used. Then, 


2 
\ Edl=,— Qo. 
1 


Finally, in a uniform field, the formula is simplified to 


_ Pi- Pe 
aia Ge : 


where d is the distance between points 7 and 2. 


Formulas relating Z and @ are written without constants of proportionality 
and have the same form in all systems of units. 


Examples. 1. Assume that two flat electrodes of area S == 10 cm? are located in air at a dis- 
tance of 5 mm apart and that the potential difference between them is 5,000 V. The intensity of 
the created: clectric field is E = 108 V/m = 33 CGS units and the electric displacement in the 
field of this capacitor is D = es = 


; = 9 * 10-® coul/m?. This means that the drge density on 
the capacitor plates is ¢ = 9 x 10-® coul/m? == 2.7 CGS units. The electric flux through the 


face of the electrode is N = DS = 9 x 10-% coul and the charge on one plate is q= 0S = 
= 9 10-9 eoul. Thus, N = q, which agrees with the Gauss-Ostrogradsky theorem. 

2. The electric displacement of the Earth’s field close to its surface is® ~ 9 X% 10-20 coul/m?. 
Since the area of the Earth’s surface is S ~ 5 * 10! m? and the surface charge density is 9 ~ 


~ 9 X 10-1 coul/m?, the Earth’s charge is q-~ 4.5 % 410° coul. Thus, the electric flux passing 
through the Earth’s surface is N ~ 4.5 * 105 coulombs. 


Sec, 89. FIELD CALCULATIONS OF SIMPLE SYSTEMS 
Using the electric field relations presented in the previous article and from 


general considerations of symmetry, we can determine the field for certain simple 
systems. To determine the field means to calculate the electric intensity, induction 


* In a variable field, the above equation is not valid. To avoid confusion, it is convenient to 
2 


introduce a separate term for \ Edl. We refer to it as the electromotive force (emf) along the path 


f 
between points 1 and 2. For constant fields, the emf and the potential difference are equal. 


14, Electric Fields 175 
ss Potential. It should be noted that knowledge of the potential suffices to char- 
of €vise the field. If ~ is known at all points in space, we can determine the value 
sy vector E by differentiating @. This becomes particularly clear if we construct 
p aces of equal potential (equipotential surfaces) satisfying the equation 
surf y, 2) = const. Since the work of moving a charge along an equipotential 
sur Ace is equal to zero, the lines of force are directed normally to the equipotential 
in ees: Thus, to determine the value of | F |, one must differentiate p(x, y, 2) 
i, the direction of the normal. This type of mathematical operation is considered 
ani erat analysis. However, such differentiation is easily performed graphically 
ue a curve in which @ is plotted as a function of the coordinates along a line 

force. The tangent of this curve’s angle of inclination at any point is equal to. 
egative of F at that point. 
a N order to enable the reader to better understand these new concepts, we shall 
of. ©xamples to analyse the peculiarities of potential and the vector characteristics 
field. We repeat, however, that in prineiple knowledge of the potential suffices 
“° solve the problem. 


the y 


* Single, point charge is a radial, spherically symmetrical field. 


Consider a sphere of radius r. The electric flux emanating from a charge q is 
equal to 
| DeosadS =q. 


The angle ~ is the angle between the lines of force and the surface of the sphere, 
‘-€., it is equal to 90°. At all points on the surface, ® has the same value and may,. 
therefore, be brought out in front of the integral sign. Then 


D & dS=q 
and, since $ dS == 4xr” (area of the sphere), the electric displacement at a point. 


located at a distance r from the charge is D = or and the electric induction 


isD =f, 
: 


The intensity of the electric field is 


re q 


Anger? * 
. : P Ay iy ‘ 
In this case, the CGS system of units in which e9 = qx iS more convenient. Then 
E = <, and in the case of vacuum 
er 
nh & 
E= - e 


Since the field intensity is equal to the derivative of the negative potential along 
the line of force, i.e., 


| PERRO 


‘dr? 
the expression obtained for the potential of a point charge is 


oz 


Oint Charge. From considerations of symmetry, one can,see that the field of 
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‘The constant of integration has been assumed to be equal to zero. This fixes the 
reference potential @ = 0 at infinity. 

Thus, the potential of a point charge is inversely proportional to the first power 
of the distance, while the intensity is inversely proportional to the distance 
‘squared. } ; 

If the charge is in a medium whose dielectric constant is ¢, the intensity and 
the potential are reduced to = of the values in vacuum. 


The Earth’s potential is equal to 0.07 V if the potential at infinity is taken equal 


to zero. In electrical engineering, the potential of the Earth is assumed to be 
equal to zero. 


Systems of Point Charges. Let us consider methods of calculating fields created 
by systems of point charges. Assume ¢ = 1 and let us use the CGS system of 
units. Then, the potential for a 
system of charges may be writ- 
ten in the form 


c itl de os 
P ry T2 | Ts % 
_ Ni Gk 
Srp? 
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where r, isthe distance from the 
charge q; to the point of observa- 
tion. 

In the case of two charges of 
equal magnitude, but opposite 
sign, we obtain 

Fal baa s, 
ON te 
When the signs are the same: 


o-a(2+—). 


i) 


Fig. 90 


The form of the above formulas may turn out to be inconvenient for solving a given 
problem. Thus, it is often expedient to introduce a Cartesian system of coordinates 
and express the radius r;, in terms of x, y, 2. In the case of two charges, separated 
by a distance 2a, it is convenient to locate the origin of the coordinate system at 
the midpoint of the system, with the z-axis passing through both charges. Then, 
r=(@—aP?+y+2 and r= (x + a)? + y? + 2, 
Sometimes it is expedient to represent the potential as a function of the polar 
coordinates R and ». From Fig. 90, one can see that 
r= V R24 @—2aRcosp and r,=V R?--a2+ 2aR cos p. 
The field intensity of a system of point charges is given by the vector equation 


Ce Oey GS TG whe hey N) dk Tr 
E= Se ar a te eh a Se oe, 
rE Ty fig. re rh 13 reg Th 


7 ” » . ; * . 7 . 
Here, — 1s a unit vector in the direction of radius r,. 
h 
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Vector addition is used to map the lines of force. 

Universal Formula for Potential. When a field is created by volume and sur- 
face charges instead of point charges, the potential of the field may be calculated 
if the charge distribution is known. 

Consider the region of the volume charge to be divided into infinitely small 
volumes dv and the area of the surface charge to be divided into infinitely small 


elements dS. If 9 = #4. is the volume density of the charge and oa is the sur- 
face density, the potential created by a volume dv is equal to ee and the potential 


P od re : 
created by a surface element dS is equal to —. Adding the potentials created by 


all the elements, we obtain: 


ma es, fee 


Tr r 


The radius r is drawn from the point of observation to all the points in space where 
charges 9 dv and o dS are concentrated. 

This formula is rarely used since the charge distribution as a function of 1) 
and o is not usually given. In fact, the charge distribution is generally being 
sought. 

Field of a Spherical Condenser. Consider a sphere of radius r4 having a charge 
+gq and surrounded by a concentric, spherical surface of radius ry. It is convenient 
to view the external sphere as grounded, whereupon a charge —gq is induced on its 
inner surface. Considerations of symmetry indicate that the field is radial. If we 
describe a sphere of radius r between the condenser (capacitor) spheres and apply 
the Gauss-Ostrogradsky theorem, the result obtained does not differ from that 
for a point charge, i.e., 

B= 


ra 
The potential equation has the form 
Q= 4 +- const, 
but the constant in this case should not be discarded as was done previously. As 
is well known, the potential of grounded metallic parts is usually taken equal 
to zero. It will be, therefore, more convenient to set p = Oatr =r, rather than 
at infinity. We then obtain: const = —2. 
pte B 
The expression for the potential in the region between the spheres has the form 


q q 
O_o 
P r rR 
On the surface of the inner sphere, 
q: 
(Pp = siete a Us' be 
TA rp 


Recalling that the ratio of the charge to the potential difference between the con- 
ductors (or plates) of a condenser gives the capacitance, we obtain for the capa- 
citance of a spherical condenser 
C es 1 ae rATB 
4 1 Ly eet Oe i 


12-—01028 TA TRB 
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If the radius of the outer sphere is increased (r, — oo), the expression for the 
capacitance is reduced to 
C=n 


Thus, the capacitance of a single sphere is equal to the magnitude of its radius. 
If the dielectric between the conductors of the condenser has a permittivity «, 
the intensity # and the potential @ decrease to = of the above values. 
From the formula 
eres (a! ) 
ae ( te tet? 


we obtain for the capacitance of the condenser: 


- Tar 
C=s po is : 
rTB—TA 
and for a sphere, 
C= er. 


Thus, the capacitance is e times the value obtained for vacuum. 
The potential and field formulas being used are applicable for points in the 
region between the conductors of a condenser. They are not applicable to points 


. ? 


Fig. 94 


within the first conductor or external to both conductors, for Gauss’s theorem 
yields different results for these points. 


If the charge of the internal sphere is concentrated on its surface, then for points 
within the sphere 


D cosa dS = 0. 


Since an analogous relation is valid for every surface within the sphere, this 
requires that D = 0 and, hence, the field intensity is also equal to zero. Thus, 
Gauss’s theorem shows that there is no field within the sphere if all the charge is 
distributed on its surface. Since EH = 0, the potential @ remains constant and 
equal to the value of @ on the surface of the sphere. The above is illustrated in 
Fig. 94 by the curves of # and @ as functions of r. 


Examples. 1. The electric field intensity at the Earth’s surface is 


es 
6,400 
times the intensity at a distance of 1,000 km from the surface. 
2. The Earth’s capacitance is C = 6.4 X 108 CGS units = 700 pF. ; 
3. The capacitance of condensers used in radio engineering may be as small as a fraction of 
a picofarad (4 pF = 10-12 F) and as large as thousands of microfarads. 


y = 1,33 
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Field of a Uniformly Charged Sphere. It is evident that outside such a sphere 
the field is the same as for a point charge or a surface-charged sphere, i.e., 


q 
E=4, 


where r is the distance from the centre of the sphere and = + na%p (o is the charge 
density and a is the radius of the sphere). 

To determine the field inside the sphere, consider an auxiliary sphere of radius 
r<a. The quantity of electricity inside this sphere is less than q, being equal to 
a - 

3 eae: 
According to Gauss’s theorem 
23 
2) a Amr2 — > q; 
le., 


‘ qd 
0) = > __., 
» 4a 


Hence, the electric field intensity is 


E=——* — r(S}) 


4N ey ea* 


Tee 


or 
ee 


sq 7 (CGS). 

It should be noted that the field is equal to zero only at the centre of the sphere. 
Then, as shown in Fig. 92, the field increases linearly and becomes equal to ma 
at the surface of the sphere (r = a). Here, the for- 

mula for the field outside the sphere and the for- E 

mula for the field inside the sphere yield the same 

result. From this radius outward, the field decreases 

in accordance with an inverse square relationship. 

The potential outside such a sphere is again given by 


<. Inside the sphere, the value of @ does not in- 
terest us and will not be considered. = 


Cylindrically Radial Field. Let us consider the 


field created by a uniformly charged line or cylin- 
der having a charge 4 per unit length. Outside the si 


charged region, the fields of such systems are the same and have the following 
form: the lines of force are at right angles to the axis of symmetry and the flux 
is the same in all radial directions. 

In order to apply Gauss’s theorem, let us consider an auxiliary cylindrical 
surface of radius r and unit height. Since the flux passes only through the 


lateral surface of this cylinder, b® cos a dS is equal to the integral over the 
lateral surface. Owing to symmetry (cos « = 1 and ® is the same at all points 
of the cylinder), 


Dl as—4, 
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i.€., 
Gk 
t 
“s 20r = a t ~s) = —— 
Dx 2m i md oo 
Hence, the field intensity is 
ou 
. 1 
4 
E AMEVET (51) 
or 
24 
f ==—— (CGS). 
I _. (CGS) 


Thus, the field of the cylinder is inversely proportional to the distance. This for- 
mula is equally valid for the region about a charged line, the region outside a 
charged cylinder and the region between the conductors of a cylindrical condenser. 

Since dp = —H dr, we obtain for the potential: 


Dt u 

Y= fA iy —-+ const. 

el i 

The potential decreases much slower with increasing distance than in the case 
of spherical systems. Thus, for example, when the distance r is anereaped Ae 
. . . ] d i i ‘ 
its original value, the potential decreases to 55 of its value rather than to 0" 
For a cylindrical condenser, where the radii of the cylinders are a and b, we 
obtain 


2 @¢ 2 2 ¢ a 
Gu- a S (In a— In 6) =—— in = 
The capacitance per unit length of such a condenser is 


a 


2\n 


a 
b 


Example. Vor a coaxial cable having an outer radius a = 18 mm and an inner radius b = 
= 6mm, and filled with an insulator of relative permittivity ¢ = 4.2, the capacitance per unit 
length is C = 4.94 GGS units/em = 2.42 pF/em. 


It should be noted that the formulas derived above do not take account of field 
distortion at the ends of the cylinder and hence, strictly speaking, are valid only 
for infinitely long cylinders. Practically, however, the derived formulas are valid 
if the region of “distorted” field is significantly smaller than the undistorted radial 
field. 

Uniferm Fields. Uniform fields, i-e., fields in which the lines of force are paralle! 
and evenly spaced, are created by charges in planes of infinite extent. Naturally, 
the flux is perpendicular to such planes. The magnitude of the field is again deter 
mined by means of the Gauss-Ostrogradsky theorem. Thus, let us consider &i 
auxiliary surface in the form of a cylinder passing through a charged plane. 
If the lateral surface of the cylinder is perpendicular to the plane, the flux through 
the auxiliary surface is equal to the flux through the two end surfaces of the cylin 


der. The integral ) Dcos adS is then equal to 2MS, where S is the area of the 


cylinder base. The charge within the cylinder is equal to oS. Hence, the formule 
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for the displacement becomes 


Se Es Sy é 
The electric field intensity is # = ra in the SI system and in the CGS system 
2 ee, 
2, : . : 
k= =". We see that the intensity does not depend on the distance to the sources 


of the field. Let us now consider a parallel-plate condenser. The field inside spher- 
ical and cylindrical condensers is created only by the inner charged surface 
while in a parallel-plate condenser the field between the plates is created by both 
surfaces. Just as in the case of the condensers considered above, there will be 
no field outside the condenser. Between the condenser plates ® = o and the 
intensity is 


4 
E~ So (CGS). 

In writing the expression for the potential of a uniform field, let us reckon 
the distance x from one of the charged plates in the direction of the lines of force. 
Thus, in the case of a single plate, this potential is written in the form @ = 


= — 28 og const. In the case of a condenser, the expression for the potential 
between the plates becomes 
4 


450 
pes Ox -+- const. 


Hence, the potential difference is 


; Amt 4n 
Pa — Po = é 0 (Xp Xa) is od, 


where d is the distance between the plates. Thus, the capacitance per unit area 
of a parallel-plate condenser is 
C—z (CGS) or C=“ (Sh). 

The above formulas are exact only for plates of infinite extent. In practice, 
they may be employed if the effect of the condenser edges, where the nonuniformity 
of the field is pronounced, is not great. We can determine the field at some point 
by means of the derived formulas only if this point is sufficiently far from the 
edges. More specifically, this condition means that the field created by elementary 
charges located at the edges of the plates should be much less than the field created 
in the neighbourhood of the point under consideration. 


Example. Let us return to the condenser considered on p. 175 . The distance between the 
plates will be doubled using two different methods: 


Method 1: The plates remain connected to a source of voltage U = 5kV. Then, Cy = ie = 
1 
; U ' 
= 1.8 pF, gq. = CyU = 9 X 10-* coul, Ay = = 108 V/m, Dy = 9 *K 10-8 coul/m? and Ny = 
1 


= 9 x 10-8 coul. 
After doubling the distance between the plates, we obtain: Cy = 0.9 pF, gz. = 4.5 X 
x 10-9 coul, By = 0.5 < 106 V/m, Dy = 4.5 10-6 coul/m? and N, = 4.5 X 10-® coul. Thus, 
half the charge entered the source. 
Method 2: Before doubling the distance, let us disconnect the plates from the source (con- 
denser charge q = const). Cy = 0.9 pF, g = q,= 9 * 10-8 coul, Uy = 2. =10kV, BE, = 
“f 


Ile 
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= a == Hy, ®, = 2,, and N, = N,. Thus, the voltage on the plates doubled at the expense 
of the work of external forces. 


Field on the Surface of a Metal Object. There is no electric field inside a metal 
object. This follows from the fact that all of a conductor’s charge is located on 
its surface. According to Gauss’s theorem, the field is directed outwardly. 

The surface of a metal object is obviously an equipotential surface, for otherwise 
the electric charges would redistribute themselves on the surface of the conductor. 
It follows, therefore, that the lines of flux leaving the surface of the metal object. 
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Fig. 93 


must be perpendicular to the surface. Since all the flux leaves the surface in a 
single direction, then, according to Gauss’s theorem, ® = o lines emerge from 
unit surface area. In other words, the field intensity at the surface of the conductor 
is equal to £ = 42° (CGS). 

Electric Images. Let us consider the electric field created when a point charge 
is placed near a plane metallic surface. Due to electric induction, an electric 
charge of opposite sign accumulates on the surface of the metal near the point 
source. The density of the induced charge is greatest directly opposite the point 
source and decreases to zero at infinity. Similarly, for the electric field. 

Let us now consider this problem quantitatively. Since the surface of a conductor 
is an equipotential, the conducting surface may be considered grounded without 
in any way reducing the generality of the problem. Hence, the potential of the 
metal plate is equal to zero and there is no field inside the plate. We are interested 
in the electric field in the right half-space. The electrical properties of this half- 
Space are uniquely determined if the magnitude of the charge and its distance 
from the equipotential plane are given. It is important to note that it is entirely 
immaterial what is located to the left of the zero-potential surface. [t is proved 
rigorously in courses on mathematical physics that the field in a particular region 
is uniquely determined if the charge in this region and the boundary conditions 
for the potential are given. 

In Fig. 93a, the field is plotted for two charges of opposite sign. Now, consider the 
space of this field to be divided into two symmetrical parts. The half-space of this 
figure is then exactly equivalent to the half-space of a charge near a metal plate 
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(Fig. 935) and the fields of such half-spaces should be identical. This is the basis 
for the following procedure, known as the method of images. We “reflect” the elec- 
tric charge in the surface of the metal plate. In the right half-space, the electric 
field of the charge and its “image” should coincide with the unknown field. Thus, 
the unknown electric field is expressed by the formula 


1 1 


where r, is the distance of the observed point from the charge and r, is the distance 
of this point from the charge’s image. 
The second conclusion to be drawn is that the electric charge is attracted to the 
surface of the metal plate with the same force as to its electric image, i.e., the 
2 
force of attraction is ia) where a is the distance of the charge from the surface. 
Finally, this approach to the problem enables us to determine the distribution 
of the induced electric charge on the surface of the metal plate. This requires that 
we differentiate the expression for the potential in the direction normal to the 
surface. We obtain thereby the electric field intensity £, which in accordance with 


the formula given in the preceding section of this article must be multiplied by a 


to obtain the charge. 
The method of electric images has numerous applications and enables us to solve 


electrostatic problems involving systems of nonplanar metal conductors with 
point charges located in the vicinity of the conductors. 


Sec. 90. ELECTRIC ENERGY 


Energy of a Condenser. It is easily demonstrated that a charged electric condenser 
possesses energy. Moreover, the measurement of the magnitude of this energy is 
not difficult. Thus, for example, we can discharge a condenser through a conductor 
and measure the Joule heat released thereby. However, we need not resort 
to experiment to determine the factors on which the electric energy of a condenser 
depends. The formula for this energy follows directly from familiar theoretical 
propositions. 

To simplify this discussion, let us consider a condenser in which one of the 
conductors is grounded. The process of discharging the condenser (grounding the 
second conductor), which is charged to a potential difference @ by a quantity 
of electricity g, may be viewed as the successive outflow to ground of elementary 
charges dq under the action of electric field forces. Therefore, the work performed 
by the field in this simple process is equal to @ dg. As the discharging process 
proceeds, the work performed in transferring each successive quantity of charge 


to ground becomes less and less, for the potential difference p = + is constantly 
eG 


decreasing. The total work performed by the field during condenser discharge is 
q 9 
ee 
\ d= 3: 
0 
This quantity is quite understandably referred to as the electric energy of the 
condenser. Using the relationship between potential and charge, we obtain for the 


energy: 
q hq . CH 
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Thus, for constant potential difference, the electric energy is proportional to the 
charge squared. A constant difference of potential is maintained when the con-~ 
denser is connected to a constant source. Moreover, if the condenser conductors are 
insulated, the charge is constant. Then, the energy is proportional to the potential 
squared and directly proportional to the capacitance of the condenser. 

Energy of a Field. In the case of a parallel-plate condenser of infinite extent, 


: : ‘ EqeG? . os 
the energy formula may be written in the form W,; = “ when using the S] 


4 . . eg? P 1 mm 
systemi or in the form W,, = or when using the CGS system. These formulas 


give the energy per unit condenser area. 
The energy formulas may be written in terms of intensity # rather than potential 
difference ~. Making the substitution g = Ed, we obtain 


Waa (Sl, or Wa=d (CGS). 


2 
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Thus, the energy per unit volume is age * Let us call w= a the electric energy 
density. 

Now, let us consider an arbitrary electric field. Assume that the equipotential 
surfaces and lines of force are plotted and that the space is divided into smal] 
volumes dv, each of which is bounded by two adjacent equipotential surfaces and 
a lateral surface passing through lines of force. Hach of these volumes is like a 
small volume ina parallel-plate condenser and, hence, the electric energy associated 

? é eke 3 a ao 3 
with such an element is dW = ae dv. If this expression is integrated over the 
entire volume occupied by the electric field, the formula obtained yields the 
electric energy of the system creating the field. 

Thus, the formula for the electric energy has the form 


eh? 


W ot = \ Sa dv. 


The significance of the above mathematical transformations goes beyond the 
formal convenience of using one or another formula. This new expression for the 
energy enables us to speak not only of the energy of the system creating the field, 
but of the energy of the electric field itself, and leads to the concept of a real elec- 
tric field. In the case of constant fields, this conception can neither be confirmed 
nor refuted. However, in the case of varying fields, we find direct evidence for 
the existence of electromagnetic fields (see p. 242). Hence, the derived formula for 
the energy of a field (energy of electromagnetic matter) is of fundamental sig- 
nificance. 


Example. Let us continue with the example considered on p. 181 . Before the plates were 
moved, the energy stored in the electric field of the condenser was W, = 22.5 x 10-8 J and 
the energy density w, = 4.5 J/m*. After the plates are moved by the first method (voltage U = 
== const), the energy becomes Wy, = a = 11.25 x 10-§ J and the energy density wy = 
= 1.12 J/m3 (the volume of the field doubled). The energy of the source increases at the expense 
of the work of external forces and a decrease in the energy of the field. After the plates are 
moved by the second method (q == const), the energy W, = 2W, = 45 * 10-®J and the energy 
density does not change, i.e., wy = 4.5 J/m%, 


Energy of Interaction. When two oppositely charged bodies draw together, 
the work performed by the forces of the electric field is, naturally, at the expense 
of the energy of the electric field: dA = —dW,,. Thus, as indicated on p. 39, 
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the work of the electric forces is performed at the expense of a decrease in the 
potential energy ne This energy is appropriately called the interaction energy 
of the charges. 

What is the relation of this formula to the formula for the electric field energy 
considered above? It is evident that the interaction energy is a part of the electric 
field energy of the charges under consideration. Carefully examining the formula 
for the field energy, we note that the electric energy has definite meaning evel 
when there is only one electric charge in the region. The energy of the field created 
by a single charged body is appropriately called the self-energy of the electric charge. 
We can always resolve the electric field energy into the self-energies of the indi- 
vidual electric charges and the interaction energies of these charges. 

Let us designate by £,, Eo, ..- the field intensity created by the first, second, 
etc., charges. The total field is equal at each point in space to the vector sum of the: 
intensities: EB — BF, + H,+....- 

The electric energy density is 


(EB, 4 Byte. hag BR BE wee + pe EBs + po Ei Egt +e 
Clearly, the individual terms of this expansion correspond to the energy Com- 
ponents discussed above. Thus, the E-squared terms yield the self-energies and 
the terms involving the product of two different intensities yield the interaction 
energies. The interaction energies of the charges may be positive or negative quant- 
ities. On the other hand, the self-energies of the charges and the total energy of 
the field must be positive. 

As a rule, only the interaction energies of electric charges are involved in a 
problem. We can calculate, therefore, the work of electric forces by determining 
the decrease in the energy of interaction or in the energy of the field. The easier 
calculation is the one that should be performed. 


Sec. 91. ELECTRON RADIUS AND THE LIMITATIONS 
OF CLASSICAL ELECTRODYNAMICS 


Let us calculate the self-energy of a spherical charge, assuming the electricity 
to be distributed on the surface. The electric field is then only outside the charge. 
Therefore, the energy of the field must be integrated over the region external to 
the sphere. If the charge is in a vacuum, the field intensity is expressed by the- 


9 


formula + and the energy density at any point in the region has the form a 

Consider the entire region to be divided into spherical shells. The energy contained 
in such a shell, whose inner radius is r and outer radius r -+- dr, is ~ Gx vol. of 
shell. Since the volume of the shell is equal to 4nr® dr, the energy in this spherical 
shell is given by the simple expression + Gar. To determine the total energy of 
the field, this expression must be integrated from a (radius of the spherical charge), 
to infinity. Thus, 

ar _ 
r? 2a 
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This is the form of the energy formula for an electrically charged sphere. 
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We shall leave it to the reader to show that if the charge is distributed through— 
out the volume of the sphere the energy formula obtained is almost the same. 
The only difference is that in this case the formula contains a coefficient close 
to unity. 

Wht ts the result if the above formula is applied to an elementary particle. 
e.g., an electron? 

According to the principle of relativity (see p. 320),'the internal energy of a body 
of mass m is given by the expression mc®, where c is a universal constant equal to 
the propagation velocity of electromagnetic waves in vacuum. Equating the two 
energy expressions, we obtain the formula for the electron radius: 

aree ale 
2mc2 * 


Substituting numerical values* in this interesting formula, we obtain a = 1.4 >< 
x 107 cm. There is considerable indirect evidence in physics that the order of 
magnitude of the electron radius determined in this manner is quite correct. 

Nevertheless, the conception of an electron as a “usual” electric particle is clearly 
false, for we are immediately confronted with the problem of the forces holding 
the component parts of an electron so close together. We know that the forces of 
repulsion between electric particles separated by a distance of the order of 10-13 em, 
are tremendous. 

Furthermore, there are other theoretical difficulties. Thus, it follows from the 
theory of relativity that an electron should be a mathematical point. At the same 
time, the electric energy of a charge concentrated at a point is infinitely great. 

These difficulties are typical for so-called classical physics, which developed 
in the main in the 19th century. Classical physics excellently describes the behav— 
iour of macroscopic bodies. In fact, by the turn of the century many scientists 
believed that classical physics was already so perfected that there was little left 
to be discovered in physics. After the discovery of elementary particles, it was 
natural to try to apply the laws established for large bodies to elementary particles. 
This is when classical physics began to “fail”. We now know that concepts derived 
from observations on macroscopic systems cannot be simply transferred to atoms, 
nuclei and electrons. 

The electron problem cannot be solved within the framework of classical con- 
ceptions. Considerable success has been achieved in electron theory during recent 
years, but a complete theory does not exist. Therefore, the classical theory of 
electricity (electrodynamics) presented in this part of the book has certain limi- 
tations. These are encountered in studying the interaction of elementary particles. 
When dealing with the behaviour of a single elementary particle in fields created 
by large bodies and, of course, when considering the interaction of macroscopic 
bodies, one obtains, using classical electrodynamics, results that are in complete 
agreement with experimental data. 


Sec. 92, ELECTRIC FORCES 


In calculating interaction forces between charged bodies, one often uses the 
concept of an electric force field. Instead of saying that body A exerts a certain 
force on body B, we introduce a force field and say that body A creates a field and 
this field acts on body B. As we shall see in Chapter XVI, this field is more than 


* q = 1.602 X 10-9 C; m = 9.1091 x 10% kg; and e = 2.99792 x 108 


sec 
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an abstraction. An electromagnetic field is a physical reality and nature imple- 
ments the interaction transmitted from one point in space to another (“short range” 
action). By introducing the field concept, we can ignore the field sources and 
determine the forces acting on a charged body knowing only the field intensities 
where the charges of the system under consideration are located. 

Every charged body is a system of charges. In the case of a system of discrete 


charges, the force acting on the system is F = q,E, + q:@, + .... Here &,, 
E,, ... ave the field intensities where the charges are located. When the electric 


charge is uniformly distributed throughout a volume, the force acting on the body 
may be represented by the following integral: F = | Kp dv. If the electric charge 
is distributed over a surface, the force is represented by a surface integral: F = 


= | Eo ds. 

However, one precaution must be taken when the force is determined directly 
in this manner, namely, the value of the intensity used in the formulas must be 
the intensity existing in the absence of the charge on which the force is acting. In 
the formulas in which the force is expressed as a sum, the action of charge q; on 
itself does not enter into intensity £;, i.e., in calculating /, the field created by 
q, is not considered, etc. The same is true for the integral formulas, i.e., the field 
intensity under the integral sign is the intensity created by the entire distri- 
bution of electric charge, except for the quantity of electricity located at the point 
under consideration. 

Let us illustrate this by means of the force acting on a charged metal surface. 
As we know, the electric field intensity on the surface of a metal bounded by a 


4 
dielectric is equal on the dielectric side to a in the CGS system, and on the metal 
side is equal to zero. The field intensity is broken on this surface. To determine 
the force acting on an element of surface, we must multiply the quantity of elec- 


tricity o dS by the intensity which would exist at this location if the element of 
charged surface under consideration were removed. Therefore, it would not be 
5 : 400 ‘ : Sy ee 
correct to multiply o dS either by 5 the value of the field on the dielectric side, 
or by zero, the value of the field on the metal side. It can be shown rigorously 
that the field existing at this location after removing the element under considera- 
: ; : i 4nG : 200, 
tion is equal to the arithmetic mean of 0 and ——» Le., is equal to ——. Thus, the 
formula for the force acting on an element of a conducting body’s charged surface 


has the form 
oar dS 


eats 


and for the entire body 


ye dele Pe iow 
F=2n | iS. 
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The integration in the above formula must be performed over the entire surface, 
taking into consideration differences in charge density and dielectric constant 


along the metal surface. 
In the case of a uniform field (ideally, between the plates of a condenser of 


infinite extent), the force F acting on the plate area S may be determined with 
considerable accuracy by the formula 


P= 782 g (CGS). 
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The magnitude oi this force may be measured by means of a Thomson balance, whose method 
of operation is illustrated in Fig. 94. When the potential difference between condenser plates 
of 50 cm® area is 600 V and the distance between plates is 5 mm, the force of attraction between 
the plates, calculated in the two systems of units that we have been using, may be determined 
as follows: 


The CGS system The ST system 
; a + £808 1x10 | 510-8 . 
ae ladies A aon Be 
=8.9x10-22 PF 
q =CU=8xX2—16 CGS units q =CU =8.9 x 10-12 x 600 = 5.3% 10-9 coul 
o = 0.32 CGS units 6 = 1.06><10-§ coul/m2 
200 23.14 0.322 2 (1.06% 1078)2 5 10-3 
Fa 5 — Se »¥ 50=82 dynes a ts sa! Pas ) = s = 
& 1 2e€q 2x 10-° 
ne 367 | 


= 32x 107-5 N 


Thus, in order to balance the force of electrostatic attraction, one must place in the opposite 
pan a weight equal to 32 dynes = 32 * 103 N. 


It is still more difficult to determine the force acting on a body having a distri- 
bution of volume charge. Here, in the expression of dv, the intensity - is the 
intensity of the field created by all the 

charges except p dv. 

If the charged body is in a dielectric 
medium, calculation of the force is com- 
plicated by the fact that when we consid- 
er the charge to be removed it is also 

i necessary to consider a corresponding por- 


tion of the dielectric removed, which 
» + means the polarised state changes (see 
below). 


If we wish to avoid the difficulties 
connected with “subtracting” the effect 
of the charge on itself, the force must be 
determined from the energy expression. The decrease in energy is equal to the 
work. Then, if we know the magnitude of the displacement, we can determine 
the value of the force. As a rule, this is precisely the method used in deter- 
mining the force. 

Calculation by this method of the force acting on the plate of a parallel-plate 


Fig. 94 


1 207 eee ‘ ; : 
condenser, / =: —— S, may serve as a vivid illustration of the above. Observing 


the attraction between the plates of the condenser (disconnected from a source. 
of voltage), we can immediately write the expression for the change in energy 
when the plates come together by an amount A: 


Hence, the force sought is 
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‘Sec. 93. DIPOLE MOMENT OF A SYSTEM OF CHARGES 
Let us return to electrical systems that may be represented as systems of point 
charges. Assume that the electric field is uniform in the region of the system of 
charges under consideration. Then, the formula for the force acting on the system 
has the form 
Fea (q+i+...)B=Q8, 


where Q is the total charge of the system. If a body is electrically neutral, as in 
the case of an atom ora molecule, the force acting on the body, which contains equal 
quantities of positive and negative particles, is equal to zero. Does this mean 
that an electrically neutral body does not interact with the electric field? It is 
easily seen that the answer is no. Ina uniform field, the forces acting on the charges 
of the system are parallel to each other. We can determine the resultant of the 
forces acting on the positive charges and the resultant 

of the forces acting on the negative charges. As is well 
known, the resultant of parallel forces is exerted at 
the centre of “gravity” of a body. Since we are dealing 
here with the electric centre of gravity, the word “grav- 
ity’ has been placed in quotation marks. Thus, all 
the forces acting on the charges of a system located 
in a uniform field may be reduced to two antiparallel 
forces. One of the forces is applied at the centre of 
gravity of the positive charges and the other at the centre 
of gravity of the negative charges (Fig. 95). If the sys- Fig. 95 

tem is electrically neutral, the two forces are equal 

and the total force is zero. However, a couple of forces of moment M = él sin 
will act on the system of charges if the centres of “gravity” of the positive and 
negative charges are displaced with respect to each other. 

The vector p = ql, equal in magnitude to the product of the positive charge 
of the system and the distance between the centres of gravity, is called the dipole 
moment ot the system. It is considered to be directed from the negative centre to 
the positive centre. The dipole moment of a system determines its behaviour in 
a uniform field. Thus, a system left to itself in a uniform electric field tends to 
turn until the dipole moment is parallel to the direction of the electric field 
(sin a = 0), 

In a uniform field, the entire effect on a neutral system of electric charges is 
reduced to the moment of force M = p£ sin a, where p is the dipole moment of 
the system and is equal to the product of the quantity of electricity of one sign 
and the distance between the dipole charges. Thus, in a uniform field, there is no 
need to consider the complex distribution of a particular system of charges. [t 
suffices to replace it by the corresponding dipole. 

If the system is located in a nonuniform field, the dipole moment can no longer 
completely describe its behaviour. This is illustrated in Fig. 96 where four charges, 
Jocated at the corners of a square, comprise an electrically neutral system having 
a dipole moment equal to zero. This is because the centres of gravity of the negative 
and positive charges coincide. In a uniform field, neither a force nor a moment of 
force acts on such a system. In a nonuniform field, however, it may undergo trans- 
Jatory as well as rotational motion, since generally speaking the forces acting 
on the charges differ. By analogy with the dipole, such a system of four charges is 
called a quadrupole. Another neutral system having zero dipole moment, called 
an octupole, is also shown in Fig. 96. 


190 If. Electromagnetic Fields 


Of great importance in the study of the structure of matter, to which we shal] 
devote a great deal of attention later, is the consideration of the interaction of 
simple electric systems. Let us consider several such systems. 


Fig. 96 Fig. 97 
Charge-Charge. The interaction between two point charges is, in accordance 
with Coulomb’s law, F = ne, 


Charge-Dipole. A dipole left to itself tends to turn until it is parallel to the 
lines of force. After it has turned, the dipole remains stationary in a uniform 
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Fig. 98 Fig. 99 


field, while in a nonuniform field it will be drawn toward the region of greater 
field intensity (Fig. 97). If the nonuniform field is the field of a point charge, the 
dipole will be drawn toward this charge. This force of attraction is 


s 5-H) 
Fal s— Gar). 
Assuming the distance between the dipole charges to be small, and reducing the 
expression to a common denominator, we obtain the following interesting formula 
if we neglect the quantity ? relative to rl and the quantity rl relative to ns 
2p 


ieee 


F=q 


Note that the force of interaction between the charge and the dipole decreases 
more rapidly with increasing distance than the Coulomb force, i.e., it is inversely 
proportional to the distance cubed. 


Hzample, The distance between the H atom and the Cl atom in an HCl molecule is equal to 
1.28 A, and the dipole moment of the molecule is p = 6 X 10-18 CGS units. Therefore, an elec- 


tron located at a distance r = 10 A from the molecule is attracted to it with a force of ~6 X 
* 10-8 dyne. 


Dipole-Dipole. Here, it is convenient to solve the problem for the two cases 
in which the dipoles are arranged as shown in Fig. 98. The exact interaction for- 
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mulas have the form: 


2 . 
F== ——, —==—— for arrangement (a) 


r2 r2 72 Vreer 


<—y—nr_ for arrangement (b), 


If the distance between the charges of a dipole is small the above formulas may be- 
replaced by the following approximate expressions: 


ee ODE OM haces 
f=— 7 for arrangement (a) 


for arrangement (b), 


Thus, the interaction forces are inversely proportional to the fourth power of the: 
distance. 


Example. Two HCl molecules that are 10 A apart are attracted with a force F ~ 10-8 dyne- 
in the case of arrangement (a) and with a force F ~ 2 « 10-® dyne in the case of arrangement (b). 


Charge-Quadrupole. Assume that the orientation is as shown in Fig. 99. The 
interaction force may then be written in the form 


r --a? r 
F= 2909 ( (72 — a?)2 =a (r2 + a2) 3/2 ) ’ 


2 
a ca . Thus, the 


and the approximate formula for a small quadrupole is Ff = 
force is inversely proportional to the fourth power of the distance. 


Sec. 94, POLARISATION OF AN ISOTROPIC DIELECTRIC 


As we know, when a region containing an electric field created by a system of 
charges is filled with a homogeneous dielectric, the field intensity and the mag- 


nitude of the electric potential are decreased to <4 of their original values. On the 


other hand, the electric displacement and induction remain unchanged, and the 
capacitance of a condenser increases ¢ times its original value. The latter effect 
is often utilised in the measurement of dielectric constants. Thus, the ratio of the 
capacitance of a condenser containing a dielectric between its plates to the capac- 
itance of the same condenser without dielectric may be used as a definition of 
dielectric constant. 

Let us now go a step further and inquire into the reasons why the dielectric 
affects the electric field. The following experiment suggests the explanation for 
this phenomenon. 

Consider a parallel-plate condenser connected to a source of voltage. The electric 
charge density on the condenser plates and, hence, the number of D-lines per unit 


area are uniquely determined by the electric field intensity, i.e., o= = Let us 


now fill this condenser with a homogeneous dielectric. The relation between the 
electric field intensity and the charge density on the condenser plates is then 


expressed by the equation o = 7 i.e., the flux density (or D-lines) increases. 


In this experiment, the electric field intensity cannot change, for it is equal to: 
the potential difference divided by the distance between the plates. Therefore, 
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the charge density on the condenser plates changes, i.e., it increases s times 
its original value. This increase may be observed experimentally. Thus, as we 
fill the condenser with the dielectric, the voltage source adds charge to the condens- 
er. By measuring the electric current and the time of flow, one can show that the 
quantity of electricity added per unit condenser area is 


4n = AmS:SC«SAN 


ck @ e—1 E. 


As we remove this dielectric, the additional charge returns to the source and the 
additional force lines disappear. To explain the additional attraction of charge 
to the condenser plates, one must assume that charges of opposite sign, having 


; e—1n : F ‘i ; 
a density o = aT es are formed on the dielectric surface next to the condenser 


plates. 

mp1. » 7 . * ri so 

The surface charge of the dielectric may be explained if we assume that the 
dielectric consists of bound pairs of positive and negative charges that cannot move 


through the body, but can move relative to 
MUL SULT SULLY, each other, forming thereby a dipole moment 
tem of charges into a system having a dipole 

moment is called polarisation, and the dipole 

DATPATRERT TRAPP PPP PP Polarisation of a dielectric does not pro- 
Fig. 100 duce volume charge. The numbers of positive 

charge on the dielectric surface. This is illustrated schematically in Fig. 100. 
The density of this charge is equal to the value determined above, i.e.: 


in each unit volume of the dielectric. This 

CUYD ED D0) 0) 0) 0) 
il moment vector of a unit volume of dielectric 
and negative charges per unit volume remain 


transformation of an electrically neutral sys- 
is called the polarisation vector P 
equal to each other after displacement. However, polarisation does produce a 


In our discussion, we have considered a dielectric adjacent to the plate of a 
parallel-plate condenser. However, the situation is the same for a conductor sur- 
face of any shape. Moreover, it turns out that the above expression for Opor iS 
of'general validity for surfaces perpendicular to lines of force. Thus, in every case, 


e—1 


o= 
4m 


1, 
ny 


where £', is the projection‘of the intensity on the normal to the surface. This for- 
mula is applicable to any real or imaginary boundary in a dielectric. 

A polarised charge (also often called a bound charge) may be expressed in terms 
of the dipole moment of a unit volume. When a field is applied in the case of iso- 
tropic bodies, the displacement of the bound charges occurs along the electric 
lines of force. Therefore, the polarisation vector is parallel to the intensity vector. 
From a dielectric plate, let us cut out a cylindrical rod having a base S and a 
length /. Owing to polarisation, equal and opposite bound charges will accumulate 
at the ends of the cylinder. The dipole moment of the rod is equal, by definition, 
to the product of the charge oS and the distance / separating the charges of the 
dipole, i.e., p = Gpo,Sl. The dipole moment of a unit volume is | P | = opor- 
It has been assumed in this calculation that the base of the cylinder is perpendic- 
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cular to the polarisation direction. If the base is inclined at an angle ” wi 
to this position, the charge density on the ends of the rod will decrease ees Tespect 
of the inclination angle. Thus, in the general case, the following mt 2€ Cosine 
holds: Ationship 


Spor =P,, where P,=Pcosq. 


We are now able to establish a relationship between the polarisation 
the electric field intensity vector. Combining the last formula with the 
for the density of bound charges discussed at the beginning of this ap 
for any direction n: 


vector and 
tic] &XPression 
cle, we obtain 


e—1 
Pies i En: 
Thus, if the dielectric constant does not depend on the intensity, a linear q 
dency exists between the vectors P and F: i ar depen- 
Pak. 
The expression @ = s— is usually called the polarisability, 
a = 6.38 and for glass a = 0.48. 
Since D = «EF, the relationship between the vectors DLE 
pressed in the form 


or Water 


and P may be ex- 
D= E+ 4nP. 


When the medium is homogeneous, the vectors D, E and P are parallel 


Sec. 95, POLARISATION OF CRYSTAL SUBSTANCES 


Hitherto we have considered the behaviour of a substance that is ch 
of an amorphous or finely crystalline body, or of a monocrystal in cer 
orientations relative to the field. However, if a plate is cut from a monocrystal 
at an arbitrary angle to the crystal faces and if the plate is then placed betwee 
the conductors of a condenser, the following effect may be observed: The niet 
becomes polarised perpendicular as well as parallel to the lines of force, so that P 
is not parallel to #. Therefore, in this case, D is also not parallel to the field in- 
tensity. 

In monocrystals, the inclination direction of a free electric charge () does not 
coincide with the direction of the normal to the surface oriented in such a manner 
that a maximum charge (D) is induced on it. The relationship between D and EB 
becomes more complex and in order to find D in terms of E, or vice versa, it is 
insufficient to merely know the dielectric constant. In any monocrystal, threo 
directions (main axes) in which D || F may be found. If we know « for these three 
directions, the relation between D and E for any arbitrary orientation of the crys- 
tal in a field may then be established. How are the vectors D, E and P related 
in this case? It turns out that the equation D = EF +- 4xP, introduced in the 
previous article for the case of parallel vectors, is also valid when the vectors 
cease to be parallel. There is another difference between crystals and amorphous 
bodies in regard to their dielectric properties, namely, a relatively small class of 
bodies belonging to crystalline substances possess hysteretic properties. Since 
these properties were first discovered in Seignette (Rochelle) salt, such substances 
are called seignette-electric materials. Their characteristics will now be discussed 
(see also p. 468). 


aracteristic 
tain specia| 
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Place a seignette-electric material (for simplicity assume that we are dealing. 
with a powder or crystal oriented in the field so that D \| E) between the conductors 
of a condenser. Let us vary the voltage between the condenser conductors, anq 


: p U i 
hence the field intensity H = 7 and measure the charge density o on the condens, 


er conductors, which for D || £ yields the magnitude of the electric induction D. 
The magnitude of the induction D increases as E increases, but it is not directly 
proportional to E, for D begins to increase less until, finally, saturation sets in. 
Clearly, saturation of D corresponds to saturation of polarisation. Let us now begin 
to decrease the emf between the conductors. Displace. 
D ment and polarisation begin to decrease and the curve 
follows a downward path, but not the same one takey 
during the period of rise. As a result, when the emf ig 
completely removed (H = 0), the induction and_polari_ 
sation in the dielectric are not equal to zero. The dielec_ 
tric becomes similar to a permanent magnet. I[t wil} 
have “north” and “south” electric poles and will behave 
like a large permanent dipole. 

The subsequent behaviour of seignette-electric mate 
rials is evident from the hysteresis loop shown in 
Fig. 101. To “de-electrify” the dielectric, the polarity 
of the emf on the condenser conductors must first be re. 
versed. Then, by increasing / in this new direction, we 

Fig. 104 can depolarise the dielectric. A further increase in 4, 
again electrifies it, but with opposite polarity. Finally, 
saturation sets in again and the process may be repeated in the reverse direction, 

Why is this effect called hysteresis? The word is derived from the Greek ang 
means “to lag”. The loop illustrated in the figure shows that the values of D, ag 
well as of P and «, depend on the past state of the sample, i.e., on its history. 

Every crystal that does not possess a centre of symmetry in a number of its 
elements of symmetry (see p. 468) possesses an interesting property, namely, its 
dimensions change upon application of an electric field. This phenomenon is 
known as electrostriction. 

Thermodynamic considerations show that if an electric field produces a defor- 
mation, the deformation in turn will produce polarisation. This is known as the 
piezoelectric effect. Applications of the piezoelectric effect were briefly discussed 
in Part I. 


Sec. 96. FINITE DIELECTRIC BODIES IN AN ELECTRIC FIELD 


The following questions may arise regarding a finite nonconducting body located 
in an electric field. What forces and moments of force act on such a body? How 
is the field distorted by the presence of the dielectric? 

A dielectric body placed in a field becomes polarised and acquires a certain 
dipole moment. Therefore, the behaviour of such a body in an electric field does 
not, generally speaking, differ from the behaviour of a dipole. If the polarisatior 
vector is directed at an angle to the field intensity, the orientation of the dielectric 
will be unstable. A moment of force will act on the body, which will tend to turn 
the body until the vectors P and £ are parallel. 

Thus, a dielectric body placed in a given uniform electric field assumes a definite 
equilibrium orientation that depends on the form of the body. Let us illustrate 
this for the case of a dielectric bar. 
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Experiments show that the equilibrium orientation is the one for : 
longitudinal axis is parallel to the lines of force. Why is this ast te Which the 
that the bar does not have fixed poles? Fig. 102 illustrates the reason ° oe 
liar behaviour. The forces acting on the bound charges of the depicte 2 
bar may be reduced to four forces acting on four surfaces of the bar 
the forces acting on the longitudinal surfaces almost balance eae 
the forces acting on the lateral surfaces form a couple of forces that on : 
parallel to the lines of force. ate 

If the body is in a nonuniform field, then, in addition to the mome cg 
there will exist forces tending to pull the dielectric toward the ae of { 
field intensity. This phenomenon may be vividly demonstrated by 
electric fluid rise in a tube upon applying voltage to j 
a condenser. The forces making bits of paper cling to ~ . 
a glass or ebonite rod rubbed with fur or leather 
are of the same kind as those acting on a dipole in = 
a nonuniform field. 

Let us now turn to the question relating to the dis- 
tortion of an electric field due to the presence of a 
dielectric body. First, we shall show that the gener- 
al Jaws for an electric field lead to an important 
relation between the values of the electric field on 
either side of the boundary between dielectrics. 

The electric field intensity vectors at two neighbour- 
ing points located on opposite sides of the boundary 
between dielectrics having permittivities e, and &, 
differ in. magnitude as well asin direction. Let us resolve these vectors into con 
nents parallel and normal to the boundary. It can be asserted that the field parall ee 
the boundary is the same on both sides. If this were not the Case, i.e., if the field 
on one side were greater than the field on the other side, it would be possible ¢ 
create a perpetual engine by moving charges along the boundary against the field 
where the field is less and then allowing the charge to move on the other side f 
the boundary (where the field is greater) under the action of the electric field dares, 
Therefore, the tangential components of the intensity on both sides of the Wohindars 
must be equal: =e 


,  ~9rCe, 
of greater 
aking a di 


Prrtirrre 


| 
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Ei, = Ei, “ 


We shall use the Gauss-Ostrogradsky law to determine the normal components 
of the intensity at the boundary between (or interface of) two media, Construct he 
auxiliary surface in the form of an infinitely thin disk so that the parallel] surfaces 
of the disk lie on opposite sides of the boundary. Since there is no charge inside 
such a disk, the net outward flux through the disk is equal to zero and 
therefore, the flux through each end is the same. This requires that the normal 
components of the induction vectors be equal to each other, ie., D, = Ds, 
Hence, in terms of field intensities, we obtain ‘ . 


* + nd Wee ny 
&;En, = Eka, . 


Thus, the normal components of the intensity vectors are inversely proportional 
to their permittivities. 

Fig. 103 shows that in passing from a medium of lower permittivity to one of 
higher permittivity the flux lines are deflected away from the normal to the bound- 
ary. This means that the number of flux lines passing through a wnit area increases. 


{3* 
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We are unable to determine the distortion produced in an electric field when 
a dielectric having a particular shape is introduced into this field. This problem 
is difficult even when the field is uniform to begin with. If a body of arbitrary 
shape is placed in such a field, the field becomes nonuniform not only near the 
body, but inside the body as well. 

Interesting exceptions are ellipsoids, a broad class of bodies including spheres, 
flattened ellipsoids that practically do not differ from plates, and extended ellip- 
soids that are akin to cylindrical bodies. In mathematical physics it is shown that 
the field inside an ellipsoid is uniform as indicated in Fig. 104. Applying the law 
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Fig. 103 Fig. 104 


of flux refraction, we obtain the typical fields illustrated for a denser body in a 
less dense medium (e, < €) as well as for the reverse case (e, > €,). Examples 
are a glass ellipsoid in air and an air bubble in glass, respectively. 

It can be shown that if a symmetrical dielectric body is immersed in a uniform 
field #, in vacuum, then £; is related to the field inside the dielectric as follows: 


E; Sidi Ey Cae NP, 
where ? is the polarisation vector and N is a coefficient depending only on the 


shape of the body. In the case of magnetic phenomena, it is customary to call the 
latter the demagnetisation coefficient (see p. 224). 


f : eee | ’ é F . 
Since in most cases P = ze E;, we obtain the following expression afte) 
simple conversion: 
£o 
yaar n° 
1-+(e— 1) —— 
aaa ay re 


The dielectric constant is always greater than unity. Hence, the field intensity 
inside the dielectric is always less than the field intensity present at this location 
before the dielectric was introduced into the field. 
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The coefficient V for a flat plate perpendi , 
| | I ar 
is the maximum value for N and the - a a 

‘esulting 


value agrees with the result, obtained 
take another extreme case—a cylinder Ea 
L a a . . 7 ‘ 

Here, N = 0, ie., the field does not ons 


to the field is equal to 4x. This 
decrease in field to x of its original 
- Q 


tor a homogeneous medium. Let us. 
AXIS 1s oriented parallel to the field, 


i 20 . . 1}. » ’ ASE 7] x ~ g 

the lige in the field Intensity depends pening Had @ body. In all other nary 
J s nN a 7 ay _ 

whee 3 and, therefore, E, = 3%o le dielectric constant. For a sphere, 


sa: For ; ; 
; et or a cylinder whose axis is oriented per- 
pendicular to the field, yj—4™ 


The field intensity F decreases bec 
direction. ause the bound charges create a field of opposite 


As regards the ir i ‘ 
ine ti iduction vector field, the box l ch: 
Thus, the number of D-lines sein round charges affect it only indirectly. 
in the field. However, due to flax refna ee need., when a dielectric is immersed 
eninaraia: : action, the induction inside the dielectric 


CHAPTER 15 


Magnetic Fields 


Sec. 97. MAGNETIC MOMENT 


Magnetic fields act on currents, moving charged bodies or particles and Mao. 
netised bodies. A variety of instrument exist for determining the properties oY 
a magnetic field. The most convenient way of characterising the properties of 
such a field is to describe its mechanical action on a current circuit. It is quity 
feasible to construct a wire circuit of very small area, which enables us to Measure 
the magnetic field quite accurately. Thus, a “test” current circuit plays the sama 
role in magnetic field theory as a “test” charge does in electric field theory, 

ixperiments with such a device lead us to the following basic conclusions 
At each point of the field, a circuit that is free to rotate assumes a definite equi. 
librium position. The position of stable equilibrium is described not only by the 
orientation of the circuit axis in space, but by the orientation of a definite Sida 
of the circuit, e.g., the side for which the current will appear to be flowing counter. 
clockwise as viewed by an observer on that side of the circuit. Let us call this sidy 
positive or north and agree to draw the norma) 
to the circuit so as to form a right-hand secre. 
system with the current direction. Thus, the 
normal emerges on the positive (or north) 
side of the circuit. 

If the behaviour of current circuits is com. 
pared with that of magnetic needles, one ob. 
serves that the normal to a circuit in stabla 
equilibrium points in the same direction as 
magnetic needle. Thus, the basic definition ix 
not contradicted if we call the direction of the 
normal to a free test circuit the direction of 
the magnetic field. 

Fig. 105 A torque will act on a test circuit thay 

deviates from the equilibrium position 

(Fig. 105). Moreover, the deviation of the circuit from equilibrium is uniquely 

described by the deviation of the normal to the circuit from the direction of the 

field. It turns out that the sine of angle a and the torque NV are proportional ty 

each other, i.e., WM ~ sin a. Furthermore, for a particular angle a, the torque is 

proportional to the product of the circuit area S and the current J flowing in the 

circuit. Decreasing the area by a certain factor results in the same change in torque 
as a decrease in current by the same factor. 

It follows from the above that the magnetic behaviour of a circuit depends on the 
orientation of the normal to the circuit and on the magnitude of the product 7S. 
This can be expressed by means of a single vector quantity —the so-called magnet ii 
moment of the ring current. In electrical engineering, where SI units are used, the 
magnetic moment is generally designated by the vector M — /Sn, where n is the 
unit normal vector. In the Gaussian system of units used in physics, a constant 


q : A Z 4 d ~ era i 1 : 
of proportionality — enters into this formula, i.e., M=—JSn, where c is the 
6g c 


velocity of propagation of electromagnetic waves in vacuum. The introduction of 
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a numerical coefficient, which is moreover dimensional, may appear to be an 
unnecessary complication. However, other formulas are thereby simplified. This 
will become clear to the reader later on. 

Experiments with a test circuit show that V = BM sin a, where B is a con- 
stant of proportionality. The volume of B varies from field to field and for different 
points in space of a particular field. This formula shows that B is equal to the 
maximum torque acting on a unit test circuit (MM = 1). We call this coefficient B, 
which characterises the magnetic field, the magnetic induction. The vector quantity 
whose direction is that of the magnetic field and which is numerically equal to B 
is known as the magnetic induction vector. 

If the torque is described by a vector directed along the axis of rotation (in 
accordance with the right-hand screw rule), the formula for the torque may be 
written in vector form as follows NV = [MB]. 

When NV = 0, M is parallel to B. This means that a current circuit tends to 
become so oriented in a magnetic field that the directions of the magnetic moment 
and the field coincide. The magnetic moment acting on a body is a maximum 
when it is perpendicular to the direction of the field. For a circuit, this means that 
the plane of the loop of wire is parallel to the flux lines. 

Having determined the magnetic field by means of a current circuit whose mag- 
netic moment has been calculated from measurements of the current and the area, 
we can then do the reverse, namely, use the formula V = [MB] to determine the 
magnetic moment of systems whose currents cannot be measured. Moreover, 
we can transfer the concept of magnetic moment to systems in which the concept 
of a circular current has no meaning. This is precisely the case when the 
physicist refers to the magnetic moment of an electron or nuclear particle. The 
magnetic moment of a magnetic needle is also a concept that cannot be broken 
down. However, after having discussed certain special effects of the medium, we 
shall return once again to the magnetic moment of a permanent magnet. In any case, 
the magnetic moment of a system located in vacuum can always be determined by 
the above formula for the torque. 

A body possessing a magnetic moment requires the expenditure of work to turn 
it from its equilibrium position. In the case of a body turned through a small 
angle a, the work of rotation may be expressed in the form 


N da = BM sin a da = —d (BM cos a). 


The deviation of a body from the equilibrium position is associated with the 
accumulation of a “potential” energy U = —BM cos a. This product is the scalar 
product of two vectors. Hence, U = —BM. 

In the equilibrium position, the potential energy is a minimum and equal to 
—_BM. When the magnetic moment is turned through an angle of 90° the potential 
energy increases to zero. Finally, when the magnetic moment is directed oppositely 
to the field (position of unstable equilibrium), the potential energy is a maximum 
and equal to +BM. 


Examples. 1. The magnetic moment of the nucleus of a hydrogen atom (nuclear magneton) is 
0.505 ~ 10-8 CGS unit. The magnetic moment of an electron (Bohr magneton) is 0.927 x 
% 10-29 CGS unit = 9.27 x 10-4 A xX m?. 

2. An electric current of 1 A flowing in a loop whose area is 50 cm? creates a magnetic moment 
of 5 X 10 A X m? = 5 CGS units. 

3. In the CGS system of units magnetic induction is measured in gausses (G) while in the 
SI system B is measured in teslas (T) and has the dimension of V x sec/m?; 1 T = 104 G. In 
the case of the magnetic field of the Earth, B = 0.49 G. 

4. The magnetic induction in the air gap of a powerful electric generator attains a value of 
several thousand gausses. Academician P. L. Kapitsa has obtained pulsed magnetic fields in 
which B ~ 10° G = 10 T. 
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Sec. 98. AMPERE FORCE 


The torque acting on a current-carrying circuit is clearly the resultant of the 
forces exerted on every part of the conductor in which current flows. We can exper. 
imentally establish the relation for the force acting on a current element. For this 
purpose, it is necessary to isolate a part of the circuit—e.g., by means of mercury 
contacts. This part is then able to move under the action of a force. Utilising 
the tension of a spring to counterbalance the displacement, one can measure the 
magnetic force (Fig. 106). 

Ampeére first established the relation for the force acting on a current element of 
small length. This relation has the following form: 


TS 
dF = + [dl, B] ie., dF =+ dl x B sin dl, B. 


The vector notation here is suggestive of the familiar left-hand rule. The force 
acting on an element of wire length is always perpendicular to the plane passing 


Fig. 106 Fig. 107 


through the current and the magnetic induction vector at this location. To deter- 
mine the sense of the force, note from which side the rotation of vector dl toward 
vector B, through the smallest angle, appears counterclockwise. This is the positive 
side in a right-hand screw system and the force vector then points toward the 
observer. The force has a maximum value when the current element is perpendicu- 
lar to the vector field. When the wire element is parallel to the flux lines, the 
force is equal to zero. 

The above formulas are in the form used in physics, i.e., valid for the CGS 


system of units. In the form used in the SI system, the coefficient < is absent and 
the formula for the Ampére force is 


dF =I {dl, B). 
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To determine the magnitude of the foree acting on a piece of wire of finite length,,. 
one must integrate the above expression for the force: 


tte. 
Fas | (dl, B]. 


In the simple case of a rectilinear piece of wire of length J, located in a uniform 
magnetic field B, Ampére’s law may be directly applied in the form 


F= + 1B sin i, B. 


A perfectly natural relationship exists between Ampére’s law and the torque 
expression derived in the preceding article. We shall consider only the simple case 
of a rectangular loop oriented parallel to the flux lines in a uniform magnetic 
field (Fig. 107). Two sides of the loop are perpendicular and the other two sides 
are parallel to the flux lines. Therefore, the forces acting on the wire elements may 
be reduced to the two shown in Fig. 107. These forces are equal and in accordance 
with Ampére’s law may be written in the form / = JIB. As can be seen from the 
figure, the Ampére forces create a torque N = J/Bd. But since Id = S is the area 
of the loop, we obtain VN = JSB = MB, which is the same as the formula for 
the torque derived in the preceding article. We leave it to the reader to derive 
a more general proof. 

Example. The force acting on a conductor whose length is 3 m and through which a current 
of 50 A flows in a field of 3,000 G = 0.8 Tis F = BJL= 0.3 X 50 * 3 = 45 N. In the case of 
a rotor diameter of ~1 m, the torque acting on the loop is~45 N X m. These values are of the 
order of magnitude of the parameters of a large electric motor. In an electrical measuring in- 
strument, a force F = 2 < 10-5 N = 2 dynes acts on a conductor of length 2 cm through which, 
a current of 0.04 A flows in a field of 100 G. For a loop diameter of ~ 1.cm, a torque of ~ 2 x 
X% 10-7 N X m aets on the loop. 


Sec. 99. FORCE ACTING ON A MOVING CHARGE 


We may go a step further and consider the magnetic forces acting on currents as 


forces applied to elementary particles of electricity. 
Electric current is simply a flow of electric charges. He is the particle charge, 
v the particle velocity and n the particle concentration (i.e., the number per 


Wa 


Fig. 108 


unit volume), then the expression for the current intensity may be expressed in the 
form J = nevS. Thus, all the particles in a volume vS pass in 1 sec through the 
wire cross-section S, i.e., the quantity of electricity flowing is equal to nevS’ 
(Fig. 108). Substituting this expression in the formula for Ampére’s law, we 
obtain: 

dF = — [vB] ns dl. 
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But nS dl is the number of particles in the conductor volume under consideration, 
‘Thus, the force acting on one particle is 


i =< [vB]. 


‘This force is sometimes ealled the en force—in honour of Lorentz, the distin 


guished physicist who contributed so much toward the development of the theory 
of electrons. 


The above expression for the force ( we shall restrict ourselves to the form useg 


in physics, i.e., with the coefficient =) immediately provides the answer to a numbey 
of very interesting questions regarding the nature of motion of electric particlos 
(e.g., electrons and protons) in a magnetic field. The force acting on a moving 
particle is perpendicular to the flux lines and to the particle velocity vector. yf 
a particle moves parallel to the flux lines, no force is exerted on it. On the other 
hand, the force is a maximum when the motion occurs in a plane that is perpey- 
‘ i F . ‘ 4 
dicular to the flux lines. In this case, we obtain f = 4 evB. 


If the field is uniform, an electric particle moving perpendicular to the fiej@ 
will describe a circle, for according to the fundamental law of mechanics this js 
the nature of the motion under the action of a constant force directed at right 


angles to the motion. We shall return to the problem of particle motion in a mag- 
netic field later. 


Evample. Electrons in a cathode-ray tube accelerated by a potential difference of 70 V ag 
quire a velocity of 5 X 108 cm/s. Upon entering a magnetic field of 500 G at right angles to the 


4 
field, each electron experiences a Lorentz deflecting force of f = — evB = 4 x 10-4 dyne. Under 
the action of this force, the electron begins to move in a aiveatas orbit of radius R, where R js 


cd Hence, R = 5.6 cm, 


‘ ‘ : m 
determined from the relation f == R 


Sec. 100. MAGNETIC FIELDS CREATED BY PERMANENT MAGNETS 


Every permanent magnet has two poles.* The flux lines are directed outwardly 
at the north pole and inwardly at the south pole. Imagine a surface constructed 
so that it encloses the north pole. We can then determine the total number of 
lines passing outwardly through this surface. By analogy with the corresponding 
electric quantity, this number is called the magnetic flux and is designated by the 
letter (D. The flux through an elemental area perpendicular to the flux lines js 
equal to dd = BdS,. Thus, through any arbitrary area, dD = BdS cos a, where « 
is the angle formed with the flux lines by the normal to the area; and through the 


surface S, = B cosa dS. Finally, through the closed surface, © 
= AB cos a dS. 


The tlux @y, directed outwardly at the north pole and inwardly at the south 
pole, is the fundamental characteristic of a magnet. The stronger the magnet, the 
greater (Dy. This somewhat justifies the designation “quantity of magnetism” — 
which is only of historical significance—for the quantity proportional to the 
4 2 : : : 
flux, namely, m = vr @. Sometimes m is called the magnetic mass, but this term 

aU 
is even less appropriate. In electrical engineering units, m = ®. 


The creation of magnets with any number of pairs of poles is also conceivable. 
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If the poles of a magnet are small (e.g., in the case of a magnetic needle), the 
(lux lines close to the poles are directed radially. 
Using the Gauss-Ostrogradsky theorem, 
p DcoosadS =4 nq, 
we derived the formula for the electric induction of an isolated charge, namely, 
D = 4 . Clearly, an “isolated” magnetic pole should yield a magnetic induction 
satisfying the analogous equation: 
m ‘ are 
B=-—,, since b B cosadS = 4m (CGS), 
1 ire e! 
or 


B= Fs since \B cos @ dS =m (SI). 


To be sure, “isolated” magnetic poles do not exist. The above formula has meaning 
only for long magnets having point poles, and then only close to the poles. Never- 


\ = 
Ci.WM~s Ss faa 
Ps oe a et Te 

Fig. 109 

theless, this method of dealing with the pole of a permanent magnet is fully justi- 
fied in practice. This can be clearly demonstrated by means of the expression for 
the field of a bar magnet considered as a magnetic dipole 
whose two poles m are separated by a distance J. Fig. 109 


shows the field of a bar magnet and the ideal field based on 
the formula 


B m ry m Ms 
7 r? ry r2 To ? 


where r; and ry are the distances from the poles to the point 
under consideration. The fields are seen to be very similar. 


Calculations yield good results for the field at large distances 8, 
from the magnet. Thus, if the distances r; and rg are large 
relative to the magnet length /, the distance between the poles B 


of the magnetic dipole, we are fully justified in considering the 
poles as points. The calculations are exactly the same as the 


corresponding calculations for electric interactions. Let us 5, 
compare, for example, the values of the magnetic induction Fig. 110 


created by a bar magnet at a distant point along the magnet 
axis and at a distant point perpendicular to the axis. In the first case, we obtain 
Bos By m __ aml. a 2M 
re (r--l)? P<) 3 
where WW = ml is called the magnetic moment of the permanent magnet. In the 
second case (Fig. 110). 


’ 


m MM 
B= 2 cos w= > 


ree 
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Thus, the field along the axis is twice as large. 
In the SI system of units, the last two formulas assume, respectively, the fo} 


lowing form: 
and B= fd 


— Ons ~ Anrs * 


ie 


Example. Let us calculate the magnetic induction created by a bar magnet of length 1 - 
== 10 cm at a distance r = 1 metre from the magnet, measured along the axis. The magnet crosg_ 
section is S = 3 cm? and the induction in the magnet is 500 G. 

The magnetic flux in the magnet, which is the same as the outward flux from the pole, j. 

, : : 1,500 , 
® = 500 X 3 = 1,500 maxwells (Mx). Thus, a “magnetic mass” m = Cae = 120 CGS unite 
is concentrated at the magnet pole. The magnetic moment of the magnet is 


M = ml = 120 * 10 = 1,200 ergs/G (CGS units). 


Then, for the magnetic induction, we obtain 


2M 2% 1,200 Aa PA 
Seihonasige ch aosecioranecteicencal sei) Ske 4()-3 
B= oye = 2-4 x 10°8 G. 


Sec. 101. MAGNETIC FIELD INTENSITY 


Let us consider the interaction of an isolated magnetic pole and a current ele. 
ment (Fig. 141). The magnetic pole creates a field B at the location of the electric. 
current. Therefore, in accordance with Ampere’s law, the 
force acting on the current element is 


dF —— I (dl, B). 


In place of the magnetic induetion, we can substitute 
the expression for a point pole. Since the field is directed 
along the radius, we obtain the following expression for 
the interaction force: 
m r 
OP coe [ au, =| 


or 
. mI : ; 
af = ae dl «sin dl, r. 

It is quite natural to assume that the force with which 
a current element acts on a magnetic pole is represented 
by the same formula, except that the direction of the force is reversed. This as- 
sumption cannot be directly verified experimentally since an isolated pole and 
an isolated element of constant eurrent do not exist. However, we can verily 
the validity of the above statement by integrating the interaction forces in 
actual cases. It turns out that theory and experiment agree. 

Thus, the force exerted by a current element on a magnetic pole may be written 
in the form 


Fig. 111 


dF=" I [ at, = | 


or, in the SI, i.e., without the coefficient < and replacing m by a t 


dF = 77,1 | dl, ~ |. 
ur 3 


15. Magnetic Fields 205 


A minus sign does not appear in this formula because a reversed radius vector 
has been assumed. The direction of r is always taken as the direction from the 
field source to the point of observation. Therefore, in the case of the force acting 
on the current, 7 was assumed to be directed from the pole to the current element. 
Now, when the force is exerted by the current on the pole, the radius vector r 
is assumed to be directed from the current element to the pole. 

The force acting on a unit magnetic pole is called the magnetic field intensity: 

a 
m 
Thus, our discussion has shown that the magnetic field intensity created by a cur- 
rent element is given by the formula: 


dH =| al, > 


2 
cr } 


In the SI system of units, this formula for the magnetic field intensity created by 
a current has the form 


va a 
gah, [an 2, 

Thus, a magnetic field may be characterised in two different ways, namely, by 
the induction vector and the intensity vector. The former measures the action of 
the magnetic field on a current and the latter measures the action of the field on 
a magnet. 

In practice, it is easier to reduce the measurement of intensity to the measure- 
ment of the torque acting on a magnetic needle (Fig. 112). Such a needle located 
in a uniform field is subject to the action of a 
couple of forces, where the magnitude of the . 
force is equal to mH and the arm of the couple 
is equal to /sin a. Hence, for the torque, we 
obtain the expression 


N = MH sina 


In vectorial form NM = [MH], where M = 
=ml is the magnetic moment of the needle. 
It is seen that this formula is very similar 
to that for the torque acting on a current- 
carrying circuit. 

The relationship existing between the mag- Fig. 112 
netic field intensity and the magnetic induc- 
tion can be determined experimentally. It turns out that in all cases, except 
in the case of anisotropic bodies, the intensity and induction vectors are parallel 
to each other. This means that the magnetic needle and the axis of the test circuit 
are always parallel. Moreover, in all cases, except in the case of ferromagnetic 
substances, a simple linear relationship exists between H and B, namely B = woul, 
where po is a universal constant (the so-called magnetic permeability of vacuum) 
and p is a coefficient characterising the medium (the relative magnetic permeabi- 
lity of the medium). 

In the CGS system, to = 1. This yields the same dimensions for the magnetic 
induction and the intensity. The price that must be paid for this identity, however, 


; A fi 4 . Fi qi + 
is the introduction of the dimensional coefficient — in the formula for Ampére’s 
c 


law. In the SI system, the magnetic permeability of vacuum is 
Wo = 40 10-7 T/A? X ‘m). 
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Sec. 102. INTERACTIONS OF CURRENTS AND MAGNETS 
The relations considered in the preceding sections enable us, in principle, to 


calculate the interactions of any magnetic system. We have at our disposal formu- 
las for the forces and torques acting on devices by a magnetic field of any origin: 


Action on a current 


Action on a magnet 


CGS SI 
r= (at, By F=TI{dl, B| F-omH 
N=[MB], N=[M Bl, N=([MH], 
where M= = Is where M=J/S where M = ml 


Formulas relating fields to their sources: 


Field due to current Field due to magnet 
CGS | SI AGS SI 

I an ee ih ro m m 
Pt a hag, aH =>, | at Ri  — eee 
cr? [ sane | Amr? ) arc: r2 4nr2 

2M M 
B=wull B= H B=— = ~— 
H B= Up 73 ons 


Substituting any of the lower formulas in any of the upper ones and using the 
relation B = woul, we obtain the formulas for magnetic, electromagnetic, mag- 
netoelectric and electrodynamic interaction. We shall illustrate each type of 
interaction by an example. 

Magnetic interaction, i.e., the action of one magnet on another. Two poles 
separated by a distance r interact in accordance with Coulomb’s law, i.e., 


ae Mm 1M¢ Vaal . ee my 1M, 1 
k= ae (CGS) or P= Gap pr? (SI). 


The interaction force is inversely proportional to the magnetic permeability. 

Electromagnetic action, i.e., the action of a current on a magnet. A current ele- 
ment exerts a torque on a magnetic needle. For simplicity, we assume that M | H, 
i.e., the magnetic needle is perpendicular to the flux lines. Then, 


Va 
dN = "4 alsin dt, r (CGS) 


or 


ME. oe a at 
ro) dl sin dl, r (SJ). 


dN = 


The interaction does not depend on the magnetic permeability, i.e., on the proper- 
ties of the medium. 

Magnetoelectric action, i.e., the action of a magnet on a current. Consider 
a current-carrying circuit located along the extension of the bar magnet axis at 
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a distance r from the magnet (Fig. 143). The torque acting on the circuit is 
N = Mey,B sin o = owMmas sin @ (CGS) 
or 
N = Haul nae, sin @ (SI). 


Thus, the interaction does not depend on the magnetic permeability. 


Example. A circuit of area S = 20 cm?, through which a current J = 10 A flows, interacts: 
at a distance of 100 cm with a bar magnet whose magnetic moment is Mjyjgg = 1,000 CGS 
units = 1 A * m. The torque acting on the circuit is 


N= — mag ; 


1 


4 2 
Meur= 3x00 x 10 K 20 = ~~ 10-8 CGS unit 


3 
N=4x10-> dyne x cm=0.04 N Xm. jf 


Electrodynamic action, i.e., the action of one current / 
on another current. Two parallel currents are at- 
tracted with a force Me 

7 I 
dF -=— dl,P, o 
c 
i.e., 


dpa istite (cogs) or dF = uu 


cere 


I,Ip dl, dle 
4mr? 


(SI). B 


The interaction is directly proportional to the mag- Fig. 113 
netic permeability. 

The formulas for the interaction of magnetic systems may be derived in exactly: 
the same manner. 

Example. It is essential to take into account electrodynamic interaction in the laying of bus- 
bars. If a short circuit should occur, the bus bars and their supporting insulators must be suffi- 
ciently firm to withstand large electrodynamic forces. Assume that a current J; = I, = 3 X 
* 104 A flows in parallel bus bars separated by a distance d = 20 cm. A force F = BI = pol’ 
acts on a unit length of each bus bar, where H = ond | the magnetic field intensity created by; 
he linear current flowing in the other bus bar. Thus, 

7 Mol® 4 x 10-7 x 9 x 108 


= "ond On KOD = 900 N, 


i.e., a force of ~90 kgf acts on each metre of a bus bar. The same result could be obtained by. 
integrating the last formula for dF above. 


Sec. 103. EQUIVALENCE OF CURRENTS AND MAGNETS 


We have called attention to the fact that a similarity exists between the expres- 
sions for the torque acting on a magnetic needle and the torque acting on a current-- 
carrying circuit. As a matter of fact, these two systems behave extremely alike in 
an external field. If each of the systems is characterised by its magnetic moment 
vector, the likeness appears even greater. Both systems tend to become oriented in 
the magnetic field with the magnetic moments parallel to the flux lines of the: 
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field. If the magnetic moment is displaced from the position of stable equilibrium, 
a torque NV = [MH] acts on the system in the case of the magnetic needle anda 
torque NV = | MB] in the case of a current-carrying circuit. The potential energies of 
these systems are represented by the formulas U = — MH and U = — MB, 
respectively. 

If we recall that B = wowH, the difference between the two formulas becomes 
immediately evident, i.e., they differ only with respect to the magnetic perme- 
ability factor. Hence, as regards mechanical action, a magnetic needle of moment 


M is equivalent to a current-carrying circuit of moment M,,, = 


However, the analogy between these two systems goes even further. We shall 


now show that the proper fields of a magnetic needle and a current-carrying cir- 
cuit are alike except for a constant factor. This similarity occurs at distances 
considerably greater than the dimensions 
of the system. We shall prove this for 
a point in space in line with the magnetic 
moment at a distance r from the centre of 
the system. The field of a magnet for such 
a point has already been calculated and 


found to be equal to B = = . It remains 


to determine the field of a circular loop of 
current along the axis of the loop. 

In Fig. 114 are shown the vectors of the 
field intensities due to two are elements 
of current directed into and out of the page, 
Fig. 114 respectively. The field intensity vectors 

are perpendicular to their corresponding 
current elements and radius vectors, i.e., they are in the plane of the page. The 
sense of the intensity vectors is determined from the vector product rule or, what 
amounts to the same, the right-hand screw rule. 

Since a current element and its radius vector are perpendicular to each other, 


the field created by such an element is equal in this case to dH = f Now, let us 


add rae two vectors depicted in the figure. For the field created by the “antipodes”, 
we obtain 


ar 
dH = 12 cos p, 


cr? 


where the meaning of the various designations is evident from the figure. This 
value of field is yielded by every such pair of “antipodes”. Therefore, the resultant 
field is obtained from the last expression by replacing dl, the length of an element, 
by sa, half the circumference of a circle. Thus, the field intensity along the 
axis of a circular current, at a distance r from the current,* is given by the formula 


2na2t 
H ta : 


1: 4 $3 , * M, 
Since — 4S is the moment of a circular current (here S = na®), we obtain: H = ~ 
, = 2M 
and B= Lo ay 


* Since we are dealing with large distances, the difference between r and the distance to the 
centre of the system ‘is negligible. 


vr 
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Thus, we have proved that a magnetic dipole and a current-carrying ein: 
not only equivalent as regards the forces acting on them, but disc teen are 
fields created by them. The nature of the equivalence is the same in peards the 
A magnetic needle of moment M can be replaced by a current-carrying ¢; Cases, 
moment 5 Circuit of 
M 
Meur —" Wey ° 

In vacuum and for the CGS system, i.e., for Uo = 41, the GUUivalones ox: 
becomes even simpler. In this case, a magnetic needle of moment MW is ¢ Principle 
to a current-carrying circuit having the same moment, $ €quivalent 


Examples. 1. Let us return to the example on p. 204/and calculate the m ae ; 
the same magnet in the practical system of units: agnetic induction of 
B= 0,05 T, S=3X 10-4 m4, b= 15 X 10-* V seo, m= 15 x 49-8 y 
sec 
and 1= 0.4 m, and M = ml = 15 X 10° X 0.1 = 1.5 X 10-6 V go¢ ates ; 
Hence, 


B= 


Mm 3 
Foy = 24x 10-7 T, 


which is in complete agreement with the result obtained on p. 204 
2. Consider a current-carrying circuit for which J = 5Aand S = 2cm2, The magnetic 
intensity created at a distance r = 50 cm (along the axis of the circuit and Pp Snetic field 


erpendicular to its 
plane) is H= Te 


1 4 oo ie een ; ? 
Ma IS = 3 G91 OX 38x 10°xX2=1erg/G, and H=1.6 x 405 oersted (Oe), 


Sec. 104. ROTATIONAL NATURE OF A MAGNETIC FIELD 


A study of the nature of magnetic lines shows that magnetic lines differ basica? 
ly from electric fields. Electric lines have a beginning and an end, i.e., there he 
no Closed lines in a constant electric field. On the other hand, experiments es 2 
that magnetic flux lines, i.e., vector lines of magnetic induction, are always hea 
In other words, such lines have neither beginning nor end. ; 

For reasons discussed above, force fields in which the work along a closed path 
is equal to zero are known as potential fields. Vector fields characterised by closed 
flux lines are known as rotational fields. A magnetic field is a rotational field 

If we describe a closed surface in a magnetic field, the net ou é 


tward flux @ = 
== $B cos % dS through such a surface will always be equal to zero. In other words 


the number of lines entering this surface is equal to the number of lines leaving it. 


Thus, the equation Bcosa dS = 0 is the mathematical expression of the fact 
that magnetic flux lines have neither beginning nor end. 

The magnetic lines always encircle the currents creating the field. Therefore, the 
integrals taken along induction or intensity flux lines, i.e., OB dl and bu dl, 
respectively, differ from zero. It is more convenient to consider the second 
integral, for its value is proportional to the magnitude of the electric current encir- 
cled by flux lines. This can be seen from the basic field intensity formula, which 
shows that H and current strength are directly proportional to each other. 


By analogy with electrostatics, \ Hdl is called the magnetomotive force (mmf). 


14—01028 
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If the integral is taken along a flux line, then 


j wa= | Hal. 


The magnetomotive force along a closed curve is proportional to the currey+ 


encircled by this curve: 
bi dl = kl, 


where & is a coefficient of proportionality. ” ; 
A flux line may encircle more than a single current. Then, using the algebraje 


sum of the currents, the equation assumes the form 
§ Hdl =k> I. 


Deeper theoretical analysis, which we are unable to go into here, shows that the 
above equation is subject to two more generalisations. First, the integral need no: 
be taken along a flux line, but can be taken along any arbitrary circuit. Secondly . 
the coefficient of proportionality in the equation is a constant depending only o7, 
the properties of the medium and is the same for all geometric conditions. Thus 
the magnetomotive force is the same for any closed curve that encircles a curren + 
of specified strength. The shape of the curve and its length are of no significance, 
It is immaterial whether the curve encircles one current or ten currents and wheth~ 
er these currents are rectilinear or curved. As long as the algebraic sum of the 
currents passing through the closed curve remains the same, so does the magneto- 
motive force. 

Since the coefficient of proportionality in the formula for the magnetomotive 
force is a universal constant, we can determine k if the magnetomotive force can 
be calculated for any system whose field is known. 

We are familiar with the general expression for the magnetic field intensity of 
an elementary current, but mathematical difficulties are encountered in calculating 
the magnetomotive force by means of the formula for the field intensity, namely , 


dn =| at, ]. 


However, we are also familiar with the formula for the magnetic field intensity 


2M . , , 
along the axis of a circular current, namely, H = a ¢ No speci difficulties are 
were 


encountered in calculating the magnetomotive force along this axis. We should 
not be disturbed by the fact that the integration is carried out along a straight 
line, while we are interested in the magnetomotive force along a closed curve. As 
a matter of fact, a straight line extending from minus infinity to plus infinity is 
a closed curve, for it is closed at infinity. The expression for the magnetomotive 


H dl, along such a closed curve, i.e., along the axis of a circular current 


force, 
from minus infinity to plus infinity, may be written in the form 
ee 
MM \ SSS: 
: J (VP Fars * 


where a is the radius and / is the distance measured along the axis of the circuit. 
The integral is easily evaluated by using the new variable f, defined by the formu- 


2, : 
la + cot B. It turns out to be equal to 7) . Substituting 4 Ta for M and equating 
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he value 
t of the Magnetomotive force to kT, we obtain 


4 
fem (in the CGS system) 


k=1 (in the SI system). 


The. magnetomot; 
0 : : 
tive force relation now assumes the form 


GH a4 sy 7 or § H d= >i 1. 


c bewne 
q oO aed 

nate ot ean eee force relation is very useful in determining the magnetic 

metry and in this erie Its application is facilitated by considerations of sym- 

sion relating t th Spect the following discussion is quite analogous to the discus- 

“i Of tra oa tte solution of the corresponding problems in electrostatics by 
ares of the Gauss-Ostrogradsky theorem 
ay = a . é 

f Sten onside an infinitely long rectilinear current. From considerations 

be ire < - oe evident that the flux lines must be circles whose centres lie on 

li ere Hh 'S Similarly evident that at all points on such a circle the numeri- 

cal value of the mlensity is the same. Applying the magnetomotive force relation 

to such a flux line, we obtain: Hf oe Here, & dl is simply the length of 

e 3 


P 4 ux ’ 7" 4 . z t. : ‘s , 
a flux line. If the points under consideration are located at a distance! r from 
the wire axis, then ¢ dl = Qn 


Thus, for the magnetic field of an infinitely long 
yectilinear curren, 


the region outside the wire, we obtain 
2f ‘ 
ff = = (in the CGS system). 


I : 
E =3,, (in the SI system). 

Let us now determine the magnetic field intensity inside the wire. Assume that 
the radius of the wire is designated by a and that the current density is uniform 
over the wire cross-section. Hence, the flux lines within the wire must also be 


1 


circular. Consider such a flux line of radius r. The current flowing through it will 
r 
be = I. Therefore, the magnetomotive force relation yields: 


HX dar = OT L. get. HES 


2 
c 2 


In the SI system 
f° 


25a? © 
Thus, we see that the magnetic field intensity along the wire axis is equal to zero. 
The intensity increases with radius and becomes a maximum at the surface of the 
wire. Then, for the region outside the wire, the field intensity decreases, being 
inversely proportional to the distance from the axis (Fig. 115). 

If the field is determined at a point for which the distance r is much less than 
the distance to the end of a wire, then the formula H — a is also valid for a wire 
of finite dimensions. 


Example. Let us calculate the magnetic field intensity at a distance of 5 cm from the axis of 
a rectilinear current of 20 A, 


14* 


212 TI. Electromagnetic Fields 
In the CGS system (J = 20 xX 3 x 109 == 6 x 10! CGS units); 
20 2x6 4Q10 
cr 3X10! x 5 
In the SI system (J = 20 A and r = 0.05 m): 

I 20 ‘ 

H= = —64 A/m, 

Qnr 20 x 0.05 ‘ 

Another important example of the application of the magnetomotive force 
relation is in the caleulation of the field of a solenoid. 

Consider a uniformly wound toroidal solenoid whose circumferential length is L. 
The field within the solenoid is uniform and all the flux lines are concentric with L. 
This system plays the same role in magnetic field theory as a parallel-plate condens- 
er of infinite extent in electric field theory. Each flux line envelops all n turns. 
Therefore, the magnetomotive force along a flux 
line of length LD is 


H= x 0.8 Oc. 


Since ) H dl = HL, we obtain 


4m on 1G 
H =“ 4 1 (cGs) 


H=—- I (Sl). 
Fig. 115 The magnetic field intensity of the coil is deter- 


mined by its “ampere turns”, i.e., the product of the 
current strength and the number of turns per unit length of the sole- 
noid. It should be noted that the simplicity of the last formula is one of the 
justifications for the electrical engineering system of expressing the field equations. 
Since a solenoid is one of the basic elements of electrical engineering devices, 
simplification of the formula for the calculation of its magnetic field intensity 
is of great practical significance. 


The formula H = + I is also valid for a straight solenoid if used to determine 
the’field within the solenoid at points sufficiently far away from the edges. 


Heample. The magnetic field intensity at the centre of a long, thin solenoid, where L = 45 em, 
n-== 1,500 turns and I = 0.4 A, is 
: H = 1,000 A/m. 
In the CGS system: 
4 4 5 
Ah ATG 4,500 


c Sen 15 


4 Alm = 40 X 10-3 Oe and 1 Oc x 80 A/m. 


(0.4 %3 % 10°) = 12.56 Oe, 


Sec. 105. LAW OF ELECTROMAGNETIC INDUCTION AND LORENTZ FORCE 


The phenomenon of electromagnetic induction discovered by Faraday, the great 
English physicist, may be described as follows: an electric current is induced in 
a closed conductor loop if the value of the magnetic flux passing through the loop 
changes. Moreover, the inducted emf is proportional to the rate of change of the 
magnetic flux, i.e., the derivative with respect to time 
2 where @M= | B cosa ds. 


e 
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We shall show that the law of electromagnetic induction is closely related to 
the existence of a Lorentz force. If the electromagnetic induction is due to the 
displacement of a wire in a magnetic field, then the law of induction follows from 
the expression for the Lorentz force. 

In order to avoid confusion due to difficulties of a purely mathematical nature, 
let us simplify the proof by assuming that the induced emf arises in a rectangular 
circuit oriented perpendicular to the flux lines in a uniform magnetic field. A change 
in flux produces a translatory displacement of one 
side of the rectangle of length / as shown in Fig. 116. 
Since there are free charges in the displaced conduc- 
tor, these charges are subjected to the action ofa 


2 é 7 
Lorentz force f = a when the conduct + moves 


with a velocity v. In view of the fact that the ve- 
locity, magnetic field and conductor are at right 
angles to each other, we are able to dispense 
with the vector notation in the formula for the force 
since the sine of the angle is equal to unity. The 
Lorentz force is directed perpendicular to the plane 
passing through the direction of the velocity v 
of the charges, and hence of the wire, and the direc- 
tion of the magnetic flux lines. Thus, the force is directed along the wire. The 
charges are impelled to move and an induced current is thereby created. 

The electromotive force is equal to the work of moving a unit charge around 


Fig. 116 


a closed ircuit. Since the force acting on a unit charge is equal tot vB, the work 
c 


of this force along the moving wire is equal to = vB. Moreover, no work is per- 
formed along the rest of the circuit. Hence, the last expression sought for the 
induced emf. It has the form: 

gind= + ppl (CGS) 


&ind —vBl (SI) 
Assume that the wire moves a distance dz during the time dé. Thus, the area of 
the circuit increases by the amount ldz = dS and the magnetic flux by the amount 
db = BdS. Since v = a 


ay? 
form: + 2 But this is precisely the expression for Faraday’s law of electro- 


aS: bg 140. ' : ; 
magnetic induction, i.e. 6"? = ——-— in the CGS system and 6'"¢ = — — in 


the induced emf may also be written in the following 


the SI system. 

We have thus demonstrated that electromagnetic induction and the deflection 
of moving electric charges in an external field represent different aspects of one and 
the same law of nature. In the next chapter, we shall return to this interesting 
problem. Here, it was only necessary to present the essence of the electromagnetic 
induction law. 


Sec. 106, MEASUREMENT OF MAGNETIC FIELDS BY MEANS OF INDUCED IMPULSES 


The phenomenon of electromagnetic induction is utilised in the design of pre- 
cision instruments for the measurement of magnetic fields. Assume that it is neces- 
sary to determine the value of the magnetic field at some point in space. A small, 
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flat coil or a single turn of wire is placed in a magnetic field perpendicular to the 
flux lines and the ends of the winding are connected by means of leads to the ter 
minals of a ballistic galvanometer. Now, if the coil is rapidly turned throug}, 
a 90° angle in such a manner that its flat surface becomes parallel to the flow lines. 
an electricallyfinduced current flows in the winding as the coil is being turned. The 
brief flow of current, which rapidly reaches a maximum and then drops to zero, j< 
called an induced impulse (Fig. 117). During this brief interval, a certain quantit <= 
of electricity flows in the wire. The charge can be very accurately measured }\- 
means of a ballistic galvanometer, a device having a moving coil with a hig} 
moment of inertia that integrates the electric current over the period of the impulse 

If the resistance of the coil is R and the number of turns n, the induced curren? 
strength may be written in the form 


The quantity of electricity flowing in the wire during the period of the induced iny_ 
pulse is 
* 
Q=.\ Idt=R'n \ dD = R-'n (D,— QD), 
0 } 


two 


= 


where (D,, is the value of the flux passing through the coil in the first Positioy 
and, is the value in the second position. - 
[f D, or Dy is equal to zero, i.e., magnetic flux lines do not pass through the 
coil in the initial or final position, the performed measurement yields the value 
of the magnetic induction. For this purpose, we need only 


! divide the value of the magnetic flux by the coil area AS 
OR , 
i6., B= = 

ns 


Of course, other methods of measurement are also pos_ 
sible. Thus, instead of rotating the coil, the field may be 
switched on or off. Also, to make the effect more pronounced 
the coil can be turned through an angle of 180° instead Of 
90°. This doubles the effect. Similarly the polarity of the 

¢ field can be reversed, rather than simply switched on or o te 

Fig. 117 Since the measuring coil may be made as small as ., 

square millimetre, measurements by this method enab?, 
us to accurately determine the magnetic field in small regions. 

This method is also used to measure magnetomotive force. For this purpose. 
we use a measuring device known as a Rogovsky belt—a long coil on a flexibl, 
belt. The belt may be shaped into any desired form and its two ends placed az 
any two points in a given region. Also, if desired, the ends of the belt may be 
brought into contact with each other. We shall show that when the field is switche 
off the deflection of a ballistic galvanometer connected to such a measuring belt jx 
proportional to the magnetomotive force along the parth of the flexible belt. 

The deflection of the ballistic galvanometer is a measure of the quantity of mag 
netic flux passing through all the turns of the coil. Let » be the winding density~. 
i.e., the number of turns per unit length of the measuring belt. Then, on a smal] 
belt segment Al;, there are nAl; turns, and the magnetic flux passing through these 
nAl;‘turns is equal to D,nAl,. 

If the medium is homogeneous and all the turns have the same area, then 


D; = wSH;, 
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and the total magnetic flux passing through the entire measuring belt is 


D= x uSnH ;Al;. 
Taking the limit for Al; > 0, we obtain 


2 
D=uSn \ Hal. 
| 


Since the measurement occurs in a medium for which p does not significantly differ 
from to, the quantity wSn is a constant of the instrument. The throw of the bal- 
listic galvanometer in these belt measurements is exactly proportional to the 
magnetomotive force between the points at which the ends of the belt are located. 

By means of this device, it is easy to demonstrate the validity of the laws discus- 
sed in Sec. 104. Thus, as long as the coil encircles one and the same current, the 
magnetomotive force will remain the same for all configurations. Also, it is easily 
verified that the magnetomotive force along a circuit not encircling currents is 
equal to zero. For the case when the coil encircles a current several times, the 
magnetomotive force can be shown to increase by the corresponding number of 
times, etc. 

It should be emphasised that magnetic field measurements by means of induced 
impulses are of particular importance when we are concerned with the magnetic 
field inside a solid body. The only other method available is to make slit in the 
solid body. Such a procedure is usually not possible. boa 

Let us consider the most common problem—the measurement of the magnetic 
permeability of an iron body. The most accurate results are obtained when the 
substance under investigation is in the form of a toroid. Two windings are wound 
on such a ring—one connected to a current source and the other to a ballistic gal- 
vanometer. If current is flowing, a magnetic flux D = BS passes through the ring. 
By reversing the direction of the current through the primary winding, an induced 
current is produced in the secondary. The quantity of electricity Q flowing through 
the galvanometer is related to the magnetic induction inside the ring by a relation 
already discussed, namely: 

QR 


~ NS’ 


where JS is the cross-section of the toroid (assuming the turns are wound tight on 
the surface of the ring), 2, is the number of secondary turns and R is the resis- 


tance of the secondary winding. As regards the magnetic field intensity, it may be 
‘ : : I : f 
determined by the formula for a ring solenoid, namely, H = ae The magnetic 


permeability of the substance under investigation is then equal to B divided by fae 


Sec. 107. FINITE BODIES IN A MAGNETIC FIELD 


To one degree or another all bodies possess magnetic properties. These are indi- 
cated, first, by the fact that a magnetic field exerts forces and torques on bodies 
and, secondly, by the fact that a body placed in a magnetic field distorts the 
field. As was indicated above, the magnetic properties of a substance are character- 
ised by the coefficient u—the magnetic permeability of the substance. In accor- 
dance with the value of u, bodies may be divided into three distinct classes: ferro- 
magnetic substances—including’ iron,; nickel and cobalt—whose relative perme- 
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abilities are much greater than unity; paramagnetic substances, whose permeabj)};_ 
ties are somewhat greater than unity; and diamagnetic substances, whose permy_ 
abilities are slightly less than unity. Typical values are given in the table. 


5 Se ae Se Se ae ee ee 


Substance 13) % 
G10) 9) 0) a ee 0.999990 —10-5 
Wiaere - sa.5 3.0 Ma ed a ae 0.999994 —9 « 107-6 
Blo Cini ee haS~.M arcen: aisha area es as 1.000300 300 x 10-6 
UTC OM Moc alain ay | tinct Gone Sens 0.999986 —14« 10-6 
MUMGStON gel g. ks oy fc mt ya kts 1.000079 79 x 10-8 


When a diamagnetic or paramagnetic body is placed in a magnetic field, the 
distortion of the field is negligible. On the other hand, when a ferromagnetic body 
is placed in the field, there is considerable distortion. y 

The forces exerted by magnetic fields may be detected without particular diff,_ 
culty in the case of paramagnetic and diamagnetic bodies. In the case of iron objects 
everybody is familiar with the fact that magnetic fields exert large forces. 

Let us first consider magnetic forces. A body that does not possess magnetic 
properties becomes magnetic when placed in a field. This magnetisation process 
manifests itself in the acquisition of a magnetic moment by the body. As we know. 
a system possessing a magnetic moment may be detected in two ways. In a uniforn, 
field, the body tends to become oriented in such a manner that the direction of the 
moment is parallel to the external field. Moreover, in a nonuniform field the body 
will experience a force tending to move it along the lines of force. 

In the case of ferromagnetic bodies, the torque may be detected without diff 
culty. The magnetic moment of the body may then be determined from the for. 
mula N = [MH]. However, we are not usually interested in a body having a par 
ticular shape, but are interested rather in the substance as such. Therefore, when 
possible the measured value is recalculated on the basis of unit volume. The vectoy 
directed along the magnetic moment and numerically equal to the magnitude 
of the magnetic moment per unit volume is called the magnetisation vector J. 
Of course, the magnetisation vector can be determined without difficulty from the 
magnetic moment of a body only if we are sure that the magnetisation of the sam- 
ple is uniform. This is the case when the sample is in the form of an ellipsoid or 
a degenerate ellipsoid, i.e., a cylinder, plate or sphere (see p. 196). That is why such 
bodies are used in experiments of this kind. 

Determination of the magnetisation vector by measuring the torque is easily 
accomplished for ferromagnetic bodies. Since the torque is very small for para- 
magnetic and diamagnetic bodies, this measurement is difficult to perform. It 
is therefore preferable in these cases to measure the forces acting on a body located 
in a nonuniform field. 

Let us consider a small volume of a magnetic substance located in a nonuniform 
field. For simplicity, assume that the field varies along one axis and that the 


gradient is equal to = Since a small volume of magnetic substance behaves like 


a magnetic dipole, the potential energy of a unit volume may be written in t he 
form U = — JH. If the moment acts along the field, the force exerted on a unit 
volume of the magnetic substance is equal to the derivative of the potential ener- 
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gy with respect to the coordinate, i.e., 


Thus, if we know the field gradient, we can determine the magnetic moment of 
a unit volume of the body under investigation by measuring the force. In practice, 
there are various ways of ac- 
complishing this, the simplest 
being by means of a so-called 
magnetic balance. A thread is 
passed through an aperture 
made in one of the pans of an 
analytical microbalance. Then, 
the sample is attached to the 
end of the thread and sus- 
pended between the poles of 


a magnet. Before and after 

energising the magnet, the ead 

sample is balanced; hence, the jes 

difference between the read- 3 5 

ings is equal to the value of = ‘ 

the force f. Sg re 
The weights must be quite a oe, 


accurate ag can be seen from 
the following example. A piece 
of bismuth, a substance 
whose diamagnetic properties 
are most pronounced, has a 
magnetisation J of 2 x 107 
CGS unit when placed in a 
magnetic field whose intensi- 
ty H is~ 1,000 Oe. If the 


nonuniformity of the magnet- 
fn. es . aH r 
jc field is — ~ 50 Oe/cm, 


dx 
a force of only 1 dyne will be (a) Diamagnetic body (6) Paramagnetic body 
exerted on each cubic centi- 
metre of bismuth, ier, fr 1 Fig. 118 
dyne/em?. 


Experiments show that for 
diamagnetic and paramagnetic bodies the following simple relationship exists: 
between the magnetisation vector and the magnetic field intensity: 


J= UgxlT, 


where x is the magnetic susceptibility. For diamagnetic bodies x is negative, while 
for paramagnetic bodies it is positive. Values of x are given in the table on p. 216 
When x is positive the magnetisation vector is in the direction of the field intensity 
vector, but when x is negative, i.e., for diamagnetic bodies, the magnetisation 
vector is opposite to the field. 

Due to this difference in sign, the behaviours of these two classes of bodies under 
identical conditions are completely different. This is illustrated in Fig. 118. As. 
can be seen, the differences are quite striking. A paramagnetic body is attracted 
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toward the region of strong field, while a diamagnetic body is repelled from such 
a region. In a uniform field, a paramagnetic needle tends to become oriented with 
its axis along the flux lines, while a diamagnetic needle tends to become oriented 
perpendicular to the flux lines (see the analogous example in the case of a dielec- 
tric, p. 495). 

The determination of magnetic susceptibility by measuring the force in a nonuni- 
form field may be accomplished for solid bodies in the form of a monocrystal or 
powder, This method is also easily adapted to liquids. In this case, the experiment 
‘can be so arranged that the measured quantity is the increase or decrease in the 


level of the liquid as it is attracted toward, or repelled from, the region between 
the poles of a magnet. 


Sec. 108. RELATIONSHIP BETWEEN PERMEABILITY AND SUSCEPTIBILITY 


Both permeability and susceptibility may be determined straightforwardly. 
The permeability is determined from the formula u = F by measuring the induc- 


tion and field intensity. The susceptibility is determined, as described in the 
preceding article, from the forces exerted on a magnetic substance. To be sure. 
the relationship between these two characteristics of the magnetic properties of 
a substance can be established experimentally. However, there is no need to do 
this since an exact and simple relationship exists between w and x. This wil! 
now be shown. 

Let us return to the experiment for determining the magnetic permeability of 
a body in the form of a toroid. The primary winding creates a field of intensity 


Hess am which is independent of the substance of the toroid, i.e., if the toroid 


were not present, the field intensity would be given by the same formula. The 
situation is different as regards the magnetic flux. It can be shown experimentally 
that the value of B depends on the magnetic permeability. Ifan iron core is placed 
in the coil, B becomes hundreds or thousands of times greater than in the case of 
an air core. This increase in magnetic flux is due to the magnetisation effect. 
First, it should be noted that the magnetic induction of a ring solenoid without 
an iron core (jo) bas the significance of magnetic moment per unit volume. 
The magnetic moment of one turn is equal to /S, for in this discussion we shal! 
employ the SI system. For the total magnetic moment of the system we obtain 


4 . : nis. , ee 
niS, and the magnetic moment in unit volume, Ty 1s simply equal to the field 


intensity. The magnetic moment of the equivalent dipoles is u» times greater 
(cf. Sec. 103). Therefore, the magnetic induction uy of a uniform magnetic field 
‘created by the turns of a ring solenoid without an iron core can be expressed as the 
magnetic moment of the equivalent dipoles per unit volume. 

We are entirely justified in assuming that the significance of magnetic induction 
is maintained if, without disturbing the uniformity of the field, the coil is filled 
with an additional number of magnetic dipoles. If J is the magnetic moment per 
unit volume due to the additional dipoles, the magnetic induction increases by 
this amount and becomes 

B=p H+ J. 
Such an increase in B also occurs when the solenoid is filled with a magnetic sub- 
stance. Since J = pw oxH, then B = wy (* +1) H; hence, the susceptibility and 
permeability are related by the equation 


wei+x. 
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Analogous calculations employing the Gaussian system of units lead to formulas 
with other coefficients. The magnetic moment of currents (and dipoles) per unit 
volume is 


wee Ts 
Pxt Seeeee oe H 
EO has 
Therefore, in the presence of a medium, 
1 4 , 
oo B= in A+sJ, ie, BHH+4nJ. 


Letting J = «’H, we obtain 
B= (1 + 40x’) A. 

Hence, 
% 
4n ° 

Example. Let us perform the calculation in the example on p. 217 employing the SI system. 
For bismuth, x’ = 2 * 107, ie., x = 4nx’ = 8n X 10-°. The piece of bismuth is in a mag- 
netic field whose intensity is 


p= 1+4nx', where x’ = 


#=1,0000e=—— wigan coo A 
4m m 4m m° 


Furthermore, the nonuniformity is expressed by 


H 
oa ee x 408 x 100 


. sep: A 5x10° A 
ae an m= dn m- 


a ‘ Pa a eee . VW S€C : : 
The bismuth magnetisation‘is given by J = wx = 8x X 107% may Hence, the force acting 


on a unit volume (1 metre®) is 


at soo tO-* N 
= —___.—— Rr * 6 < am 
f J = 8n x 10 x a =10 a 
Clearly, 10 N. = 199" which agrees with the result obtained in the previous example 
Clearly, 1¢ rhs ee which agrees with the result obtained in the previous example. 


Sec. 109. DISTORTION OF A MAGNETIC FIELD DUE TO THE PRESENCE 
OF A MAGNETIC SUBSTANCE 


The problem of magnetic field distortion has practical significance only when the 
distortion is due to an iron body. To a large extent, we shall be repeating the anal- 
ysis given on p. 196 for the analogous case of dielectric bodies. 

At the boundary of two media of different magnetic permeability, the magnetic 
field vectors (induction as well as intensity) are refracted. To determine the law of 
refraction, let us first consider the magnetomotive force along a small circuit ABCD 
whose sides parallel to the boundary surface are close to each other, but on either 
side of the boundary as shown in Fig. 119. Since no current flows through this 
circuit, the magnetomotive force is equal to zero. Let us resolve the magnetic 
field intensity vectors on either side of the boundary into normal and tangential 
components. From the figure it is evident that the magnetomotive force can be 
equal to zero only if the tangential components are equal to each other: 


Ay, = Hy). 

Another condition at the boundary between two media is established by consid- 
ering the magnetic flux passing through a small cylinder (not shown in the figure) 
enclosing a portion of the boundary. Since the magnetic lines have no sources, the 
number of flux lines entering the cylinder through the top is equal to the number 
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leaving through the base. The lateral surface has an infinitely small area and the 
flux through it is equal to zero. Now, let us resolve the magnetic induction vectors 
on either side of the boundary into normal and tangential components. Clearly, 


Fig. 119 


the flux entering the cylinder can be equal to the flux leaving the cylinder only if 
the normal components of the induction vectors do not change in crossing the 
boundary: Bia = Bop. 

From these two rules, we can determine the law of refraction for flux lines. 
It is evident from the figure that 


tan dy py 


tan [bg 


In passing from air into iron, the magnetic flux lines are deflected from the 
normal to a considerable extent and as a result the flux density sharply increases. 
For this reason, an iron body, whose per- 
meability is hundreds or thousands of 
times greater than [ty “absorbs”, flux lines. 
This is the basis of magnetic shielding. 
Magnetic flux cannot, in effect, jpenetrate 
into a region bounded by iron since 
practically all of the magnetic lines enter 
the iron (Fig. 120). 

The distortion of a magnetic field due 
to a magnetic body of specified shape is 

Fig. 120 determined in exactly the same manner as 

in the case of a dielectric. If the iron 

body has the form of an ellipsoid, cylinder or plate, theoretical calculations show 

that the field inside the body will be uniform if the field was uniform before the 

iron was introduced. A relationship completely analogous to that given in Sec. 96 

exists between /H,, the externa! uniform field before the body is introduced, and FT;, 

the field inside the iron after the body is introduced. The field intensity inside the 

iron body becomes less than the original intensity by an amount proportional to 
the magnetisation: 


Hy=Hy—— J. 
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In order for ¢} 
he Toe eee 
divide the magnetisatietisation some 
AW shar ot OY the 
with the ST system and substituting 
‘ 5 


T= tho (uw — 1) Hy, 


ationship between the external and internal fields: 
Hy 
1-+(u—t) 


to be dimensionless, it is necessary to 
agnelic permeability of vacuum. Continuing 


we obtain the following rel 


YOY 4 
In the CGS System of units 


and the relationshj 
'p between the external and internal fields is given by 


we Hy 
— gx. AV 
1+(y—1) 7 — 


e 


Ty.) 
The demagnetisati ici 
2 Sation coefficient has the same value as in the case of dielectrics: 


for a sphere, N = 4y (N’ = 1) fora plate, etc. 


Sec. 110. MAGNETIC HYSTERESIS 


ras rh ean le ee te of iron, we may have created the false impression 
camnimenetts en me of ferromagnetic substances differ from those of 
White ie ber it nace the Be: ne as regards the magnitude of the permeability, 
ee Aas Resonate wan “erromagnetic bodies differ from the others mainly 
ee onfigwiel de eammaay : 0) ne a body is not linearly dependent, and moreover 
of Enea halite fae fees ’ on the magnetic field intensity. Therefore, the concept 

I G6 Y) omagnetic substances is very relative. The magnetic prop- 

erties of Iron are best illustrated by a magnetisation vs. field intensity curve or 
a magnetic induction ys. field intensity curve. These curves are very similar to 
each other. : ; 
Let us consider the magnetisation of an iron body as a function of the field 
Intensity. At first, the Macnetisation increases slowly, then rapidly, and finally 
magnetic saturation sets in. Such magnetisation curves were first used by A. G. Sto- 
letov and are characteristic of all ferromagnetic bodies (Fig. 121). We reiterate: 
the magnetisation and magnetic induction curves are very similar. The slope of 
the magnetisation curve gives the magnetic susceptibility, while the slope of the 
induction curve gives the magnetic permeability. From the figure, it is seen that 
the permeability (also susceptibility) curve has a maximum. For weak fields the 
permeability is low. As the field intensity is increased, uw increases to a maximum, 
then begins to drop, and after reaching saturation remains unchanged. When the 
value of the permeability is given without specifying the external conditions, 
the maximum permeability is usually meant. 

But there is more to be said about the behaviour of ferromagnetic substances. 
Let us assume that after the iron has been brought to a state of magnetic saturation 
the magnetic field intensity is decreased. It turns out that the induction decreases 
along a different curve, i.e., a curve lying higher than the initial magnetisation 
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curve. The field intensity may be decreased to zero, but magnetisation remains. 
The corresponding values of magnetisation and induction at this point are referred 
to as the residual values. To remove the residu— 
al magnetisation, the polarity of the field must 
be changed. Thus, in the case of the experi- 
ment discussed on p. 245, it would be neces. 
sary to reverse the polarity of the current in the 
primary winding. Demagnetisation occurs when 
the field intensity attains a value A, the val- 
ue of the so-called coercive force. As the cur- 
rent is increased further in the same direction. 
the body begins to become magnetised in the 
reverse direction, i.e., what was previously a 
south pole becomes a north pole. The magnet- 
ic flux increases until the magnitude of the 
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# gauss cmfA oe : hain ‘ i Bk ss 
igssant Deland Fa saturation is the same asin the initial process, 
250 7 Having attained a negative induction max- 
299 te imum, we may then proceed with the pro- 
‘80 I cess in the other direction. In this manner. 
at 2 eG [age ck the hysteresis loop shown in Fig. 122 is ob- 


tained. 

It is seen from the figure that knowledge of 
| the intensity of the field in which the iron is 
20 40 60 80 100 20 KO HALM  \oeated is ee sufficient to determine the ae 
netic induction and, hence, the magnetic per- 
meability. Thus, for example, it is seen that 
three values of induction are possible for 7 —~ 
400 Oe—one occurs during initial magnetisation, the second during demagneti- 
sation and the third when the magnetisation process is repeated, i.e., just before 
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Fig. 122 


the hysteresis loop is closed. The value of the magnetic induction, and ‘the mag- 
netic permeability, depends on the previous “history” of the sample. Hence, the 
designation “hysteresis loop”. 

A hysteresis loop is usually drawn on the assumption that the ferromagnetic 
body is brought to magnetic saturation. However, we can clearly obtain numerous 
hysteresis loops having smaller dimensions by inscribing them, as it were, in the 
fundamental loop. For this purpose, it is necessary to begin the demagnetisation 
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process before reaching saturation. Then, to each H value ther 
infinitely large number of values B. , 

A procedure based on this fact is used to bring a ferromagnetic body toa « : 
which both induction and field intensity are equal to zero. This ene a State in 
achieved by a series of successive magnetic reversals, whereby each i po et 
cycle is begun at a lower intensity level than the previous one. ™ Succeeding 

‘The magnetic state of iron cannot be characterised only by the value of 4 
permeability, field intensity or induction. Two of these quantities sein the: 
known—e.g., the induction and the intensity. The magnetic state of the iron a be 
represented by a point inside the fundamental hysteresis loop. ron is then 

The nature of a hysteresis loop depends to a great extent on the m 
is said to be magnetically soft if the coercive force (and hence the loop area) > 
small. Typical soft materials are pure iron, silicon steel, and iron and nickel ail. a 
(particularly permalloy—78% nickel). Carbon and other steels belongs he ie 
magnetically hard materials and are used in the manufacture of permanent magnets. 

Experiments show that the temperature of a ferromagnetic substance rises when 
it is subjected to magnetic reversals. T his is very important in electrical Sh oti 
ing, for when iron is placed in a variable magnetic field the point on the Bo 
= f (H) curve representing the magnetic state of the iron is continuously tracing 
a hysteresis loop. Every time a loop is traced a certain amount of heat is released” 
which according to magnetic field theory is related to the loop area: of course tks 
lower the value of the induction maximum, the smaller the loop area. Tiaelane. 
empirical formulas may be sought relating heat released and maximum induction. 
In electrical engineering, for example, the following formula is widely used: _ 


Q as ees 


where 4 is a Coefficient whose value is given in tables. 


e Corresponds an 


aterial, A body 


Example. For a good transformer steel, 7 = 0.0011. When By... = 10,000 G, the lossestare. 


equal to Q = nba’. = 2.5 10% ergs/em’ = 2.5 X 10-4 J/cm’, This means that for magnetic 
reversals in iron due to an alternating current whose frequency v is 50 Hz the power loss is equ 


1 ab 
to 12.5 x 10-3 W for cubic centimetre of iron. a 


CHAPTER 16 


Electromagnetic Fields. Maxwell’s Equations 


Sec. 111. GENERALISATION OF THE LAW OF ELECTROMAGNETIC INDUCTION 


In the preceding chapter it was shown that the motion of a conductor in a magnet- 
ic field is accompanied by induction phenomena. If this moving conductor is part 
of a cirenit through which the magnetic flux changes when the conductor moves, 

; 4 d@ 


a current corresponding to the induced emf € = — rag flows in the circuit. 


This current is due to the action of a Lorentz force: a force equal to +f vB\ acts on 
a unit electric charge (the CGS system). 

The induced current depends only on the relative displacement of the conductor 
with respect to the magnetic field. Thus, it may be asserted with equal validity 
that a Lorentz force is produced when a charge moves in a magnetic field or when 
the charge is “at rest” and the magnetic field moves. This follows from the princi- 
ple of relativity. 

Consider a system of coordinates relative to which a magnetic field moves. Such 
a coordinate system may be fixed, for example, relative to a laboratory bench 
along which the pole of a permanent magnet moves. Then, a Lorentz foree wil] 
act on charges at rest relative to this bench. Let us assume nothing is known about 
the moving permanent magnet. Having established that a force acts on the station- 
ary electric charges, we are perfectly justified in concluding that an electric 
field exists in this system whose intensity is equal to the Lorentz force divided 
by the magnitude of the charge. Thus the electric field intensity in the “stationary” 
coordinate system, relative to which the source of constant magnetic field moves 
with velocity v, is expressed by the formula 


Of course, the relations differ for the electric field created by charges and the 
electric field created by the motion of the system relative to the magnetic field. To 
begin with, this new field that we are considering has no charge sources. This 
means that the flux lines have neither beginning nor end. Moreover, it is not dif- 
ficult, to see that the flux lines of this electric field form closed curves, i.e., the 
electric field created by the moving magnetic field is rotational. 

Imagine an arbitrary circuit that is stationary relative to the laboratory bench. 
The moving magnetic field crosses this circuit. If this imaginary circuit is re- 
placed by a real wire circuit, then in accordance with Faraday’s law an emf is indu- 


ced in the circuit that is equal to OE dl. Hence, the integral U = bE dl is not 


equal to zero. This means that the electric field H = 4 [vB] created by the moving 
magnetic field is a rotational field. 

For a real wire circuit U = a where ® is the magnetic flux passing through 
the circuit. However, it is immaterial whether or not wire is present at the location 
of the closed curve. The equation U = 4 ae is also valid for an imaginary circuit 
in the region where the sources of the magnetic field are moving. 
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for the Change jn the ains to be made. Experiments show that the cause 
The field change due tote ee field is of no importance in the induction effect. 
of current strenoth in : eo Motion of a permanent magnet and that due to a change 
lary coil can always be made equal by, for example, 
t closer or increasing the current in the coil ereat- 
aw under consideration must be valid in all cases, 
tain region fe nausea Thus, if the magnetic field (magnetic 
Space, arotational electric field is produced that 
Change as indicated by the following law. The 


ation rem 


along a closed curve is equal to the derivative 
agnetic flux passing through this circuit: 


or, in the SJ system, eae 


Misa ta , ry 
This is the generalised | 
Let uS examine the aw of induction, one of the most important laws of nature. 
sions for the electromotiy al expression for this law. Equating the expres- 
follows: Ive force and the magnetic flux, the law can be written as 


c 


cy ; 4 
$ Edl= ——= j BeosadS (CGS), 


6 E al = —$ [ BeosadsS (SI). 


First, aS regards the mj; : 
A NINUS sio hat ¢ AG +7 ro ation. 7 
noted. that,in, vector sign that appears in this equation, it should be 


analysis the direction in which the circuit is traversed and 


n 
; TP ) Positive 
SSS Positive derection 
adtrection 
P decreases DP increases 
Fig. 123 Fig. 124 


the direction of the normal to the plane of the circuit are related to each other as 
follows: the positive direction of the normal in a right-handed screw system is 
such that as viewed from the vector terminus the circuit appears to be traversed in 
the counterclockwise direction (Fig. 123). Let us construct a closed curve in space 
and ascribe an arbitrary direction to it. The direction of the normal to the area 
encompassed by the curve under consideration is thus determined. Magnetic flux 
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passes through this circuit. At a given instant, it may be positive or negative, 
depending on whether the induction vector forms an acute or obtuse angle with 
the normal. The derivative of the flux with respect to time is positive if the flux 
is increasing and is negative if the flux is decreasing. Thus, taking the minus sign 
into account in the induction formula, the law may be stated as follows: the 
electromotive force is positive if positive flux is decreasing or negative flux is 
increasing, i.e., the direction of the electric lines of force coincides with the adopt- 
ed direction for positive. On the other hand, the electromotive force is negative 
if positive flux is increasing or negative flux is decreasing. These relationships are 
clearly illustrated in Fig. 124. 

We shall show that the minus sign in the induction formula is the mathematica] 
expression of Lenz’s law. Assume, for example, that the north pole of a bar magnet 
approaches a coil and that the positive 
direction in the circuit is as indicated in 
Fig. 125. Then, the magnetic flux is pos- 
itive and so is its derivative with respect 
to time. The electromotive force must 
be negative and the induced current is 
opposite to the direction adopted as pos- 
itive. We can immediately find the mag- 
netic field of the induced current’ by re- 
Fig. 425 calling that the flux lines emerge from the 

; side of the current ring from which the 

current appears to be moving in a coun- 

terclockwise direction. Therefore, as the magnet approaches the circuit, a current 

of such direction is induced in the latter that the field produced tends to oppose 

the action which caused it. This is a statement of Lenz’s law. It is not difficult to 
verify this important rule for other particular cases as well. 

Let us sum up. A varying magnetic field is inseparable from an electric field. 
Moreover, it is seen that the division of fields into electric and magnetic is a rela- 
tive matter. From one viewpoint there is only a magnetic field in space. From an- 
other viewpoint in addition to the magnetic field there is an electric field. 

A rotational electric field consists of electric lines of force that link the magnetic 
induction vectors when the magnetic flux passing through a closed line of force 
changes with time. When the flux increases, the direction of the line of force is 
clockwise as viewed from the induction vector terminus. 


Sec. 112, DISPLACEMENT CURRENT 


Electromagnetic field theory, whose foundation was laid by Faraday, was mathe- 
matically perfected by the English scientist James Clerk Maxwell. One of Max- 
well’s most important new ideas was that symmetry must exist in the interdepen- 
dence between magnetic and electric fields. 

In the preceding article, we discussed the problem of creating an electric field 
by varying magnetic flux. The question naturally arises: does a variable flux of 
electric lines of force create its own magnetic field? Maxwell answered this question 
in the affirmative and advanced the hypothesis that a relationship exists between 
variable electric flux and a magnetic field that is quite analogous to the generalised 
law of induction. According to the hypothesis, if a change in electric flux occurs 
in some region of space, a rotational magnetic field is created. Moreover, the 
magnetomotive force U taken along a closed curve is equal to the change in elec- 
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written for such a closed curve that encloses electric 


f electric lines of force? Maxwell assumed that the 
dditive. Thus, the general formula has the form 


6 Hat=14 2% (sh 
or 


Hd 48 (7 4 2) (CGS), 


The expression x has the dimensionality of electric current strength. Max- 
well called it displacement current. 
very widespread notion at the er 
a vacuum displaces the particles o 
This designation h 
of a field in v 


He thereby incorporated in this designation the 
id of the nineteenth century that the field in 
f an “ether” from their positions of equilibrium. 
as continued to prevail in science, although now the presence 
accum is not related to the concept of particle displacement of any 


medium whatsoever. In a dielectric medium, the displacement current = may be 


resolved into two components, corresponding to the intensity and polarisation 
vectors into which the displacement vector D can be resolved (see p. 193). There- 
fore, the portion of the displacement current “flowing” in the dielectric is deter- 
mined by the change in the polarisation vector, i.e., by the relative displacements 
of the centres of gravity of the positive and negative charges. 

Before discussing the role of displacement current in one or another process, we 
shall prove an important proposition concerning the sum of the conduction and 
displacement currents. 

Consider an arbitrary system of electric currents and imagine a closed surface 
drawn in such a manner that the currents intersect it. If the currents are constant 
it follows directly from the law of conservation of electricity that the sum of the 
currents entering the closed surface must be equal to the sum of the emerging 
currents, or, to be more concise, the algebraic sum of the currents flowing through 
a closed surface is equal to zero. It is evident that this law may not be obeyed by 
variable currents: for example, in the case of a closed surface enveloping one plate 
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of a condenser connected in an alternating current circuit (Fig. 126) or a closecd 
surface through which the top of an antenna protrudes at one point. 

Tlowever, this theorem is valid for variable currents as well if the term “cur— 
rent” is taken to mean “total current”, i.e., the conduction current plus the dis— 
placement current, rather than the conduction current alone. To prove this, it 
suffices to consider an arbitrary curve on which a surface is based and for wWhicla 
the following relation is valid: 


§ Hdl =I + Latent 


By gradually reducing the closed curve to zero, the surface S on which this circuit 
is based becomes closed as shown in Fig. 127. (This process is similar to con— 


Fig. 126 Fig. 127 


stricting the opening of a draw-string pouch.) The magnetomotive force reduces tc 
zero and hence the sum of the conduction and displacement currents passing 
through the closed surface also equals zero. 

Now let us discuss the role of displacement currents in electromagnetic pheno- 
mena 

It can be shown that displacement currents are negligibly small where th« 

conduction currents are different from zero. Hence, the displacement current 
within a conductor is always disregarded. 
_ In calculating the value of the displacement current in dielectrics, two cases 
should be considered—displacement currents in a dielectric surrounded by a con~ 
ductor forming a closed circuit and displacement currents that are a continuatior 
of a conductor of an open circuit. 

‘Consider a conductor forming a closed circuit in which electric current is flowing 
and which is intersected by a closed surface. If the current is constant, then at 
each instant the same amount of electricity passes outward through the surfaces 
as inward. The situation is different in the case of variable currents. Here, the. 
strength of the variable current may have different values in different parts of 
the circuit (see below, p. 244). As a result, the strengths of the currents passing 
inward and outward through the surface at a given instant may not be equal. 
Then, a displacement current “flows” via the dielectric from the point where the 
current is less to the point where the current is greater, and in this manner the 
current deficit is compensated for. Clearly, changes in the displacement current 
with respect to time will exactly correspond to changes in the conduction current. 
This phenomenon is significant only when the frequency of the current is suffi- 
ciently high. 

If the conduction current does not form a closed circuit, e.g., in the case of an 
alternating current circuit containing a condenser, the conduction and displace- 
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ment currents are simply equal to each other. In this case, it may be said that 
the conduction current circuit is closed by the displacement current. 

In spite of the fact that the magnitudes of the displacement currents are quite 
Jarge for such cases, certain calculations may be performed without considering 
them. Thus, when the conduction current circuit is closed by the displacement 
current between the condenser plates, the magnetic field created in this region 
by the displacement current is the same as the field that would have been produced 
if the conduction current flowed in an uninterrupted circuit. Therefore, the pre~ 
sence of displacement current does not affect the calculation of the magnetic field, 
the coefficient of self-induction of a system, etc. 


Sec, 113. NATURE OF AN ELECTROMAGNETIC FIELD 


The following equations, which were discussed in the two preceding articles, 
are called Mazxwell’s equations: 


dO 2 
§edl=—<? and budt=14+ 2, 
These equations concisely sum up our knowledge of electromagnetic fields. 

Maxwell’s equations cannot be derived. The discussion of the two preceding 
articles does not constitute a derivation, but constitutes rather an illustration 
of conjectures leading Maxwell to his discovery. 

A large class of phenomena of interest to physicists, electrical engineers and 
radio engineers obey Maxwell’s equations. The laws of these phenomena are acon- 
sequence of Maxwell’s equations and may be derived from them. The extraordinary 
importance of the predictions based on Maxwell’s equations gives these equations 
equal rank with Newton’s laws of motion and the principles of thermodynamics 
as fundamental laws of nature. 

We shall not go into the mathematical methods of solving Maxwell's equations. 
It turns out that the above integral equations may be transformed into differen- 
tial equations. Then, by solving Maxwell’s differential equations, it is possible 
in principle to determine the electromagnetic field for a given distribution of 
charge and current. 

Let us again consider the physical essence of electromagnetic phenomena as 
given by Maxwell’s equations. It may be summarised in the following manner. 

The division of an electromagnetic field into electric and magnetic fields has 
only relative meaning. If from the viewpoint of an inertial system of coordinates 
only a magnetic field exists, then from the viewpoint of another system moving 
relative to this system there exists an electric field in addition to a magnetic 
field. The converse is also true, namely, if an observer in one system of coordinates 
finds only an electric field present, then an observer in another inertial system will 
find that both an electric field and magnetic field exist. 

Let us now consider an electromagnetic field from the viewpoint of an inertial 
frame of reference, first directing our attention to a region of space in which free 
electric charges and hence conduction currents are absent. In this case, Maxwell’s 
equations have the form 

$ed=—? and §ua—=t, 
Both the magnetic and electric fields have a purely rotational character, i.e., the 
lines of force are closed and mutually interwoven: electric lines encircle magnetic 
lines and magnetic lines encircle electric lines. The electromagnetic field may be 
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depicted as a chain of rings, whereby closed magnetic lines of force are alternate!» 
linked with closed electric lines of force (Fig. 128). Such a chain exists only if the 
field is variable: a ring of increasing magnetic flux creates about itself a ring 

electric flux; the varying electric field creates a ring of magnetic flux, etc. 


VA RI 


Fig. 128 


; If the region of space under consideration contains charges and currents, the! 
in addition to rotational fields with linked lines of force there exists a rotation. 
magnetic field whose closed flux lines encircle currents and a potential electr® 
field whose flux lines begin on positive charges and terminate on negative charge= 


CHAPTER 17 


Energy Transformations 
in Electromagnetic Fields 


Sec. 114. TRANSFORMATIONS IN STEADY CURRENT CIRCUITS 


Let us consider a portion of a conductor through which a steady electric current 
is flowing. If the resistance of the conductor segment is R and the potential dif- 
ference across it is U, the current strength is determined by Ohm’s law, namely, 


l= oe The electric field performs work in moving charges along the circuit and 


the work per unit charge is equal to U. Since the current strength is, by definition, 
the quantity of electric charge flowing through the conductor cross-section per 
unit time, the product JU yields the work performed by the field in moving the 
electric charge per unit time. This product, /U, represents power. If the current is 
a steady one, this work is completely converted into heat! (Joule heat). Thus, 
the tormula for calculating the thermal effect of current is 


Uso» 
[P= a= PR, 


‘The transformation of the work performed by the electric field into heat occurs 
at each point of the conductor. To express this mathematically, Ohm’s law must 
be converted into a form applicable to a point of a conductor, rather than to 
a portion of a conductor. By introducing the current density j, which is equal to z 
where S' is the cross-section of the conductor, and by replacing the expression for 
the potential difference by Zl, and, finally, by expressing the resistance in terms 
—- we obtain: j = AL. 

Thus, it may be said that the current density is directly proportional to the elec- 
tric field intensity. The specific conductivity 4 is the coefficient of proportionality 
and the direction of the current is assumed to coincide at each point with the 
direction! of the intensity. The formula 


J=)E 


of the conductor length / and its cross-section, i.e., R = 


is valled the differential form of Ohm’s law and should be viewed as an empirical 
law generalising the laws for current flow in conductors. Ohm’s law in its usual 
(integral) form is a consequence of this equation. 

Consider an infinitely small volume element of the conductor, dt, in the form 
of a cylinder whose generatrix dl is parallel to the flux lines and whose base dS 
is perpendicular to the current. The amount of electric charge flowing through 
a cross-section of the cylinder is jdS and the potential difference between the ends 
of the element is E dl. Hence, the work performed by the field in moving the elec- 
tric charge through this volume is equal to jE dt. This formula also gives the heat 
released inside the volume dt. If we are interested in the work of the current in 
a small volume of the conductor, the last expression must be integrated. The formula 
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gives us the expression for the work of the current or the Joule heat released per 
unit volume of the conductor. i 

Thus, in the case of a portion of a direct-current circuit, the energy transforma- 
tions are reduced to the transformation into heat of the work done by a field. 
However, the picture changes as regards the energy balance of the entire closed 
direct-current circuit. The work performed by the electric forces along a closed 
curve when the field is constant is equal to zero, for the work performed by the 
electric forces in moving charge along the external portion of the circuit is equal 
and opposite to the work required to move the charge along the internal portion 
of the circuit. Therefore, the release of Joule heat in a direct-current circuit 
occurs only at the expense of the energy supplied by the current source—accumu- 
lator, electric generator, etc.—i.e., at the expense of energy of nonelectrical ori- 
gin or, as it is sometimes said, at the expense of the energy of an “applied” force. 
The role of electric current is reduced simply to the “transfer” of energy from the 
current source to the point where the heat is released. The energy the source is 
able to supply is given by the electromotive force , which by definition is measured 
by the work performed in moving a unit charge along a closed curve. Actually, the 
applied emf performs this work only over those small portions of the circuit where 
the charge must be moved against the forces of an electric field. Pr) 

The power of the direct-current circuit is given by the expression J€é. This may 
be expressed in terms of unit volume if it is assumed that the applied forces are 
distributed throughout the volume. Then, the work performed by the applied 
forces is given by 

jHeprl 


where Epp! is the “intensity” of the applied forces. 

Designating the work of the applied forces by P, and the Joule heat released 
by Q, the essence of the electrical transformations in a direct-current circuit may 
be expressed by the concise formula 


PG =D, 


Example. For an isolated copper wire of cross-section S=4 mm?, the permissible current 
density in the case of an open wire isj = 9 X 10° A/m®, A 1-metre length of such a wire has a 
resistance of 4.25 x 40-3 ohm. For the indicated value of j, a current of J = 36 A flows in the 
wire and the Joule heat losses per second for this portion of the circuit amount to J? = 
= 1,296 x 4.25 x 10-3 w 6 J, i.e., in a unit volume 0.33 cal = 1.38 J are released each second. 


Sec. 115. TRANSFORMATIONS IN A CLOSED CIRCUIT OF VARIABLE CURRENT 


A flow of variable current is inevitably accompanied by induction effects. Thus, 
to a variable current strength there corresponds a variable magnetic flux @. Here, 
® represents the number of lines of force which are created by the current circuit 
and which pass through the conducting circuit. In this case, the induction effects 
are due to the current’s own magnetic flux, whence the designation self-inductior. 


: : t : “ dw yee 
Since @ is continuously changing, an induced emf ¢imd = — qr exists in the 


current circuit at each instant, in addition to the applied emf. 

The magnetic flux is always proportional to the first power of the current. 
Hence, the formula ® = LJ has universal validity. The coefficient Z is called 
the inductance of the circuit or the coefficient of self-induction. The value of L 
depends on the geometric properties of the circuit and the nature and distribution 
of magnetic bodies in the system. It does not depend on the conditions under which 
the system of conductors}and magnetic bodies operate. Thus, for self-induced emi 
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the following equation holds: 
ind dl 
een ape 


The significance of the minus sign in this formula may be explained as follows: 
when the current increases, the induced emf opposes the applied force, i.e., the 
jnduction is in the direction opposite to the applied force. On the other hand, 
when the current decreases, the directions of the induced emf and the applied 
emf coincide. This is the reason for the analogy generally made between mechanical 
jnertia and self-induction. Self-induction impedes an increase as well as a dec- 
yease in current. 

Ohm’s law, relating emf and current strength, remains valid. Therefore, the 
product of current strength and total circuit resistance will at each instant be 
given by the following relation: 

IR= EPP 4 ine gem 


Multiplying both members of the equation by the instantaneous current strength, 
we obtain the energy equation: 


PR 1g?" _ 17 — y 


Here, J64PP! = P is the work of the applied forces and J?R = Q is the Joule 
peat. It is seen that in a variable current circuit these two quantities are not 


equal to each other. The difference P — Q is equal at each instant to Lie , Le., 
it is equal to the derivative of + LI’. In other words, the excess of the work of 
ihe applied forces over the Joule heat released goes to increase the magnitude 
of | LI. On the other hand, the excess of the heat released over the work of 


the applied forces occurs at the expense of the magnitude of LP. The equation 
Cache 
we CP a he 2 
P—Q=-7 (> LF) 


is the expression for the law of conservation of energy. 

Clearly, the quantity W = + 1p represents energy. It is the magnetic energy 
of a system that is inseparably linked with the existence of a magnetic field in it. 
(In the CGS system the expression for magnetic energy is i+ LI*), There is mag- 
netic energy in a direct-current circuit too, but in this case it does not manifest 
itself since it remains unchanged. The induction effects occur only when the cur- 
rent is switched on and off. When the circuit is closed the applied forces perform 
work, which is expended not only in the release of heat, but also in the storage of 
magnetic energy. On the other hand, when the circuit is opened the thermal energy 
released is at the expense of the magnetic energy of the current. 

The magnetic energy formula may be verified experimentally by closing or, 
even better, opening a current circuit. The thermal energy released after the source: 
is disconnected is numerically equal to the magnetic energy of the current. If the 
coefficient of self-induction is large, the release of heat continues over a period of 
time sufficiently long to enable us to measure the heat by, for example, calorimetric 


means, 
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Inductance may be measured in various ways and in the simplest cases may be 
D ‘ : 
calculated from the formula L = — . The problem is reduced to the calculation of 


the magnetic flux passing through the system. 

An expression for the inductance of a ring solenoid will be required below. The 
magnetic flux through one turn of a coil is @M = pow HS, where S is the area of 
the turn, and the flux through n turns is @ = nuow AS. Substituting the expres- 
sion for the field intensity (using the practical system of units), we obtain 


D = npows a 


Now, dividing both members of this equation by the current strength, we obtain 


an expression for the inductance of a coil (also approximately valid for an open 
solenoid): 


2 
L= Ho - Se" 


The inductance of a coil is directly proportional to the magnetic permeability of 
the medium and increases sharply with the number of turns. An increase in induc- 
tance is achieved by using iron or by increasing the number of turns. In order to 
make clear the relationship existing between the coefficient of self-induction ead 
the dimensions of the coil, let us multiply the numerator and the denominator 


by J. Then, 
L = pow (+)’ 1 3 


and it is evident that the inductance is directly proportional to the volt 
. 1 ae 
cupied by the magnetic field and to the turn “density” squared. a 


Example. Consider a long solenoid of small cross-section (1 = 15 cm, n= 4,500 
S = 41cm? and J = 0.1 A). At the centre of the solenoid, the m tic flux i eae turns, 
= 6n x 10-° V s. The inductance of this solenoid is ete ae Mop S = 
ne, (1,500)? 7 
L= pop [— 5 = 40 X 1077 x 1x “Se x 10-4 = 1.9 x 10-8 hency (H). 


In the SI system the inductance is measured in henrys (4 henry = 1 ohm The j 
hea ; H eben? eed: = 3). The - 

ductance of coils in radio engineering is measured in millionths and Mousdndene wee odes 

Chokes having iron cores can attain inductance values of the order of a number of henrys., ” 


Sec. 116. MAGNETIC ENERGY OF A FIELD 


In the chapter devoted to electric fields, it was shown that the electric energy o/ 
a cs ti may be viewed as a quantity whose density distribution is represented 
by oe eE? (in the SI system). The electric energy of the system is then determined 
by integrating this expression over the region occupied by the field. The impor- 
tance of this circumstance was emphasised as it enables us to express the enersy 


in terms of the field intensity and it confirms our conception of a field as somethin: 
that can be localised. j == 


Naturally, we expect the situation to be similar for magnetic fields and this is 
indeed the case. It can be mathematically shown that the transition from the mac 


; 4 
netic energy formula, zL, to the expression for the magnetic energy density, 


> bowl”, is completely analogous to the corresponding transition from electric 
fields. 
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Let us consider this transition for the simple case of the unifoy t 

solenoid. Substituting the expression for the inductance in the 
formula, we obtain 


m field of a 


? 
Magnetic ono 2 


ed energy 
Hol (+ ) i? 
grey Meas 


Wu= V 


But ” is the field intensity. Hence, the magnetic energy of a eoi] may } 
in the form ® Written 
2 
Wu= aia V 


’ 


so that the magnetic energy density is given by the expression 


boplt 2 (sl), 


wu = 
wy =~ WH? (CGS). 


Thus, for any system of currents, the magnetic energy may b 
the integral over the volume occupied by the field: ¥ De represented by 


Wu =e j pH?de (SI) 
and 
Wu= gr J nH?de (CGS). 


Now, consider the magnetic energy of two currents. The expression for t 
naturally divides into three integrals if the intensity of the resultant fi : 
viewed as the sum of the field intensities of the two currents: H = rs Pe HT is 
following expression for the magnetic energy, the significance of aaah of a In the 
grals is quite evident: e inte- 


wate | pHidct py | pH, dv+5° | waar. 


The first and third integrals yield the magnetic energy of the fir 
rents, respectively, while the second integral Blac Haris eee cui- 
the two currents. This last integral may assume different values even tho Th — 
magnitudes of the field intensities, H,; and He, do not change. Thus, if Gaon ‘ ) 
disposition of the two currents changes, the field vectors H, and H, are on oc 
generally speaking, relative to each other and the value of the interaction nae 
also changes. energy 
Of course, the first and third integrals may be expressed in terms of the current 


strength and the inductance: tin and 5 lal > As for the second integral, it is 


his energy 


clear that its value is proportional to the product of the current strengths. Thus 
\ wHyHodt = MII». 


The coefficient of proportionality M is known as the coefficient of mutual induction 
Just as in the case of inductance, M depends on the geometry of the system and 
the distribution of magnetic bodies. 

Thus, it is evident that the change in the magnetic energy of a system of cur- 
rents is related not only to the work of the applied forces and the Joule heat 
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released, but also to the work performed by the field in moving the conductors under 
the action of an Ampére force. Hence, the law of conservation of energy requires 
that the following equation be satisfied: 

dWy = —A — (Q — P) di, 


where A is the mechanical work. Thus, it may be stated that, in the general case, 
the magnetic energy expended is equal to the work of moving the conductors and 
to the excess of released Joule heat over the work of the applied forces. 

The relations introduced in this article do not take into account one phenome- 
non—magnetic hysteresis. This problem will not be dealt with because of its spe- 
cialised nature, 


Example. The energy stored in the magnetic field of the coil described in the example om 
p. 315 is 
2 y =i 2 
Woy 2 AP KI OD" 0.95 x 410-3 J, 
The energy density is 


C000)" =0.63 Time. 


H? ee] 
WM = Holt —5—= 40 X 10 x 1x 
Naturally, the same result could be obtained by dividing the total energy of the magnetic field 
by the volume of the coil: = 
M 


vu “ 


Sec. 117, ELECTRIC OSCILLATIONS 


The processes of transforming electric energy into magnetic energy and vice versa 
are of fundamental importance in electrodynamics. A simple system in which 
such transformations occur is a charged electric condenser whose plates are connect- 

ed at a certain instant to the ends of a coil (Fig. 

129). When the condenser discharges, an electric cur- 

é rent flows through the coil and creates a magnetic field 
around it. At each instant, the electric field of the 

condenser and the magnetic field of the coil are close- 

C ly linked. The energy of this system at each instant 
is equal to the energy of the electric field, which is 

concentrated mainly between the condenser plates, and 

Fig. 129 the energy of the magnetic field, which is concentrat- 

; ed inside the coil. As is well known, electric oscillations 
arise in such a circuit and we shall now show that such oscillations are inevitable. 

l'o begin with, let us disregard thermal energy losses. Then, the law of conser- 
vation of energy requires that the following equation be satisfied: 


ES 
W= roa ab LI? = const. 
The sum of the electric energy and the magnetic energy is the same at each instant. 
Hence, the derivative of the above expression with respect to time is equal to zero: 
qw _ §Q dQ * 
“RT oe ina L di 


Since the current strength is equal to the decrease in charge on the condenser plates, 
i.e., 
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the equation may be simplified as follows: 
Q dl 
Sr aa 


Such a relationship between the charge on the plates of a condenser ; 

strength, which is equal to the derivative of the charge with res and the Current 

be satisfied only if harmonic oscillation of the charge and the ne one ime, can 
This becomes evident upon comparing the above relations with ie assumed. 


for mechanical vibrations (see p. 65): equations 
dQ dx 
sarah he oe 
al 1 dv 
ta) lew ae 


Charge and current, on the one hand, are analogous to displacement 
librium and velocity of motion, on the other. As for the parameters of th 
inductance is analogous to mass and reciprocal capacitance is analog 
gidity of the system. Sou 
Let the initial time equal the instant when the condenser is fully ch 


assume that 
Q = Qo cos wl. 


from equi- 
© system — 
S to the pie 


arged » and 


Then, 
I = —Qoo sin wt. 


Substituting in the differential equation, we obtain 


4 
—LQo wo cos wt = —7@o cos wt 


or, after cancelling, 
dj 


Oo=-—-;—. 
Vic 
Thus, irrespective of the initial charge on the condenser plates, the harmonic os i] 
. SCul- 
lations occurring in the condenser have a natural frequency w) = —. 
Ta The smaller 


the capacitance and inductance of the circuit, the higher the frequency of the elec 


tric oscillations. 

What is the situation in a real circuit where the Joule heat losses cannot b 
neglected? Clearly, the total energy of the system in this case will decrease in ace : 
dance with the equation s accor- 


a 26 1.0 2R— L dQ at 
aw =—lR dt, 1.€., —Il R=~e OF LT, 
Differentiating again with respect to time and using the relationship between 


charge and current, we obtain an equation of the form 


dt al f 
Loe +R +G1=0. 


At this point, an analogy should be drawn between the corresponding electric and 
mechanical quantities. Comparing the last equation with the equation for mecha- 
nical vibrations with friction (p. 69), it is seen that the electric resistance is ana- 
logous to the coefficient «, which is a measure of the mechanical resistance. 
The solutions of such linear differential equations are considered in courses in 
advanced mathematics. We shall simply give the final result, which incidentally 
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is easily verified by substitution in the above equation: 
I =I ,e-8t cos wt. 


The frequency of oscillation is given by 


o= V of —. 
Thus, the process is determined by two characteristics—the natural frequency 
of free undamped oscillations, oo = = , and the damping coefficient, B = a : 


It is seen, first, that light damping is achieved by decreasing the resistance rela- 
tive to the inductance. (To be sure, this is not easily done, for if we increase the 
number of turns of the coil, both quantities increase simultaneously. However, L 
does increase at a faster rate.) Secondly, it will be noted that when 


w? << 6, ie., 40 < CR, 


oscillations become impossible. The discharge of the condenser under such condi- 
tions leads to an aperiodic process analogous to the return swing of a pendulum 
displaced in a viscous medium from its equilibrium position. 


Example. Assume that we have a variable condenser whose maximum capacitance C = 
= 500 pF. Calculate the corresponding inductances of the radio coils for the 1,500 metre and 
15 metre wavelengths. 

1. The frequency of electric oscillations corresponding to Ay = 1,500 misv, = 2 X 105 Hz = 
= 200 kHz. Since 


_ mad oth _ 4 => dete = : 
@ = 20v, = Vie’ then Ly= TaeRC =1.2« 10-3 H=1.2 mi. 


es order for the process in the circuit to be periodic, the resistance of the circuit must be less 
than 


Ry=2 V/ 44=8,000 Q, 


2. he = 15 m, ve = 2 X 10’? Hz = 20 MHz, Ly = 0.12 X 10-° H = 0.42 pH. In order for 


oscillations to be possible, the resistance of the circuit must be less than Re=2 vo 2 =: 90’. 


Sec. 118. ELECTROMAGNETIC ENERGY 


In a system in which the oscillatory circuit consists of a condenser and a coil 
(particularly if the condenser is composed of large plates separated by a short dis- 
tance and the coil hasa large number of turns), the electric and magnetic fields are 
concentrated in their respective regions. Therefore, it is possible to consider the 
electric and magnetic energies as two related, but nevertheless distinct quantities. 
This division loses physical significance to a large extent when we consider rapidly 
varying fields, where large electric and magnetic fields exist in the same region. 

Recalling what was said in Sec. 113 about the relative nature cf the division of 
an electromagnetic field into electric and magnetic components, it should be under- 
standable that it is necessary to introduce into the theory the concept of an electro- 
magnetic energy that is formally equal to the sum of the electric and magnetic 
energy of the field. The density of electromagnetic energy in space is 


4 2, 
w= a (eH? -- pH?), 
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while the electromagnetic energy contained in the volume V js 


4 
W=—- j (cE? + nH?) dV. 
Vv 


In rapidly varying fields, the physical significance of the transformation f 
tic energy into electric energy, and vice versa, is lost. At t e parties magne- 
energy transformations occurring in an electromagnetic field must be he S) any 
account in the energy balance by a single electromagnetic energy quantity. aa 
If the above expression for electromagnetic energy is assumed to be valid ; 
using the electromagnetic field equations of the preceding chapter, the fe ll then, 
theorem for the decrease in electromagnetic ener- : ERO Eig: 
gy within a certain] volume of space can be rig- E 
orously proved: 


— aN (P—Q)+ $ Kecosads. 

This theorem was proved in 1884 by Poynting. (It 

Was proved in a more general form, i.e., not in con- 

nection with an electromagnetic field, by N. A. 

Umov in 1874.) The integral on the right is the flux K 
of the vector K*. Using calculations that we have 

been forced to omit due to their complexity, it can 

be shown that this vector is perpendicular to the 4 

plane passing through the field vectors EF and H 


(Fig. 130), and is equalto K==- [EH] in the CGS 


system and to K = [HH] in the SI system. 

Since the values of the field intensities decrease quite rapidly with increasin 
distance from the field sources, the flux of the Poynting vector is reduced to us 
when all of space is taken into account. In this case, the theorem states: the change 
in electromagnetic energy is equal to the excess of the work of the applied forces 
over the released heat. 

However, of most interest is the application of the theorem to a finite volume 
i-e., when the flux of the Poynting vector is not equal to zero. If the volume under 
consideration does not include currents, the equation assumes the form 


Fig. 130 


The change in electromagnetic energy is equal to the flux of the Poynting vector 
through the surface bounding the volume under consideration. 

The Poynting vector characterises the flux of the electromagnetic energy and 
the last equation expresses the following fundamental concept: a change in electro- 
magnetic energy within some volume is accompanied by an outflow or inflow of 
an equivalent amount of energy. 

In essence, Poynting’s theorem is a direct consequence of the Jaw of conservation 
of energy and the postulate stating that electromagnetic energy can be localised 


in space. 


* Tt should be recalled that in mathematics an expression in the form j A dS is called the 
Ss 


flux of vector A through the surface S. 
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If Poynting’s vector really has the significance of energy flux it should be ré\a¢- 
ed to the energy density as follows: K = vo (cf. p. 88, where an analogous proPlem 
is considered relative to the propagation of elastic waves in a medium). By mays 
of Maxwell’s theory, we can determine v, the propagation velocity of the electy,- 
magnetic energy. It turns out that 


Thus, in vacuum electromagnetic energy should be propagated at a velocity e 

= 3 % 10! cm/s, which agrees excellently with experiment. The coincide, 
between the values of c determined from purely electrodynamic experiments (0 ¢ 
the measurement of the interaction between two currey{-~ 
and the value of this constant determined by direct me. 
surement of the propagation velocity of electromagne; 
waves is remarkable and may be taken as practically cor. 
clusive proof of the validity of Maxwell’s theory. 

In a medium, the value of the propagation velocity of . 
electromagnetic wave is c divided by V eu. We shall see }, 
low under what conditions this relationship is satisfied ay 
it will be explained why certain deviations occur. 

Let us now return to the consideration of energy trans{,) 
mations in finite regions of space that contain conductio 
currents. 

Assume that in the region under investigation there exjst- 
acylindrical conductor of radius r through which a cutres, 

Fig. 131 of density j flows. The intensity of the magnetic field at t), 

surface of the conductor (cf. p. 211) is equal in the CGS s\-- 

tem to H = au and the magnetic flux lines form circles about the current axi- 

It can be seen (see Fig.’ 134) that] Poynting’s vector is directed into the co: 
ductor, for the field intensity and the current vector have the same direction, 


for the numerical value of Poynting’s vector, we obtain (at the surface of ¢) 
conductor): 


c + Cul j*r 
EE = — ET = 
An E 4n H 2h. ° 
Now, let us determine the flux of Poynting’s vector in a conductor segment 
length J. This flux is equal to 


a, ae Oy ee Lee 
KX 2Qnri= 5 wr bos n V, 


‘5 
. ie Me . 
where V is the volume of the conductor segment. But — is simply the thermal ener: 


released per unit volume of conductor. We have thus shown that the flux of 
Poynting vector enters the conductor and transfers to it an amount of energy th 
is exactly equal to the energy expended in heat. 

Where does this flux come from? In exactly the same manner as above, it 
be shown that the flux of energy comes from those portions of the conductor w! 
applied forces are present. 

This picture explains how electromagnetic energy is propagated along conduct»: 
When electric power is transmitted from Kuibyshev to a consumer in Moscow, t 
energy is delivered by electromagnetic waves and not by the first electrons 1 
tiating the motion along the conductor. 
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a 


Examples. 1, Let us determine the order of magnitude of the electromotive force produced in 
the antenna of a radio receiver located at a distance R = 100 km from a transmitter whose power 
is P = 100 kW = 105 J/sec. 

The numerical value of Poynting’s vector at the location of the receiving antenna is 
P 105 


A= Tah? — Ta (1057 


=8 x 10-7 J/m? sec (W/m?) . 

In the CGS system, the # and H vectors have the same dimensions (g!/2cm-!/2sec-1). It can 
be shown that for an electromagnetic wave propagating in vacuum the numerical values of the 
E and H vectors in the CGS system are equal: 7 = #H. For these quantities, the following 
relationships exist in the SI and CGS systems: % 


1 Vile ~ 10-4 CGS unit/em; 41 A/m=—4n x 10-3 Oe. 
vo 
Then the numerical values of the £ and H vectors in the SI system are: 
B= X10; H’=4n X103H, 


Therefore, for an electromagnetic wave (“’ = H'), we obtain: E = 120 xH. In the SI system 
ie) 


K = EH; hence, K = on and E= Y 120 xk = 1.7 X 10-2 V/m. 


This means that the potential difference produced in a receiving antenna having a length 
of 14 metre is of the order of 20 mV. 

2, Compare the value obtained above for K with the value of the solar constant, ice., 
the energy that would arrive from the Sun each second on 41cm? ofthe Earth’s surface 
if there were no losses in the atmosphere; 


Ksun =0.15 W/em? = 1,500 W/m?. 


Sec. 119. MOMENTUM AND PRESSURE OF AN ELECTROMAGNETIC FIELD 


According to the theory of relativity (see p. 314), matter which possesses energy 
also possesses mass. The relationship between mass and energy is given by the 
equation H = me’, where c is the propagation velocity of light. As we already 
know, the energy of an electromagnetic field may be considered to have the fol- 
lowing density distribution in space: 


(ef? ++ wH?), 


. . . " WwW 
Thus, a unit volume of electromagnetic field possesses a mass of m = — 


Since moving matter possesses mass, it must also have a momentum equal to 
the product of the mass and the velocity of motion. We conclude, therefore, that 
a unit volume of electromagnetic field has a momentum 


w 
= mec = — 
8 c 


This expression is appropriately called momentum density. 

As stated earlier (p. 239), since Poynting’s;vector has the significance of energy 
flow, it must be related to the energy density in accordance with the formula K = 
= we. Comparing the last two formulas, we see that the relationship between the 
momentum density and Poynting’s vector is given by the expression g = K/c?®, 
where c is the velocity. 

Since a flow of electromagnetic radiation possesses mass and momentum, it 
will exert pressure on a surface placed in its path. The magnitude of this pressure 
may be expressed in terms of the momentum density and may vary depending on 
1601028 
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whether the surface absorbs or reflects the wave energy. Of course, intermediate 


cases are also possible. 
In the time At, the electromagnetic field included in a volume Sc At strikes the 
surface S. If total absorption occurs, a momentum equal to gSc At is lost in this 


time. But momentum divided by time is force, and force divided by area is pres-— 
sure. Hence, the pressure exerted on the surface absorbing electromagnetic energy 
is equal to p = gc, the product of the momentum density and the velocity of light , 
or, since g = = , the pressure is equal to the energy density w. 

Now, let us consider an ideal elastic encounter between the field and the surface _ 
If all the energy of the electromagnetic field (wave) is reflected, the change in mo- 
mentum will be twice the incident momentum, for the latter has reversed its direc— 
tion. Just as in the purely mechanical cases (p. 239), the force of an elastic impact 
is twice as large as the force of an inelastic impact. Hence, the pressure exerted 
by the wave on an ideally reflecting plate is 

p=2ge or p = 2w 


The formula for the general case is now easily obtained. If the plate reflects part 
of the energy and the coefficient of reflection is equal to p, the pressure of the electro— 


magnetic flux (wave) is given by the expression 
p=w(i—p) + 2pw = (1 +9) w. 


Using light, P. N. Lebedev verified these formulas experimentally in 1900 and 
thus greatly contributed toward the development of our present conception of 
the nature of electromagnetic waves. The pressure of light is exceedingly smal] 
even for the most intense sources. For example, the pressure of light on a mirror 
located at a distance of 1 metre from a “lamp” of 4 million candle power is of the 
order of 10-4 dyne/cm?. That is why Lebedev’s measurement of the pressure of 
light with an accuracy of 1-2% is viewed as a great experimental achievement. 

Basically, Lebedev’s apparatus consisted of a pair of vanes attached to a 
light-weight suspension. One vane was an excellent absorber of light and the 
other an excellent reflector. The light was directed first at one vane and then at 
the other, and, then, by comparing the displacement angles, it was possible to 
determine the magnitude of the force. The chief difficulty was how to take into 
account the effect on the vanes of residual gas heating in the vessel containing the 
suspension. 

As we have just seen, the theory of variable electromagnetic fields has led to 
the conception of a field as a physical reality (electromagnetic radiation). The 
great merit of Lebedev’s experiments is that they provided direct proof of the va- 
lidity of this conception. 

An electromagnetic field possesses energy and momentum, is propagated in 
space with a specific velocity and exerts pressure on an obstacle. We shall see be- 
low that an electromagnetic field may be transformed into matter. All these 
facts taken together irrefutably prove that an electromagnetic field is a physical 


reality. 


CHAPTER 18 


Electromagnetic Radiation 


Sec, 120. ELEMENTARY DIPOLE 


Electromagnetic radiation occurs whenever a variable electromagnetic field is 
created in space. An electromagnetic field, in turn, varies in time whenever the 
distribution of electric charge in a system changes or the density of an electric 


current varies. 
Thus, every variable current and pulsating electric charge is a source of electro- 


magnetic radiation. 

Magnetic and electric dipoles having variable moments—particularly the lat- 
ter—are the simplest systems producing electromagnetic fields. A system consist- 
ing of a stationary positive charge about which a negative charge oscillates con- 
stitutes such an electric dipole. If the oscillation is sinusoidal, the dipole moment 
will also be sinusoidal, i.e., it is represented by the formula P = pocos ot. This. 
simple radiator model has very great significance since many real systems can be: 
represented to a high degree of accuracy by ideal dipoles. 

It will be recalled (see Sec. 93) that the electric properties of a system whose 
“centres of gravity” of positive and negative charge do not coincide may be de- 
scribed in terms of the dipole moment of the system. But most radiators of electro- 
magnetic energy are electrically neutral systems whose positive and negative 
charges are capable of being displaced relative to each other. This is primarily 
because atomic and molecular systems fall under this heading. An electron rotat- 
ing about the nucleus of an atom is a system having a variable dipole moment, 
and a neutral molecule whose atoms are in a state of oscillation is also, frequently, 
a system having a variable dipole moment. However, our interest in the electric 
dipole extends further. In the following article, we shall see that a linear radio 
antenna may be likened to a dipole. (Incidentally, the analogous terms “oscilla- 
tor” and “vibrator” are somewhat broader in meaning than the exact term “dipole”.) 

Magnetic dipoles occur when the electric charge distribution and hence the dipole 
moment of the system remain unchanged while the current density and hence the 
magnetic moment of the system change with time. A typical example is a loop in 
which an alternating electric current flows. If the current flows in a closed circuit, 
the electric charge is neither accumulated nor dissipated anywhere. The electric 
dipole moment of such a loop equals zero and does not change. However, the loop’s 
magnetic field, which is related to the value of its magnetic moment, varies and, 
therefore, electromagnetic energy is radiated. It follows from the theory that if a 
system possesses simultaneously an electric and a magnetic moment the radiation 
from the magnetic dipole at large distances from the source is usually much less 
than the radiation from the electric dipole. 

If a dipole radiates by giving up internal energy or, as in the case of an antenna, 
by transforming the energy of an external source into radiation energy, the dipole 
is called a primary radiator. However, a secondary radiator is also of considerable 
interest. In this case, a dipole is made to oscillate by the action of an electromag- 
netic wave and becomes a radiator only as a consequence of this action. Secondary 
oscillations are particularly intense when the primary wave is of the same fre- 
quency as the natural frequency of the dipole (resonance). 

Setting a dipole into an oscillatory state may be viewed as a mechanical process— 
the jostling of the charges by an external force equal to the product of the charge 
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and the field intensity. At the same time, the process of creating secondary OscjJ~ 
lations in a receiving antenna may be viewed as an induction process in which an 
alternating electric current is produced by an alternating magnetic field. To thea 
extent that the antenna may be replaced by a dipole, both views are equivalent, 


Sec. 121. ANTENNAS AS ELECTRIC DIPOLES 


An important difference exists between the state of oscillation of an oscillatory 
circuit (p. 236) and the oscillation of the current in an antenna. In discussing tha 
electric oscillation of a circuit, we referred to a definite instantaneous current 
strength and a definite instantaneous charge on the condenser plates. It was assumed 
that the current strength in all parts of the circuit was the same, that the electric 
charge was concentrated on the condenser plates and, hence, at a given instant 
could only have a single value. 

The electric oscillation in the case of an antenna cannot be viewed in the sama 
manner as the oscillation of a pendulum. However, the oscillation of an electric 


WY WH 
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Fig. 132 


current in an antenna does have a mechanical analogue. This oscillation is very 
similar to the vibration of a rod or string, i.e., it can be represented by a standing 
wave, 

This may be strikingly demonstrated by showing that an excited antenna has 
current nodes and antinodes. A small bulb may serve as the current indicator 
(Fig. 132). It turns out that a conduction current antinode exists at the centre of a 
free section of wire in which electromagnetic waves are excited and that conduc~ 
tion current anodes exist at the ends. In such a wire, the current at all points is 
unidirectional at each instant. At some instant the current at each point decreases 
to zero and then begins to flow in the opposite direction. The electric charge, which 
is distributed continuously along the wire, varies accordingly. Clearly, as long as 
current flows in one direction, positive charge is accumulated on one half of the 
wire and negative charge is formed on the other. When the current decreases to zero, 
the charges at the ends are a maximum and of opposite sign. The current then 
begins to flow in the opposite direction and the charges decrease, becoming zero 
when the current strength in all parts of the line is a maximum. At this instant, 
the recharging process commences, charges of opposite sign are accumulated on 
the two halves of the wire, etc, 
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The reader will note that at each instant charges of opposite sign are locateq 
on the two halves of the wire. Two charges that are equal in magnitude but opposite 
in sign, and separated by a certain distance, constitute an electric dipole. It can 
be stated, therefore, that the electric oscillations of an antenna are very similar 
to the oscillations of an electric dipole in which the dipole moment decreases from 
a maximum positive value to zero, then increases in the opposite direction, then 
again decreases, etc. 

The field of an antenna differs from that of a dipole only in the region close to 
the antenna. At distances hundreds of times greater than the dimensions of the 
antenna, the field created by the antenna does not differ from the field createq 
by an ideal electric dipole. 

Let us again return to the analogy between an antenna and a rod. The natura] 
frequencies of electric oscillations that can exist in free, ungrounded antennas are 
not restricted to the frequencies determined from the simplest case, i.e., when a 
half wavelength is impressed on the length of the antenna, although such half- 
wavelength dipoles are mainly used in UIF engineering. The following relation- 
ship exists between the length of the antenna and the wavelength: L = n* (see 
p. 98). Thus, an antenna of length LZ can receive and radiate waves of wavelength 4 
satisfying the above relationship. 

In the field of radio, a number of methods exist for varying the natural frequen- 
cies of an antenna. Basically, they consist in the connection of a self-inductance 
coil or a condenser to the antenna. By varying the inductance or capacitance, the 
natural frequencies of the antenna may he varied within broad limits. 


Sec. 122. RADIATION PATTERN OF A DIPOLE 


The radiation pattern of a dipole may be determined experimentally. It turns 
out that the results are in complete accord with the theory first advanced by Hertz, 
We shall be concerned only with the results of experiments and theoretical calcu- 
lations, restricting ourselves to the field far removed from the dipole, i.e., to the 
so-called wave zone. This is the region in which the distances to the dipole are con- 
siderably greater than the dipole dimensions. 

Irrespective of the complexity of dipole oscillations, the oscillations may always 
be resolved by means of Fourier’s theorem into their spectra, i.e., they may be 
represented as the sum of harmonic oscillations of frequencies , 2m, 3, etc. There- 
fore, it is quite sufficient to consider the electromagnetic field of a dipole whose 
moment varies in accordance with the harmonic relation p = po cos ot. 


Calculations and experiments show that the field of such a system may be repre- 
sented by a spherical wave propagating with a velocity v = “_. The electric and 


& 
magnetic vectors of the wave are at right angles to each pihan and also at right 
angles to the direction of propagation. The latter circumstance, incidentally, fol- 
lows from Poynting’s theorem. 
In the wave zone, the electric and magnetic vectors vary in phase, performing 
harmonic oscillations at every point in space. A simple relationship exists between 
the numerical values of the field intensity vectors, namely: 


Hence, Poynting’s vector may be written in the following form: 


Kaz my ta ek, 
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Thus, the wave intensity, i.e., the energy passing through unit area per unit time, 
is proportional to the amplitude squared of the electric field intensity. 

The radiation of a dipole is not the same in all directions. The amplitude, as 
well as the intensity, depends on the angle of inclination of the propagation direc- 
tion to the axis of the dipole. In the direction perpendicular to the dipole axis the 


page Ye SEB 
Fig. 133 Fig. 134 
radiation is a maximum, while in the direction of the dipole moment it is equal 


to zero. Theory gives us the following expression for the electric field intensity: 


Py? 
b= eR 


: i 
sin 8 cos o (:-4) : 
\ v 


where the factor before the cosine is the wave amplitude of vector BE. The angle 
9 is the angle between the propagation direction and the dipole axis. The expres- 
sion for the magnetic field deviates from the above only with respect to 
slight difference in the amplitude factor. 

Fig. 133 shows a diagram sometimes used to represent the dependence of 
radiation intensity on direction. Here, a radius vector is shown intersecting the 
radiation pattern. If the scale is known, the radiation intensity is given by the 
length of the vector measured to the point of intersection. 

The fact that the amplitude is proportional to the radiation frequency squared 
is very important. Clearly, the radiation intensity of the dipole depends 


very greatly on the frequency, i.e., it is proportional to the frequency to the 
fourth power: 


a 
ch 


4 
Kw se sin? 0, 
Thus, when the frequency is halved, the intensity decreases to = of its original 
value. 

Theory has led to an important conclusion regarding the orthogonality of an 
electromagnetic wave. This is illustrated in Fig. 134, where it is seen that the elec- 
tric and magnetic vectors are perpendicular to the direction of propagation. As a 
result, the properties of an electromagnetic wave change when the wave is turned 


4 
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Sec. 123. THE ELECTROMAGNETIC SPECTRUM see a Itt 
ee to theory, electromagnetic radiation 

ea ae electric charges are accelerated non- 

uniiormly. A uniform or free flow of electric charge 

does not prod 


I - uce radiation. Charges moving under “A 

the Seen & Constant force, e.g., charges describ- py 
re circle in a magnetic field, also do not ra- a 

iate. 


In oscillatory motion, 
nuously changing, Hence, 
produce electromagnetic 
netic radiation also occurs 
ly decelerated. Thus, 


the acceleration is conti- 
electric charge oscillations <r 
radiation. Electromag- 
when charges are abrupt- 
ae when a beam of electrons Jf, ; 
impinges on a target, X-rays are produced. Electromagnetic radiation also occurs 
during random thermal motion of particles (thermal radiation). The pulsations of 
a nuclear charge produce an electromagnetic radiation known as ‘y-rays. Ultraviolet 
rays and visible light are produced by the motion of atomic electrons. Electric 
charge oscillation on a cosmic scale is exemplified by the radiation of radio waves 
by heavenly bodies. [ 

In addition to natural processes in which various kinds of electromagnetic 
radiation are produced, a number of experimental means exist for creating electro- 
magnetic radiation. , : 

The main characteristic of electromagnetic radiation is its frequency (in the 
case of a harmonic oscillation) or its frequency band. Of course, using the seopelige 
c = vi, the length of the electromagnetic wave in vacuum may be determined i 
the radiation frequency is known. 

The radiation intensity is proportional to the frequency to the fourth aot 
Hence, very low-frequency radiation having wavelengths of the order of oe 
of kilometres cannot be traced. Practically, the radio band begins with wavelengths 
of the order of 4 or 2 km, which corresponds to frequencies of the order of 150 ae 
Wavelengths of the order of 200 metres are in the medium-frequency band, wale 
those of the order of tens of metres are in the short-wave band. Ultrahigh at ae 
cies (UHF) are beyond the usual radio frequencies; wavelengths of the order e 
several metres and fractions of a metre, down to a centimetre (i.e., frequencies 0 
the order of 10’°-10"" MHz), are used in the television field and in radar. 

In 1924, Glagolyeva-Arkadyeva obtained even shorter electromagnetic waves. 
Electric sparks produced between iron fillings suspended in oil served as ce ee 
In this manner, wavelengths down to 0.1 mm were obtained. Thus, an overlap was 
achieved with thermal radiation wavelengths. 


Fig. 135 
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Visible light occupies a very small band of wavelengths—from 7.6 x 10-® ex, 
to 4 x 10-5 em. This band is followed by ultraviolet rays, which are invisible 
but very easily detected by means of laboratory equipment. These wavelengths 
extend from 4 x 10-5 em to 107° cm. 

Following the ultraviolet band is the X-ray band. The wavelengths in this bang 
extend from 10-° cm to 10-° cm. The shorter the X-ray wavelength, the less the 
absorption by matter. Electromagnetic radiations of shortest wavelength, which 
are the most penetrating, are called y-rays (wavelengths of 10-® cm and less). 

The nature of any of the enumerated electromagnetic radiations may be com. 
pletely determined as follows: first, the electromagnetic radiation is resolved into 
a spectrum by some method or other. In the case of light, ultraviolet rays and in. 
frared radiation, this may be accomplished by refraction through a prism or by 
passing the radiation through a diffraction grating (see below). In the case of X- 
rays and y-rays, resolution into a spectrum is achieved by reflection from a crystal 
(see p. 295). The spectrum of radio waves is determined by making use of the pheno- 
menon of resonance. 

The radiation spectrum obtained may be continuous or discrete, i.e., all frequen. 
cies may be present in a broad band of the radiation spectrum or the spectrum may 
consist of individual sharp lines corresponding to very narrow bands of frequency. 
In the first case the spectrum is represented by a curve of intensity vs. frequency 
(or wavelength), while in the second case the spectrum is described by giving the 
frequency and intensity of the lines. 

Experiments show that electromagnetic radiation of given frequency and inten- 
sity may not always have the same polarisation state. In addition to radiation in 
which the electric vector of the waves oscillates along a specific line (linearly pola. 
rised waves), radiation also exists in which linearly polarised waves turned rela- 
tive to each other about the beam axes are superimposed. Hence, to completely 
describe radiation, it is also necessary to indicate its polarisation. 

It should be noted that even for the slowest electromagnetic oscillations, the 
electric and magnetic vectors of a wave cannot be measured. The above descriptions 
of a field are based on theory. Nevertheless, in view of the continuity and unity of 
all electromagnetic theory, there is no reason to doubt their veracity. 

The assertion that one or another kind of radiation consists of electromagnetic 
waves is always based on indirect evidence. However, since these hypotheses 
have so many consequences that are in complete mutual agreement, the electro- 
magnetic spectrum hypothesis long ago became accepted fact. 


Sec, 124. QUANTUM NATURE OF RADIATION 


We have already noted (p. 115) that investigation of atomic phenomena has led 
to a law which states that the internal energy of a system cannot assume any arbi- 
trary value, but is characterised instead by a system of energy levels. Energy radia- 
tion is related to the transition of a system from a higher level to a lower level. 
Energy absorption is related to the transition to a higher level. 

This applies, in the first place, to electromagnetic radiation. The quantum nature 
of submicroscopic phenomena was discovered at the beginning of this century as 
a result of investigation of a number of conflicting facts regarding electromagnetic 
radiation. 

Thus, the emission of electromagnetic radiation of frequency v by a dipole occurs 
in quanta (packets) rather than continuously. A quantum of energy is equal 
to hv, where h is Planck’s constant and is equal to 6.62 « 10-27 erg sec = 6.62 x 
<x 10-84 J sec. 
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The quantum nature of electromagnetic waves is manifested in absorption as 
well as radiation, for absorption too can only occur by means of energy quanta. 
If the value of an energy quantum is equal to the difference between certain energy 
levels of a system on which the wave impinges, the absorption process is quite 
pronounced. Such a process may be called resonance absorption. From the stand- 
point of classical physics, such absorption occurs when the frequency of the external 
field is equal to the oscillation frequency of the particles constituting the system. 
If the value of the electromagnetic wave quantum is less than the difference be- 
tween energy levels, absorption cannot occur and the wave passes freely through 
the system. 

In quantum terms, the secondary radiation of a system is described as follows: 
a system absorbs a quantum of electromagnetic energy and is raised to a higher 
energy level. The system maintains this level for a certain period of time and then 
returns to its former energy level by giving up energy—again in the form of a quan- 
tum. 

Since a quantum of energy is equal to hv, it is immediately evident that the 
higher the radiation frequency, the more pronounced the quantum phenomena. 
Nevertheless, the quantum nature of radiation has already been observed in prac- 
tically all regions of the electromagnetic spectrum. It has even been possible to 
observe the quantum absorption of radio waves having wavelengths of several 
hundred metres. 

The presence of one or another spectrum of electromagnetic radiation depends, 
in the first place, on the arrangement of energy levels in the system under consid- 
eration and on the transition probabilities of the system from an n-th level to 
an m-th level. If these probabilities were known beforehand and the energy level 
diagram were available, it would be an easy task to determine the radiation spec- 
trum of the system. 

We shall repeatedly be dealing with problems of radiation and absorption of 
electromagnetic energy, but now let us consider some problems of electromagnetic 
wave propagation in which the quantum nature of radiation is not manifested when 
the phenomenon is not accompanied by the absorption and radiation of energy. 


CHAPTER 19 


Propagation of Electromagnetic Waves 


Sec. 125. DISPERSION AND ABSORPTION 


In a homogeneous medium, the velocity of propagation and the direction of an 
electromagnetic wave do not change. The velocity of the wave is a maximum in 
vacuum. In a medium, the wave velocity is 


Cc 
Ven’ 


and since in most practical cases 1 = 1, we obtain 


v= 


Cc 
Ve e 

The ratio of the velocity of wave propagation in vacuum to the velocity of prop-~ 
agation in a medium is called the index of refraction. Thus, from electromagnetic 
theory we obtain the equation n = Ve, which is quite valid for very long wave- 
lengths. As the wavelength changes, the index of refraction changes. This dispersion. 
is alien to Maxwell’s electromagnetic theory, which regards a medium as a contin~ 
uum and does not take into account the interaction of radiation and matter. Be 
that as it may, the equation n = |é is not valid for rapid electromagnetic oscil- 
lations. 

When an electromagnetic wave is propagated through matter, the electric charges 
of the molecules are set into a vibratory state. Since an electron cloud moves freely 
as compared with heavy nuclei, electric oscillation consists in the displacement 
of the centre of gravity of the electrons relative to the stationary centre of gravity 
of the atomic nuclei’s positive charges. Designating the charge and mass of the 
oscillating electrons by e and m, respectively, the oscillation equation may be writ~ 
ten in the form 


v= 


mz = —kz — eEy cos ot 
or, dividing by m and using the formula for the natural frequency of oscillation, 
* 9 k ° 
1.€., 0; =—, we obtain 
m 


2 é 
L = — Wot ——- Ey cos at, 


We have equated the product of mass and acceleration to two forces—the restoring 
force—kz and the external, periodically varying force eZ, cos wt. This is the equa- 
tion of forced harmonic oscillations. It is satisfied if 


Z = 2X, cos wl. 


After substituting in the equation, we obtain 
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The dipole moment of a molecule is 


The polarisation yect : 
ector - : af *f i i 
larger, where N’ is the i 1.e., the dipole moment per unit volume, is V times 


umber of molecules per unit volume: 


Ne® 
i ne 1 
ayntit OR we 
Recalling t ? . F : 
2 g the formula relating the polarisation to the field intensity, i.e., 
fa pa e—1 E, 
4m 


it is seen that the 


parameters of fie of the medium has been expressed in terms of the 


molecular dipole: 
4nNe? 


m 
€&= 1 -—- ——— 
1+ 


@2 

The index of refraction of the 
expression. 

As shown in Fig, 
Here, the index of 
compared with th 
ments with specifi 
basic conclusion t 


medium should be equal to the square root of this 


136, the nature of the dependence is confirmed by experiment. 
refraction vs. frequency curve, based on the above formula, is 
© curve based on measure- 

© substances.* What is the 

0 be drawn from the experi- 7 
mental and theoretical results? In general, the 
index of refraction increases with increasing 
frequency in the entire frequency range except 
for the region in the immediate vicinity ‘of reso- 
nance absorption. This region is called the 
anomalous dispersion region. A substance may 
have several resonance frequencies, which cor- 
respond to the differences between its energy 
levels. Hence, there will bea corresponding 
number of anomalous dispersion regions. 

Thus, the index of refraction of a wave, and 
hence the velocity of propagation, greatly de- 
pends on the value of the wave frequency rela- 
tive to the natural frequencies of the molecu- 
lar dipoles. 

Naturally, the capacity of a substance to 
absorb an electromagnetic wave depends on the same factors. Using the same 
reasoning as in the case of elastic waves (see p. 89), we arrive at a completely 
analogous formula: 


——- /heory 
—— Experiment 


Fig. 136 


I=J,e7"4, 


which enables us to determine the value of the radiation intensity I relative to 
the incident intensity J, if the absorption coefficient p and the layer thickness d 


* A more exact theory results in agreement with the experimental values in the region close 
to @» as well. 
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through which the wave has passed are known. It should be recalled that the Ab- 
sorption coefficient is equal to the reciprocal of the layer thickness which decrea\ ec 


the radiation intensity to = of its original value. Due to the complex system of 


energy levels peculiar to matter, the curve of the absorption coefficient plotte, 
against the frequency of the incident wave may appear odd and “erratic”. 
Until now we have been considering dielectric media containing only bouy, 
electric charges. Other relations exist when an electromagnetic wave is propagated 
in a medium in which a considerable number of free electrons are present. Sue}p, 
media include metals and the ionosphere—a region of free charges akin to a Byo_ 
Using the theory presented above, it must be assumed that in the formula fon “i 
the natural frequency @, of a free charge is equal to zero (the frequency is prophy- 
tional to the rigidity of the bond). The dielectric constant is then given by the f£oy_ 
mula 
4n Ne? 
m 


ve 4 —_ 3 
ar 


When © becomes sufficiently large, the index of refraction n = Ve approach. 
unity. But when w? < 4nNe?/m, the index of refraction is imaginary. This meays 
that for the given values of frequency the waves cannot penetrate the metal or the 
ionosphere. On the other hand, for high frequencies the waves are “indifferent” 
to the presence of a medium containing electrons. These predictions are borne o\); 
in the case of radio waves. Thus, long and medium waves are reflected from the 
ionosphere and do not penetrate it, short waves penetrate the ionosphere ah« 
UHF waves pass through the ionosphere unimpeded. 

The above presentation is greatly oversimplified. Hence, it should not be surpris- 
ing that the conclusions are not valid for the optical region where the values of 
the index of refraction may be close to zero and also much greater than unity. 


Sec. 126. BEHAVIOUR OF AN ELECTROMAGNETIC WAVE 
AT THE BOUNDARY BETWEEN TWO MEDIA 


Just as in the case of an elastic wave, an electromagnetic wave is reflected ang 
refracted at the boundary between two media. The basic laws of these phenomena 
may be subjected to theoretical analysis 

E E by utilising the boundary conditions oy 
the electromagnetic field vectors. These 

AH conditions, discussed on pp. 195 and 209. 

follow in turn from Maxwell’s equations, 

KK Since the relationships between the fields 


Reflected Incident on either side of the boundary are not ar. 
wave wave z a Ren ‘ 
bitrary, the division of the wave into re- 
A flected and transmitted components is 
also not arbitrary. 
Fig. 137 The two fundamental relations may be 


expressed as follows: the tangential compo- 

nents of the electric and magnetic vectors on either side of a boundary must be equal. 
What restrictions are imposed by these relations in the simple case of normal 
incidence? This case is illustrated in Fig. 137. Assuming that the electric vectors 
are in the plane of the page, then the magnetic vectors are perpendicular to this 
plane. We know that the electric and magnetic vectors and the direction of propa- 
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gation may be viewed as a right-handed screw system, i.e., the rotation of vector E 
by the shortest path toward vector H appears counterclockwise to one facing the 
oncoming wave. To satisfy this requirement of electromagnetic theory, the direc- 
tion of either vector H or vector # must be reversed for the reflected wave. Thus, 
either the magnetic or the electric vector undergoes a 180° phase shift when the 
wave is reflected. 

When considering oblique incidence, it is necessary to determine which of the 
two actually occurs. It turns out that both are possible—one when the wave passes 
into a medium of larger ¢ and the other when it 


: I 
passes into a medium of smaller e. 10 és 
For normal incidence, the following calcula- 

tions do not depend on the scheme chosen. Let us 
write the boundary conditions in the form 08 k I 

Eincia =e reptect ++ Evefract { 
and 

Hincia ie reftect ++ retracts 06 T 
But the following relationship exists between the = . 
numerical values of the H and F vectors: a4 ig 
= I 
H = Vek =n. 
56°40" 

Hence, we obtain two equations, 0.2 

h 1 

Hineid = Eve ftcet + Epofract 4 a 
and : HT Z k 

3 C) o 
NYE incia = — ME venect + NoE refract 0 20 40 60° 80". 

whence the ratios EyepeciEincia and Fig. 138 


Evefract!Eincia May be determined. Since the 

wave intensity is proportional to the amplitude squared and the index of refraction 

(p. 246), we obtain for the coefficients of reflection and transmission the following 
A 1 . . . 

simple formulas, where n er is the relative index: 

eos _ (r— 1)? 

Eineia ae (u-+ 1)? : 

Evefract ee 4n 

Eineia J} (n-+4)2° 

The similarity to the case of elastic waves is very great. 

By means of such calculations, the general results presented below were obtained 
for the case of arbitrary beam inclination and polarisation state of the wave. The 
agreement with experimental results is quite satisfactory. 

Since the sum of the reflection and transmission coefficients is equal to unity, 
the theoretical results are completely described by Fig. 138, where the intensity of 
the reflected wave is plotted as a function of the angle of incidence. 

Calculations and experiments show that the nature of the reflection curve depends 
to a significant extent on the polarisation state of the incident wave relative to the 
plane of incidence. The electric field intensity vector F is “more important” than 
the A vector, if only in the sense that the photochemical action is due to @. There- 
fore, in describing the polarisation state of a wave, it is customary to specify it 
with respect to the electric vector. The orientation of the H vector is always easily 
found if the direction of propagation is known. Thus, it turns out that the reflec- 
tion coefficient is different for two waves that are incident at one and the same 


coefficient of reflection = ( 


coefficient of transmission = ( 
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angle @ on the same boundary if in one case the electric vector is in the plane of 
incidence and in the other it is perpendicular to this plane. In the figure, curve 7 
corresponds to the case when the # vector is perpendicular to the plane of inci- 
dence, curve J/J corresponds to the case when the E vector is in the plane of inci- 
dence and curve JJ corresponds to the case when the wave is not polarised. 

In the first case, the change in the reflection coefficient is monotonic—for normal 
incidence there is little reflection, the coefficient being of the order of 9%; then, 
with increasing angle the reflection coefficient increases, ever more rapidly, until 
the glancing angle is reached. A beam whose electric vector is in the plane of inci- 
dence behaves in an entirely different manner. Its reflection intensity decreases 
with increasing angle until it reaches zero at the angle @,,. This angle is determined 
by the following interesting equation: n = tan fy. The figure is plotted for the 
value n = 1.52 (transition from air to glass). Hence, the angle at which the re- 
flection coefficient decreases to zero is equal to 56°40’. For a further increase in 
angle, the coefficient of reflection begins to increase and finally reaches unity. 

What is the reason for the absence of reflection in this particular case? How does 
this case differ from others? Evidently, the answer must be sought in the boundary 
conditions, from which the entire theory of the phenomenon proceeds. We leave 
it to the reader to construct the field vectors for this angle and illustrate the re— 
quirement. 

The following question may arise in the reader’s mind: if the boundary condi- 
tions enable us to understand all phenomena at the boundary between two media, 
then what about total internal reflection where there is a field in one medium 
(£,4 360) but none in the other? The question is perfectly valid and the theory 
provides an answer. It turns out that under conditions of total internal reflection 
the field penetrates the second medium but is not propagated deeply into the 
medium. The condition “,,; = E,; is not violated. 

A number of experiments have been devised for the demonstration of light wave 
penetration into a second medium under conditions of total internal reflection. 
Suffice it to recall the basically simple experiment proposed by Mandelshtam. A 
glass prism is partially immersed in a solution of fluorescein—a substance exhi- 
biting a characteristic fluorescence under the action of light. Then, a beam of 
light is directed onto the prism in such a manner that total reflection occurs on the 
inner side of the prism surface that is immersed in the solution. The fluorescein 
thereupon glows intensely in an extremely thin layer next to the glass, proving 
that the electromagnetic wave has penetrated the solution. 


Sec. 127. NATURAL AND POLARISED LIGHT. POLARISATION UPON REFLECTION 


Place a glass plate at an angle wp, toa light beam. The beam is reflected. Then, 
if the beam is turned about its axis (actually, the source of light is turned about 
the beam axis) it might be expected that at some position the beam will not be 
reflected. But if natural light is used for the experiment, this does not occur, i.e., 
for every azimuthal position of the incident beam, the reflected beam has the same 
intensity. It would be wrong to consider this a refutation of the theory presented 
in the preceding article. This experiment merely shows that the polarised state of 
a beam of natural light is more complex than given by the scheme of two vectors, 
FE and H, having fixed directions of oscillation. 

Now, let the above beam, reflected at an angle @,, impinge on a second plate 
placed at a similar angle @, to the beam reflected from the first plate. Then, turn 
the beam about its axis. Since of course, only the relative position of the beam and 
the reflector is of importance, it is easier to turn the second glass plate. Investiga- 
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tion of this do nee = 
and the position fey ellection Shows that the reflection varies with the position, 
this position corres Which no reflection occurs is easily found. It is evident that 
the electric vectoy oe to a mutual orientation of beam and reflector for which 
sion may be drawp- the beam is in the plane of incidence. The following conclu- 

n: reflection from the first reflector results in the natural beam 


acquiring a polarige ' : ‘ sige ober ee 
waenine ia separated q:t*"® in which a single oscillation direction of the electric 


In contradistinct; . 
cific oevillation eee to natural beams, beams in which the vectors have a spe- 
irection are referred to as polarised beams. How should the pol- 
tal beam be envisaged? It is necessary to assume that in a 
“lc wave all possible oscillation directions of i eee 
Te: present. The word “possible” should be underlined since 
electromagnetic theory shows that the electric vector is of a transverse nature. 


In essence, therefor ube 
i i ®, a natural is i osition of numerous. 
linearly polarised waves | unpolarised wave is a superp 


lation directions. AJ] ¢y 
tions of a beam of nat 

Reflection from ¢ 
one method of pol 


ci ha etn of natural light may always be resolved into two mutually 
pery “~~ °Omponents. When reflection is being investigated, it is most con- 
venient to resolve each vector into two components—one in the plane of incidence 
and the other Perpendicular to this plane. Thus, the behaviour of a natural beam 
may be equated to the behaviour of two such component waves, if we take into 
account that the phase difference between them varies randomly. Therefore, in 
describing the polarisation of light, we say that one of the components has not 
been transmitted, or has been transmitted to such and such an extent. If upon 
reflection or refraction one of the components of light is transmitted to a larger ex- 
tent than the other—which the reflection curves show to be the case—this signifies 
that the light has been partially polarised. 

We can utilise this phenomenon to obtain total polarisation of a beam. Instead 
of using two reflectors fixed at an angle ~, to the beams, it is much easier to trans- 
mit a beam through a pack of glass plates. Each refraction will increase the share 
of one of the components in the beam by a certain percentage. In this manner al- 
most total polarisation may be achieved. 

The natural state of a light beam is unpolarised. However, this does not mean 
that every beam that has not been subjected to reflection or refraction is unpolari- 
sed. This applies particularly to radio waves. The short electromagnetic waves 
used in the transmission ‘of television are highly polarised. It is precisely this 
circumstance that enables us to determine the direction of the transmitter by the 
orientation of the receiving antenna. The electromagnetic waves which act asthe 
carrier of a television programme are highly polarised. Hence, the antenna must 
be oriented in such a manner that the oscillation direction of the electric vector coin- 
cides with the antenna direction. 


arised state of a natu 
natural electromagne 
vector are uniformly 


Sec, 128. PROPAGATION OF LIGHT WAVES IN A MEDIUM 
HAVING A REFRACTIVE INDEX GRADIENT 


As a rule, a difference in density is associated with a difference in refractive Li 
dex. The natural question arises: what is the nature of the wave propagation in 
a medium in which the value of the refractive index varies from point to point, 
i.e., the refractive index gradient differs from zero? 
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A difference in refractive index signifies a difference in the velocity with which 
the wave front advances. It follows, therefore, that the wave front will be con- 
tinuously deformed as it advances in such a medium. If we construct the normals 
to the wave front, we obtain a curved line. Thus, it can be stated that in a nonho- 
mogeneous medium light is propagated curvilinearly rather than rectilinearly. 

The analogous problem for sound waves was discussed earlier (p. 110). The same 
laws are applicable here and the beam path is also determined by Fermat’s prin- 
ciple. A beam of light propagated in a finite medium having a refractice index gra- 
dient follows a path between two points that requires a minimum amount of time 
to traverse. Therefore, the beam of light bends so as to shorten its path in regions 
where the refractive index is large and lengthen its path in regions where the re_ 
fractive index is small. , , ' , 

The best example of the propagation of light in a medium of gradient n is the 
passage of a beam of light through the Earth’s atmosphere. Since the density and 
the index of refraction of air decrease with increasing elevation, it follows tha; 
refraction occurs in the atmosphere. A beam travelling from a star to the Barth 
and entering the atmosphere at an angle rather than along a radius will bend;;hene e, 
the apparent position of the star is displaced relative to its true position. For a 
star at the zenith, the displacement angle is as much as 1/2 of a degree. 

Mirages are caused by the presence of a refractive index gradient in the atmo- 
sphere. They occur in the African deserts due to the fact that heat currents are easily 
formed above the hot sand, resulting in temperature gradients and, hence, density 
and refractive index gradients. As a result, the light beams travel along curved 
lines and a landscape seems to appear where the observer, accustomed to the rectj- 
linear propagation of light, conceives it. , 

f course, in the case of light propagation in a nonhomogeneous medium, the 
waves are neither spherical nor planar. It should be recalled that a variable prop- 
agation velocity signifies that the wavelength also varies from point to point. 
What is the equation of wave motion in a medium where the refractive index changes 
from point to point? Since the parameters of the wave change from point {o 
point, the equation being sought must be a differential equation, for only a diffey- 
ential equation can express the dependence between the physical quantities for 
a given point in space. : 13 

This equation may be found by means of Maxwell’s equations. Since the deriv a- 
tion is rather complex, it will not be presented here. The calculations yield thy 
following relation, which is valid for the £ vector (or its projection) as well as the 7 
vector (or its projection): 

oy 1 o2y 


as? wat * 


The function W is called the wave function. It represents the & vector, the H 
vector, or their components since the equations are the same for each case. Here, s 
is the coordinate in the direction of wave propagation, ¢ is the time and v is the 
propagation velocity. 

This equation is called the wave equation and it is valid for all points in space 
located outside the sources of the field, i.e., outside charged regions and regions 
in which electric currents flow. 

First it will be shown that the above differential equation is satisfied by the 
simplest wave process, i.e., a plane wave. As we know (p, 89), the expression for a 
plane wave of frequency , propagating in the direction s, has the form 


Y= Acoso («——). 
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Let us determin 
€ the sec . : : 
an Second derivative of the wave function V 


d with r with respect to time 
ith respect to the Coordinate. We obtain 


It is seen that the ¢ i 
following relationship must exist between the second derivatives 


oy 1 ay. 
“as2 2 op? 
n . 
dan, Bee ition ee Plane wave is embodied in the proposed differential equa- 
» the above differential equation embraces much more. Any function 

of argument (¢ ==} id oe oy ; Ml a ‘ 
1S a solution of the equation since for any function 4 (i— =) 


: * a : 
the derivative ©xpressions in yw : 
The depen p J 

; } dence of a function on the argument (i a, ~) is regarded as the sole 
indication of a Wave process : 
following: if the st ; 
by a certain value 


are the same. 


The significance of this argument consists in the 

ate at a point s = 0 is characterised at the instant of time t = 0 

of the wave function, then the same state occurs at point s, at 
Se Sy 
se 


the instant of time ¢ py ? at point s. at the instant of time t, ==, etc. Here s 
is the coordinate readin 


D 
Th As g along any rectilinear or curvilinear path. 
The differen g any P 


tial equation 


is the general equati 
nonhomogeneous me 

If it is necess 
dinates x, y, 


on of a wave process and is valid for any medium, including 
dium where v varies from point to point. 

ary to express the wave function in terms of the three space coor- 
z, the generalised wave equation has the following form: 

ev av aw 1 oy 
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The sum of the second partial derivatives of a function is concisely designated by 


the symbol AW (read: Laplacian of VY). Thus, 
4 o2y 
aaah sg oe 


The differential equation of a wave is valid for any process in which the value 
of the wavelength and the amplitude of the wave vary from point to point. 

Let us designate the amplitude of the wave function V by wp. For most problems, 
it is primarily p that interests us. If a vibratory process of frequency © occurs in 
a region, then, in the most general case: 

aw 2 
ae wr. 
Therefore, a wave function will always satisfy the equation 


| ne ie 
The part of the expression for V that is a function of time always cancels in 
such an equation. Hence, the last equation is the equation for the wave amplitude ip. 
17—01628 
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= z 20% y ; 
By means of the relation 4 = v= it may also be written in the form 
An? 
Apt p=0. 
Sometimes this equation too is called the wave equation. 


Sec, 129. PROPAGATION OF RADIO WAVES 


Radio waves are propagated in accordance with the laws of reflection and refrac- 
tion. In order to obtain the concrete results required for our discussion, it is merely 
necessary to generalise the theory to the case of a medium having a continuously 
varying coefficient of refraction. But this has already been done for elastic waves 
(see p. 109) and is completely applicable for electromagnetic waves, i.e., for light 
as well as radio waves. A wave travelling in a medium of variable n, i.e., a wave 
travelling with variable velocity, is propagated in such a manner that the leas; 
amount of time is taken to traverse the distance between two points. The path of 
the wave will be curvilinear and in passing from one layer of the medium to anothe; 
layer where n is greater the wave will be deflected toward the normal to the 


boundary. 

In order to determine the nature of the radio-wave propagation, the electrica| 
properties of the Earth and the atmosphere must be known. The electromagnetic 
field of the wave is greatly affected by the magnitudes of the electrical conduc. 
tivity and the dielectric constant of these two media. 

How is the difference in behaviour of electromagnetic waves of different lengt } 
explained? Of course, a significant role is played by dispersion. But an approximate 
indication of the behaviour of an electromagnetic wave may be obtained from ay 
examination of the relationship between the displacement current and the conduc. 
tion current. It is evident that a medium exhibits dielectric properties when the 
displacement current is much greater than the conduction current. On the othe, 
hand, if the displacement current is negligible, the medium may be considere« 
to be a conductor. 

The properties of the Earth’s surface and the properties of the atmosphere mus} 
be examined from this standpoint. 

Let us take a typical example. Experience in the field of radio engineering has 
shown that a flat terrain covered with trees may be characterised by a dielectric 
constant ¢ of the order of 12 and a specific electric conductivity y of 7 x 107 (in 
the CGS system). To study the propagation of waves over the surface of a sea, it is 
important to know the values of « and y for sea water. These values are 80 and 10!©_ 
respectively. The ratio of the conduction current density to the displacement cur- 
rent density (see p. 240 for the required formulas) is given by the formula 


displ c 

in the CGS system. For long waves, say 2,000 metres, this ratio is equal to 77 for 
a wooded area and to 1,600 for a sea surface. The medium in each case, but espe- 
cially in the latter, may be considered to be a good conductor. For short waves, 
say 20 metres, the first value decreases to 0.77 and the second to 16. This means that 
for short waves sea water continues to be basically a conducting medium, while a 
wooded area acts to a considerable extent as a dielectric. 

Waves propagating over a conducting surface “cling” to this surface. The electric 
flux lines approach the Earth at right angles and travel along the terrestrial surface - 
That is why an electromagnetic wave can easily travel around the globe. (It takes 


jeond 2 2 %% __g 7x 10-10 
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0.13 sec to do this and since this time can be measured quite accurately we can 
determine the propagation velocity of radio waves.) This applies to long waves. 
Short waves cling only to sea surfaces. In other regions, they behave like perfectly 
free waves. When such a wave travels along the surface of the globe, it penetrates 
the Earth and is absorbed. Moreover, the higher the oscillation frequencies, the 
greater the absornticn, 

A number of remarkable features in the behaviour of radio waves is explained 
by the presence in the upper layers of the atmosphere of a layer containing a large 


number of free ions and electrons. This layer is known as the ionosphere. Thus, 
the region in which an electromagnetic wave travels may be roughly pictured as a 
dielectric bounded by two conducting layers. 

Tonisation of the atmosphere is not uniform, i.e., the number of free charges per 
unit volume varies from one layer to the next. As was seen in Sec. 125, the coef- 
ficient of refraction decreases as the number of charges increases. Since the coef- 
ficient of refraction of a conducting medium is less than unity, a wave entering 
the ionosphere at an angle from a dielectric medium is deflected from the normal. 
The ionisation increases; hence, the deflection increases with each succeeding layer. 

Furthermore, as Fig. 139 shows, a wave may either pass through the ionosphere 
and recede from the Earth or, after being bent more and more, return to the Earth. 
Roughly speaking—disregarding the nonuniformity of the ionosphere—a wave 
returns to the Earth if it strikes the ionosphere at an angle greater than the total 
internal reflection angle: 


4nN %e 


‘9 
sin lye t= Yi—— 


For smaller angles, the wave is propagated into outer space. By repeatedly being 
reflected from the ionosphere and the terrestrial surface, short waves can round 
the globe, experiencing considerably less energy losses than in the case of long 
waves. 

Since UHF waves can pass through a layer of free charges, they are not reflected 
from the ionosphere. ‘Therefore, radio reception on UHF is possible only along the 
line of sight. 

The above picture of the atmosphere is greatly oversimplified. Investigations 
have shown that the density distribution of free electric charges in the atmosphere 
is characterised by several maxima since the ionosphere is composed of several 
layers. The stability of these layers differs, depending on the time of year. It is 
interesting that the existence of the layers is related to solar activity. Thus, varia- 
tions in the state of the ionosphere corresponding to the 11-year sun-spot cycle 
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may be observed. Lonisation of the upper layers of the atmosphere is undoubtedly 
related to the arrival of cosmic radiation on the Earth. 

From a study of the electrical properties of the ionosphere and the surface of the 
Earth, radio engineers have drawn a number of conclusions regarding the most 
favourable conditions for radio transmission and reception on waves of various 
lengths. However, we shall not go into this subject. 


Sec. 130. RADAR 


A radar station consists of transmitting and receiving equipment. Every ten- 
thousandth of a second (4 in Fig. 140), the transmitter sends a pulse of duration a 
(of the order of several microseconds) into space. If an object capable of reflecting 
the wave is intercepted in the solid angle “illuminated” by the radio waves, a part 
of the wave is reflected back to the radar station. The reflected signal is received 

2R ‘ ‘ F : 
T _ sec after the pulse is transmitted into space. 

This time may be measured by means of an oscilloscope. The sweep of the electron 
beam is synchronised with the transmitted pulses, and the demodulated signal 
from the receiver is fed to the second pair of oscilloscope plates. As a result, a “pip” 


Fig. 140 


displaced relative to the initial point of the sweep by a distance proportional to 
the time t appears on the oscilloscope screen. If the object intercepted by the radar 
pulse is stationary, the “pip” on the oscilloscope screen will also be stationary. 
Thus, synchronisation is achieved when the sweep time equals one ten-thousand th 
of a second, the interval of time between successive t ransmitted pulses. If the object 
“seen” by the radar is moving, then the pip on the oscilloscope screen also moves. 

Modern radar systems are much more complex than indicated by this simplified 
picture. The motion of the electron beam of an oscilloscope from the centre to the 
edge of the screen is more complex than motion along a radius. While moving out- 
ward along the radius, the electron beam slowly rotates about the centre of the 
sereen like the hand of a clock. This rotation is synchronised with the rotation of 
the radar antenna in such a manner that the illuminated line points in the same 
direction as the transmitted radio beam. In addition, the following important 
change in the operation of the oscilloscope is introduced: if the radio beam does 
not encounter an obstacle, and hence the receiver does not pick up a reflected signal, 
the oscilloscope screen remains dark. On the other hand, if a pulse is received, a 
spot on the screen is illuminated. 

Thus, when a beam scans the horizon and encounters a body, this body is indi- 
cated on the oscilloscope screen by an illuminated spot. The distance of this spot 
from the centre of the screen is proportional to the distance of the radar from the 
object, and the azimuthal angle indicates the direction of the object. 

Oscilloscope screens possess an afterglow; hence, an illuminated spot does not 
disappear while the radar. is scanning the area, i.e., before returning to the same 
position. If the illuminated spot is due to the beam reflected from a fixed object, 
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the image on the oscilloscope screen is also fixed. If the object moves, a moving 
image will appear on the screen. 

Due to the difference in the reflection coefficients of various objects, a character- 
istic picture of the region is depicted on the screen of a radar system with circular 
scanning. Rivers and lakes appear dark (little reflection), the Earth appears lighter 
and woods still lighter. Of course, metal objects are “seen” very clearly. 

The nature of the visibility varies in accordance with the wavelengths used. 
Thus, for radio waves in the centimetre range, clouds are seen very clearly. Since 
longer waves are insensitive to clouds and rain, radar systems operating on such 
wavelengths can be used in all kinds of weather if they are not intended for the 
specific purpose of detecting clouds. 

Radar principles find broad application in science and engineering. Thanks to 
radar, pilots experience no difficulty in conducting night flights and in landing 
on airports which are not illuminated. Radar is of great importance in meteorol- 
ogy. In addition to enabling us to detect rain and storm clouds at great distances 
or at night, which is essential for weather-forecasting, radar can be used to track 
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meteorological balloons. Radar equipment installed on ships is a great aid to navi- 
gation safety, reducing to nil the possibility of accidental collisions of a vessel 
with other vessels or obstacles. In the field of astronomy, radar methods are used 
to determine the distance to meteors, and the direction and velocity of their flight. 
The waves are reflected, in the main, from the meteorite “trails”, which consist 
of ionised gases. The Moon, the Sun and the planets are all within the reach of 
radar. Radar astronomy is of great practical importance. It has enabled us to devel- 
op navigational instruments to determine the location of a ship, from observa- 
tions made on heavenly bodies, in any kind of weather and at any time of day or 
night. 

A vast amount of the literature is devoted to radar problems. Since such problems 
rightly belong to the field of radio engineering and not physics, we have restricted 
ourselves to an elaboration of the principles of this remarkable development. 

Fig. 141 shows a block diagram of a radar system. 


CHAPTER 20 


Interference Phenomena 


Sec. 131. ADDITION OF WAVES FROM TWO SOURCES 


First, let us consider two ideal sources radiating spherical waves. Assume bot! 
sources are oscillating synchronously. In this case, ‘for waves of any type, a charac .~ 
teristic field is created in which bright and dark “fringes” appear where the waves 
reinforce and cancel each other, respectively. This phenomenon is most easil» 
demonstrated by means of water waves. 

The mathematical calculations are straightforward. ‘ake any point a distance r- 
from one wave source and r, from another. Then, maximum reinforcement of the 
waves occurs when the path defference r, — rs equals a whole number of wavelengths | 

nh. On the other hand, the waves annul each other 


when the path difference equals an odd number of 
X 


half-wavelengths (2n -+- 1) 


We know from analytical geometry that a curved 
surface all of whose points satisfy the following con 
dition is a hyperboloid: the difference between the dis- 
tances to two foci is a constant. In Fig. 59 (p. 91) 
plane is drawn through the wave sources. Shown iri 
this plane are hyperbolas—loci for which the differ - 
ence between the distances to the wave sources jis 
constant. 

Now, let us consider the pattern obtained ina wave 
field on a cylindrical screen whose axis passes throug] : 
the radiators as shown in I'ig. 142. (We shall assume 
throughout that the radiators are point sources 
This interference pattern will consist of alternating 

Fig. 142 bright and dark horizontal lines since the conditions 
are exactly the same for all points on the cylinder lo 
cated at the same height, i.e., relative to the radia 

tion sources all such points are in the same state. A bright frinox 
will appear along a line around the middle of the cylinder; since the distanc € 
from both sources is the same, the waves reinforce each other. For points at a 
height z above the mid-line, the difference in the paths traversed by the rays 


ct 


i 
x eas Ie 
between the sources. Thus, the condition for the z-th bright fringe has the form 


2lz a 
hh, 


i r? —r2 . ‘ 2 ‘ 2 
r, — 15, will be represented by +. But r? — r? ~ 2lz, where J is the distance 
1 20 i ry -r 1 2 ? c 
9 


If the radiators are far from the screen, then for fringes close to the centre, 
rot re @ 2h, 
where R is the radius of the cylinder. The bright fringes pass through the points ¢ 
satisfying the condition 


i 


1 ‘ ; ne * WR 
The distance between adjacent fringes is Az a0 
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Example. If two coherent sources (see Sec. 132) separated by a distance Z= 14mm emit 
light of wavelength 4 = 6,000 A, then the distance between interference fringes on the surface 


of a cylinder of radius R = 1 metre is Az = “A = 0.6 mm. 


If the light source emits waves of various wavelengths, the interference pat- 
tern will be coloured since the maximum conditions differ for different values of A. 

In addition to determining the positions of maximum and minimum interfer- 
ence, it is also of interest to determine the form of the intensity curve across the 
fringes. 

Since 2 is the path difference between the 
waves, then 


I 


2a Iz 
lala lar 
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is the phase difference, and the total amplitude 4 
at any point is ‘given by | 


A cos wt -+- A cos (wt + 5S). 


For equal amplitudes, we obtain the expression 
derived on p. 77: 


2A cos = cos («t+ +) 3 
Fig. 143 
The measured intensity (wave amplitude 
squared) is equal to the average value of this expression taken over the oscillation 
period. 
Since 
1 


5 
12, Fed aE =—— 
[cos (ot a) We 5 
(see the following article regarding calculation of the average), then 
ale 
AR * 


The intensity curve may be plotted as a function of the vertical coordinate z 
(Fig. 143). 


I = 2A? cos? 


Sec. 132. COHERENCE 


The superposition of two waves, discribed in the preceding section, may be 
physically achieved by various means and for various wavelengths. For example, 
two antennas radiating radio waves may be placed close together, two electric 
bulbs with point filaments may be placed close together, or an incident ray and 
the same ray reflected from a mirror may be brought together. Experiments show 
that by no means does interference occur in all cases. This phenomenon can best 
be investigated by examining the superposition of the fields of two antennas. It is 
easily shown that an interference pattern is obtained only when a phase difference 
that remains constant during the time of observation exists between the superim- 
posed waves. In this case the oscillations are said to be coherent. 

If the phase difference is fixed, the amplitude of the electromagnetic oscillations 
at a given point in space is constant. Thus, a maximum point remains a maximum 
and a point where the waves completely cancel each other always has zero intensity. 
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When the phase difference varies randomly, the pattern is completely different. 
During a certain interval of time the amplitude of the oscillations at a given point 
is a maximum, in the succeeding interval it assumes intermediate values, and 
then for an interval of time the waves cancel each other. If the duration of these 
intervals were commensurable with the practical capabilities of instruments, a 
fluctuating interference pattern could be detected. If the variations in phase diffe- 
rence are so rapid as to preclude detection by these instruments, the interference 
pattern is not revealed and the average value of the intensity is shown on the in- 
struments. In such cases, we say that the oscillations are noncoherent. 

What is the expression for the average intensity in a region where fields are 
superimposed? This is easily determined. 

The amplitude of the total wave at a given point and at a given instant may be 
expressed in the form 

A, cos wt -+- A, cos (wt + 6). 
The instantaneous intensity is proportional to this expression squared, i.e., it 
is equal to 
Aj cos? wt + Ay cos? (wt 4-8) + 2A,A, cos wt cos (wt +- 8). 
We are interested in the time-averaged intensity of the radiation, i.e., 
I = Ai (cos? t)q, + A? [cos? (at -+ §)]ay + 2A,Ag [cos wt ¥ Cos (t+ 8)]qp- 

The average values of trigonometric quantities are encountered quite often in physics. It is 

therefore useful to recall that the average values of sin x and cos x are equal to zero, and the 


average values of sin? « and cos® x are equal to 4/2, if the argument z of the trigonometric 
function assumes all values with equal probability. The average value of a function f(x) is by 


definition 
Lf (2)lav= f (t1)-+-f (v2) +... +f (en) ; 


n 


This formula can be used to calculate the average if the variable x assumes discrete values. 
But if the variable « is continuous and assumes all values in the interval from a to b, the formu. 
la for calculating the average value is obtained in the following manner. Divide the interval 
( — a) into n segments of length Az. Multiplying the numerator and denominator by Az, we 
obtain 


f (a) Av-+f (22) Ax + 


nAx 


[f ()lav= 
Going over to the limit, this takes the form 
B 
U lav= p= | f(o) de. 
b—a 
a 
By means of this formula, we can calculate the average value of any function of a continu- 
ously varying random quantity. In calculating the average value of a periodic function, a single 
period should be used in determ ining the limits of integration, for the average value of one period 
is clearly equal to the average value of any number of periods. Thus, for example, 
qt 
4 


; Alt 
[cos? cal earns j cos zdr=—>-, 
0 


Let us write the formula for the intensity in the form 
I= Ai (cos? Ot)ay + Ay [cos (ot ++ Olas + A,Ay [cos (2m¢ + §)Jan + A1Ay (Cos S)ave 


Using our knowledge regarding the average values of cos x and cos? x, we obtain: 
for a phase difference between two waves varying randomly, i.e., for noncoherent 
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oscillations, 
4 2 
T= (A?+A)); 
on the other hand, if the phase difference is fixed, i.e., if the oscillations are co- 
herent, 
1 


Taz (At +- A? -+- A, Ay cos 8) 


or, for equal amplitudes, ; 
‘ Pas) 
I =: 2A cos? >. 


This last formula is the same as the interference formula derived in the preceding 
article. 

Radio waves radiated by neighbouring antennas may be made coherent or non- 
coherent by technical means. 

As regards oscillations of light waves, one should first of all distinguish between 
the light of ordinary sources and that of lasers. At first glance it would seem that 
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Fig. 144 


it is impossible to achieve coherence since the radiations of individual atoms 
have no definite relationship to one another. The phases of the waves emitted 
by individual atoms are haphazardly distributed. It is quite natural that two 
light sources, no matter how closely they approximate point sources, do not yield 
an interference pattern. Nevertheless, coherent light oscillations do exist. They 
occur for rays “taken” from one and the same light wave. 

Methods of artificially securing coherent sources are shown in Fig. 144. In 
one case two mirrors J and JJ that are slightly inclined relative to each other 
are used and in the other a double prism (biprism) is used to produce wave sources 
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from two virtual centres. Interference fringes may be observed on a screen placeq 
anywhere in the interference field. The theoretical discussion presented above 
is entirely applicable to these cases; the nature of the fringes is determined by 
the distance between the virtual images of the light source and the distances 
from these images to the point of observation. 

It is quite clear why the two parts of the “splitted” ray are coherent. Between 
any pair of atoms of a real source, there is no coherent relationship. However, 

by splitting such a ray into two parts, we 
/, enable the radiation of each atom to interfero 
with itself. 

Thus, consideration of various cases of light 
interference is reduced to the investigation of 
various cases of division of a light ray by rex 
flection and refraction, and the successive su. 
perposition of the components of the splitted 
wave in the region of the interference field. 

The size of the light source significantly 
affects the coherence of the “splitted” ray. Let 
us assume that the light source is of length 
and that rays in the solid angle 2u take part 
in the creation of the interference field (Fig. 
145). Rays such as 7 and 7’ emanate from a 
single atom and are therefore coherent. Tho 
same is true of 2 and 2’. Consider the inter. 
ference due to the superposition of the fields 
of rays J, 2 and 1’, 2’. For interference to occur, the fields of the coherent beams 
1, 7’ and 2, 2’ must reinforce each other. The path difference A = b sin u, which 
exists between 7’ and 2’ as well as between J and 2, tends to prevent this. Moreover. 


Fig. 145 


interference becomes possible only when b sin u Slip 

Obviously, interference can occur only between light waves of equal wavelength, 
Consequently, the intensity of the interference fringe is determined not by the 
total radiated power, but by the power radiated by light waves of a given wave- 
length. 

A limited coherent length of a light beam is a serious restriction for carrying 
out interference experiments with ordinary light. The point is that one radiation 
of the atom lasts during the time of the order of 10-8 second. Taking into account 
the velocity of light propagation, it is not difficult to get convinced that the emit- 
ted wave train has a length of the order of a metre. Thus, the coherent leneth 
for a strictly monochromatic visible light will be of the order of a metre. If a high- 
pressure mercury lamp is used as a light source, then the coherent length will 
be of the order of only a millimetre. This means that the radiation of one and 
the same atom “fissioned” and brought together to one point with a path difference 
more than a millimetre (i.e. with a path difference exceeding the coherent length) 
yields no longer the phenomenon of interference. 

Stimulated radiation of a laser whose origin will be considered in Sec. 168, 
is ideally monochromatic, i.e. the light frequency is millions of times higher 
than the frequency interval. The most important thing is that all atoms of the 
laser create a stimulated radiation on one phase. Consequently, in this case, radia- 
tions of different atoms are capable of interfering with one another. The total length 
of a wave train is of no importance since all laser atoms cause in-phase stimulated 
emission of radiation. Therefore, the coherent length loses its importance and the 


20. Interference Phenomena 267 


“splitted” light of the laser will interfere even if one part of the beam covers a path 
tens and hundreds of metres longer than its other part. The “splitting” of a laser 
beam with the purpose of obtaining interference does not require the numerous 
measures which must be undertaken to ensure the observation of interference 
of ordinary light. It is sufficient to install the laser behind a screen with two 
slits and to create a common field of the light outgoing from these two slits. 

Highty powerful laser light enables us to easily carry out interference exper- 
iments which were extremely difficult or even impossible before. 


Sec, 133. INTERFERENCE IN A PLATE 


Let us investigate reflection and refraction of light incident on a flat plate of 
thickness d (Fig. 146). 

Assume a plane wave impinges on the plate at an angle i. The beam of light is 
reflected and refracted. Moreover, the refracted beam strikes the lower surface 
of the plate and is also reflected and refracted. As a result, there arise numerous 
rays parallel to the primary reflected beam, and also numerous parallel rays 
transmitted in the second medium. All 
these rays are coherent and a phase dif- 
ference exists between them. Hence, the 
conditions are present for interference 
in the reflected as well as in the 
transmitted rays. 

As is well known, the reflection coef- 
ficient is not very large—at least, for 
normal incidence. In this case, the 
intensity of each “succeeding” ray is 
much less than the intensity of the pre- 
ceding one. For example, for a reflection 
coefficient of 5%, the first reflected ray Fig. 146 
has an intensity of 0.05 Io. The second 
reflected ray undergoes two refractions and one reflection. Its intensity is 0.95 x 
¥% 0.95 ~ 0.05 Io = 0.045 Io. Thus, the intensities of the first two rays are practi- 
cally the same. But the third ray is much weaker since it undergoes three reflec- 
tions and two refractions. Its intensity is equal to 0.95 x 0.95 x 0.05 x 0.05 x 
¥ 0.05 Io, i.e., one four-hundredth of the intensity of the preceding ray. 

Under conditions of small reflection coefficient, the phenomenon reduces to 
the observation of the interference of the first two rays. 

As regards the transmitted rays, under conditions of small reflection coefficient 
the interference is not noticeable since the intensity of the second ray is one four- 
hundredth of the first, the intensity of the third is one four-hundredth of the second, 
etc. However, it is not very difficult to set up the experiment in such a manner 
that in the reflected as well as in the transmitted beam numerous interference 
rays occur. 

If a monochromatic wave impinges on a flat plate, the interference pattern is 
determined by the phase difference between the first and second reflected rays. 

From the wave formula 


x 
Acos @ (¢—=) ; 
Vv 
it is evident that the phase of the wave, traversing the path x with velocity v, 
x 250 z : ] mee 7 
changes by o—, or =-2, where } is the wavelength in the medium. Designating 
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the wavelength in vacuum by Ao and recalling that the refractive index n is equal 
A ‘ F ; 3 2m ; 
to a the change in phase may be written in the form z— nx. The product na is 
‘0 
often called the optical path of the wave. If a wave passes through several media, 
‘ Ch haere + . ia 
its phase changes by a, where S =: (m2, + erg +. . .) is the optical path. 
0 . . 
The phase difference 5 between the interfering waves, which determines the 
intensity of the resultant wave, is given by 
2m 
6= =A, 
i.e., it is determined by the difference between S$’ and S", the optical paths of 
these waves: A = S’ — §”, 

Referring to Fig. 146, let us calculate A for the case which interests us. It is 
most convenient to express A in terms of the refraction angle r, the plate thickness 
d and the index of refraction x. As seen from the figure, 

A = 2 dncosr. 


However, in addition, it is necessary to take into account the phase jump occur- 
ring upon reflection (cf. p. 252). In this respect, the first and second rays differ, 
for the first is reflected from the external surface of the plate, while the second 
is reflected from the internal surface. Therefore, the electric vector of one of the 
rays undergoes a 180° phase jump and the other does not. Thus, the resultant phase 
difference is 
6 = Lue 2dncosr-—E 0. 
ho 

Maximum interference occurs when 6 = m2n, where m is a whole number: 

minimum interference occurs when 6 — mn. Therefore, 


F ae ny 
maximum condition: 2dn cos r = mAg + 3; 


minimum condition: 2dn cos r = Mio. 


Thus, depending on the value of A, n, dand r, interference may cause the intensi- 
ty of a wave reflected from a plate to be zero or a maximum. In an ideal exper- 
iment with a monochromatic beam, by varying the angle of incidence, for example, 
a reflected ray should alternately vanish and reappear. In an analogous experiment 
with a beam of white light, the plates should pass through all the colours of the 
rainbow in succession. 


Sec. 134. FRINGES REPRESENTING EQUAL THICKNESS 
AND FRINGES REPRESENTING EQUAL INCLINATION 


Several factors enter into the extremum condition 2dncosr = mi. Hence, 
if they are varied simultaneously, a confused picture may result. The effect is 
clearest when all the parameters, except one, may be considered fixed. 

If a plate has a variable thickness d, a constant refractive index and a practi- 
cally constant angle of incidence (and hence angle of refraction) for the portion 
of the plate under consideration, the interference will be observed in the form of 
fringes representing equal thickness. All parts of the plate having the same thickness 
dwill be subject to the same conditions. Therefore, on an uneven plate, there appears 
a system of bright and dark fringes (or rainbowed in case of white light). These 
lines connect points where the thickness of the plate is the same. This explains 
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the coloured fringes often seen on oily films spread on the surface of water, If 
a plate is wedge-shaped the fringes representing equal thickness consist of straight 
lines. Such fringes may be easily observed on soap films. In the case of a vertical 
film, the soap trickles down and the film becomes thinner in the upper region: 
horizontal fringes appear on the film. mata a 
When light impinges normally on a plate, cosr ~ 1 and fringes appear on 
the plate where the thickness d satisfies the relation 2dn = mAp. 
The difference in the thicknesses of the plate represented by adjacent fringes 
ho ns r ; : ; 
equals Tm 7 be, a half-wavelength. Thus, bright fringes representing equal 
thickness indicate nonuniformities in plate 
thickness of the order of a tenth of a mi- 
cron. nim 
If the thickness from one point to another 
varies very slowly, the fringes may turn out 
to be very far apart. Thus, for example, in a 
dripping soap film a wedge may form having 
a 0.5-minute angle; in this case, as can be easi- 53 
ly calculated with the aid of Fig. 147, the 
fringes will be 2 mm apart. 
If a wedge decreases to zero thickness, Fig. 147 
the end of the wedge appears dark in the 
ny 


reflected-light since thicknesses less than - do not reflect light. The first bright 


fringe occurs for the thickness d = * (the path difference is twice as great since 
the return path must also be included in the calculation). The next bright fringe 
occurs for d = i, etc. Thus, the thickness may be determined by simply counting 
the fringes. 

The question naturally arises: why are fringes representing equal thickness 
easily observed on thin films but not, for example, on a windowpane? The answer 
is that it is not possible to create the ideal conditions whereby the single variable 
quantity is the plate thickness d. 

Let us consider the effect of a spread in the angle of incidence (refraction). 
If the angles vary from r; to rz in such a manner that on the interference maximum 
for r, there is superimposed the extinction for rg, the interference fringes will be 
smeared. What is the value of the angular interval Ar = rz, — r; that smears the 
pattern of fringes representing equal thickness? The value can be determined 
from the conditions: 


¢ 1 
2dncosr,;=mdA and 2dn cos ry==(m+5) A, 
whence 
‘ ny 
2dn (cos ry— C0874) ==>. 
For simplicity, let us restrict ourselves to the case of normal incidence; let ry 
equal zero and re a small value Ar. Then, 


2dn—=mA and 2dr (1- (Ary \= (m+ : )a. 


a / 


tl 


Hence, 


2dn (ary w= f nN 


bw 
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and since 2dn = mi, 


° 


~ 2m 


If the plate is thin, the values of m are measured in units or tens of units. In this 
case, an angular spread of about a tenth of a radian, i.e., 5°-10°, does not smeay 
the pattern. However, for a plate 1 mm thick, m is already of the order of 5,000, 
Mere, an angular spread of the order of only a hundredth of a radian suffices 
to prevent observation of fringes representing equal thickness. 

But even if the geometry of the experiment is ideal, relatively thick plates do 
not yield an interference pattern. This is due to a limited coherent length. 

In the case of laser light the difficulties of observing interference due to thick 
plates are mainly removed. 

Now, let us consider fringes of another kind, namely, fringes representing 
equal inclination. Such fringes may be observed when a beam of light with a con- 
tinuous spectrum of incident angles im- 
pinges on a plate having parallel sur- 
faces, i.e., a plate for which d is the 
same at all points (Fig. 148). 

Consider a beam of reflected rays 
contained in a given solid angle. Let 
us direct our altention to those rays 
lying along generating lines of a cone 
whose axis is normal to the plate. Al] 
rays lying on such a cone have the 
same value of r and yield lines re- 
presenting equal inclination. 

The differences in the method of ob- 
servation of lines representing equal 
Fig. 148 thickness and lines representing equal 

inclination should he noted. Since 

lines representing equal inclination 
occur at infinity, a lens must be placed in the path of the rays to 
make them visible. This enables us to observe curves representing equal incli- 
nation in the focal plane of the lens. For normal incidence, lines representing equal 
thickness may be observed with the naked eye on the surface of a wedge. If the 
light impinges on such a plate at an angle, lines representing equal thickness 
may be observed on the surface of a wedge only in the case of very thin films. 
Otherwise, the interference pattern is observed in two planes located above and 


‘ sin i : P : 
below the wedge at a distance d— af where « is the wedge angle. To derive this 


formula—which we leave to the reader—plot a ray incident on the surface of the 
wedge at an angle i and the rays reflected from the upper and lower surfaces. The 
observation plane of the interference pattern will pass through the point where the 
extensions of the two reflected rays intersect. Note that the above formula is 
only valid for the case of an air wedge. 


Sec. 135. PRACTICAL APPLICATIONS OF INTERFERENCE 


Interference methods are widely used for the measurement of small distances 
and small changes in distances. They enable us to detect thickness changes of 
less than one-hundredth the wavelength of light. An accuracy of 10-7 cm may 


4. 
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be achieved in the measurement of the unevenness of a crystal surface by interfer 
ence methods. rfer- 

Many applications are based on the use of curves representing equal thickness 
This method is widely used in the optical industry. For example, in ene 
check the quality of the surface of a glass plate, an air wedge is created tad 
the plate under test and a standard plate having an ideal flat surface and the binbie 
representing equal thickness are examined. The air wedge is formed by pYSeshiie 
the two plates together along one edge. If both surfaces are flat, the lines represey - 
ing equal thickness will be parallel straight lines. PBEM Gr 

Let us assume that the surface of the plate under test has a depression or a burr 
The lines representing equal thickness will then be distorted, i.e., they will bene 


Fig. 149 


around the defective area. If the angle of incidence of the light is varied, the fringes 
are displaced in one direction or the other, depending on whether the defect is 
a depression or a bump. The patterns seen under a microscope in these cases are 
shown in Fig. 149. The first two pictures are those of defective samples. In the 
first the defect is located on the far right, while in the second the defect is on 
the left. The third picture is that of a sample without defects. 

This method may also be used for very accurate measurement of the coefficient 
of expansion. For this purpose, an air gap must be created between the surface 
of the object under test and a perfectly flat surface. As the object expands, the 
thickness of the air layer changes and the fringes representing equal thickness 
begin to move. If a line is displaced to such an extent that the next one takes its 


place, the thickness of the air layer at this location has changed by a . If, as is 


usually the case, the measurement is performed using monochromatic light, the 
fringes are very sharply delineated and the displacement of a line by one-hundredth 
of the distance between lines may be measured. 

Accurate measurement of the refractive index of a substance may be performed 
by means of an interference refractometer. In such an instrument, the interference 
between two light rays that are separated as much as possible is observed (Fig. 150). 
For this purpose, a thick plate is used and a convenient angle of incidence selected 
(for ordinary glass, the best angle is about 50°). The rays travelling between the 
plates are separated and the substance being tested is placed in the path of one of 
them. This changes the optical path of this ray and hence the path difference be- 
tween the interfering rays. If the interferometer plates are exactly alike and per- 
fectly parallel, the interfering rays cover the same distance and reinforce each 
other. If the plates are inclined with respect to each other, a path difference is 
created and the clarity of the field being observed is reduced. 
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Such is the situation for a beam of perfectly parallel rays. But if a slightly div- 
ergent beam impinges on the plate, a system of fringes representing equal inclination 
is seen through the eyepiece. In this case, the variations in the optical path dif- 
ference are conveniently determined by counting the interference fringes passing 
the cross hair of the instrument. 

Let us assume that a body of length / and refractive index z is placed in the path 
of one of the rays. If the refractive index of the medium is no, the optical path 


difference changes by A = lL (n — no). Therefore, $ fringes should pass through 


the eyepiece of the instrument. The accuracy of this method may be easily gauged 
from the fact that a displacement of one-tenth of the distance between lines is 


Fig. 150 Fig. 154 


easily detected. For such a displacement, A = 0.14 = 0.5 x 10~° em, which 
for a length J = 10 cm enables us to distinguish a change of 0.5 x 107° in the 
refractive index. 

The well-known Michelson interferometer (Fig. 151) is used for the accurate 
measurement of length as well as for the determination of the velocity of light 
(see p. 316). In this instrument, a parallel beam of monochromatic light impinges 
on a glass plate having parallel surfaces, one of which is covered with a translucent 
layer of silver. This plate is placed at a 45° angle to the incident beam. Asa result, 
the beam is divided into two parts. One part moves parallel to the extension 
of the incident beam and the other is directed perpendicular to the incident beam 
(to the left). These rays impinge normally on two mirrors and return to the same 
points on the translucent plate from which they came. Mach ray returning from 
the mirror is repeatedly divided at the plate. Part of the light returns to the source 
and the other part enters the telescope to the right. As a result, two coherent inter- 
fering rays appear in the field of the telescope. It is seen from the figure that 
after the first division at the lightly silvered surface the ray coming from the mirror 
opposite the telescope passes through the half-silvered plate twice. Therefore, in 
order to provide equal optical paths. the ray coming from the other mirror is passed 
through an equalising plate identical to the first plate, but without the translucent 
layer of silver. 

In the field of the telescope there appear lines representing equal inclination 
(rings), corresponding to interference in an air plate whose thickness is the differ- 
ence in the distances of the mirrors from the translucent layer. The displacemen | 
of one of the mirrors by a quarter of a wavelength corresponds to the transition 
from a maximum to a minimum, i.e., it results in the displacement of the pattern 
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by “half a ring”. Such a change may be easily detected by an observer. Thus, the 
sensitivity of an interferometer using rays of violet light is better than 1,000 A, 
j.e., 0.4 micron. 

An interesting application of the Michelson interferometer principle is the 
microinterferometer developed by the Soviet physicist V. P. Linnik. In this instru- 
ment, one of the interferometer mirrors is replaced by an object to be investigated. 
Lines representing equal thickness are observed in the image plane. Dimension 
details of 0.1 micron yield a sharp transition from maximum to minium illumin- 


Fig. 152 Fig. 153 


ation. A microinterferometer is generally constructed in the form of an adapter 
to a usual microscope and screws into the drawtube in place of the objective. 
Of great importance in science are interference microscopes, which in principle 
are similar to the microinterferometer. (In the microscope, interference does not 
occur in the image plane, but occurs rather in front of the usual objective, i.e., 
the interference image has the same dimensions as the microobject). A double- 
ray interference microscope does not yield a gain in magnification. The advantage 
of this method lies elsewhere. For example, we often encounter objects of micro- 
scopic investigation that are either entirely transparent or vary little in transparency 
from one point to another. Before this method was developed, the details of such 
objects could be made visible only by dyeing (generally speaking, different struc- 
tural elements absorb dye differently). But dyeing has little application in the 
investigation of living microorganisms. Fig. 152, which shows a microphotograph 
of frog’s blood magnified 300 times, illustrates the possibilities of the interference 
microscope. The drawbacks of this method include considerable loss of light in 
the interference mechanism and complexity of the microscope’s optical system. 
A further increase in the sensitivity of interference methods and, therefore, a further 
advance in the field of interference microscopy is possible by going over from 
a double-ray interferometer, to a multi-ray interferometer. In double-ray inter- 
ferometers, the screen illumination is proportional to 1+ cos kk, where h is the 
displacement along the screen. Due to the smoothness of the transition from max- 
imum to minimum illumination, a small displacement of the interference fringes 
1801028 
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is difficult to detect. In multi-ray interferometers, the situation is considerab]¥ 
improved. As an example, let us consider the Fabry and Perot interferomet«y. 
A Fabry and Perot interferometer (Fig. 153) consists of two rather thick glass of 
quartz plates partially silvered on their adjacent sides. These surfaces are perfect ] y 
parallel to each other and the region between the plates contains air. When a bean 
of light enters the interferometer, the beam is divided into a transmitted and a 
reflected components every time it impinges on one of the layers of silver. Thus. 
in the transmitted as well as in the reflected light, there is obtained a set of coherey t 
light beams whose intensities decrease in geometric progression (see Pp. 268) and 
whose phases are displaced in arithmetic progression. In order to secure interfay- 
ence of a large number of rays, the decrease in amplitude during successive reflec 
tions must not be large. This condition is met when the silver coating on the 
plates has a reflection coefficient of 0.9 or more. The intensities of the rays jp 
the transmitted light are then quite low, but there will be little variation froyn 
ray to ray. This makes it possible for a large number of rays (as many as 10-4 5) 
to take part in the formation of each illumination maximum. ; 

The interference pattern is obtained in the form of the usual rings representiy, 2 
equal inclination, but with one very important difference, namely, the principa! 
maxima determined by the condition 2dn cos a = mi are now much narrow ei 
and their intensities are tens of times greater than the intensity of the background 
between them. Therefore, the interference pattern assumes the form of very narra. 
bright fringes separated by broad dark intervals. The displacement of such a narro . 
maximum may be determined much more accurately than the displacement .f 
a fringe in a double-ray interferometer. An analogous narrowing of maxima oceurs 
when the number of slits in a diffraction grating is increased. 

Thus, multi-ray instruments sharply increase the sensitivity of interference 
methods. Such systems are indispensable in the investigation of the vertical strue- 
ture of an object surface in reflected light. The magnification of details in the vey 
tical direction may reach a value of 400,000, which makes it possible to reliably 
resolve details of the order of 5-10 A. This is only several times greater than the 
distance between atoms! An example of such photography is the picture of the 
spiral growth of a crystal shown on p. 508. 

At the present time, interferometers operating on natural light sources abe 
replaced by those using lasers. The merits of the latter are quite obvious: incom 
parably high power of light, strict monochromaticity, ideal parallelism of the 
light pencil and unlimited coherent length. 

With the aid of lasers astronomers can carry out measurements on a 200-inc}y 
telescope with an interferometer whose one arm has a length of a dozen of metres _ 
the other being several centimetres long. 

Interferometers used to control lens sphericity can be manufactured with only 
one comparing surface, whereas, using ordinary light, with a change in radius of 
lenses under trial, the operator had to change the comparison pattern as well. 
to say nothing of the fact that interferential pictures have become incomparably 
brighter, and therefore are analyzed readily and more precisely. 

The possibility to manage without compensating the optical path of one of 
the rays enables the manufacturer to produce interferometers of an entirely new 
type. It has become possible to follow displacements of dams, geological drift. 
as well as crust tremors. 

Of course, it was known before that, due to Doppler effect, it is possible to 
measure the rate of displacement of one of the interference mirrors, by measuring 
the rate of motion of interference rings. 


CHAPTER 21 


Scattering 


Sec. 136. SECONDARY RADIATION 


Under the action of an electromagnetic wave, every molecule bec 
ary radiator of electromagnetic waves. Due to the electric force, the 
is displaced relative to the atomic nuclei and the molecule acquires 
varying in time as the frequency of the incident wave. The behaviour of such a mol 
ecule differs in no way from the behaviour of the elementary dipole discussed ; - 
Chapter XX. The intensity of the secondary wave is given by the formula danlenit 


4 
on p. 246 ( intensity ~ a sin? 0) and the spatial intensity distribution of the sec- 


ondary radiation is shown in Fig. 133. 

In a number of cases, which will be discussed below, the phenomenon of second- 
ary radiation leads to various phenomena of electromagnetic wave scatterin 
By scattering, incidentally, we generally mean any electromagnetic wave as, 
pagation phenomenon that is not included under refraction, reflection and recti- 
linear propagation. 

The intensity formula given above is valid for any electromagnetic wave. How- 
ever, the fact that the intensity increases sharply with radiation frequency explains 
why the effects of wave scattering by a molecule are not detectable when the wave- 
lengths are very long. The scattering intensity of visible light is quite sufficient 
to produce significant effects. 

Light wavelengths are hundreds and thousands of times greater than the dimen- 
sions of ordinary molecules. Therefore, all the electrons of a molecule are made 
to vibrate in the same phase by the external field. For light waves, ultraviolet 
rays and even very soft X-rays (i.e., X-rays of long wavelength), a molecule be- 
haves like an elementary electric dipole. 

The picture changes considerably in the case of X-rays having a waveleneth 
of the order of 1 A. Now, the dimensions of the molecule are larger than a wave- 
length and different portions of the molecule’s electron cloud vibrate in different 
phases. In order to determine the intensity of the scattered wave, we must take 
into account interference effects occurring between waves scattered by different, 
parts of the molecule. 

In principle, this is not very difficult. First, it is necessary to divide the mole- 
cule’s electron cloud into small volumes. The dimensions of each such volume, 
Av;, must be much less than a wavelength. Then, the electrons in this volume 
will scatter in the same phase. Designating the density of the electron cloud by 0, 
we obtain pAv; electrons in a volume Av;. The amplitude of the secondary wave 
created by the k-th volume is proportional to pAv,. The amplitudes of the scattered 
waves are added with due regard to the phase differences between the elementary 
waves and this sum is then squared. It is found that the intensity distribution of 
the scattered wave differs significantly from the radiation pattern of a single di- 
pole. This is understandable, of course, for there will be directions in which ele- 
mentary waves scattered by different volume elements reinforce each other, i.e., act 
in phase, and, on the other hand, directions in which elementary waves tend to 
annul each other. An important conclusion to be drawn from such calculations 
is the following: when interference occurs between elementary waves emanating 


omes a second- 
electron cloud 
a dipole moment 
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from different volume elements of a particle, waves travelling backwards tend to 
annul each other in the final analysis; on the other hand, those travelling forwara 
reinforce each other. 

We have been discussing secondary radiation from a molecule, but often the 
secondary radiator is a much bigger particle, namely, one composed of numerous mo~ 
lecules. It may be a particle of dust, colloidal substance, fog, crystalline substance, 
smoke, or a large albuminous molecule, etc. The nature of wave scattering by 
particles is determined by the ratio of their dimensions to the wavelengths of the 
exciting electromagnetic wave. If the particle is small relative to the wavelength, 
the wave is scattered as by a single elementary dipole. If this is not the case, 
interference effects occur and the forward scattering predominates. 

Different parts of a particle may possess different scattering powers. This is 
precisely the situation in the case of X-rays scattered by a molecule. A particle 
whose scattering power is the same throughout the volume is the simplest body 
from the standpoint of scattering investigations. We shall confine our attention 
to such a system, for not only are the calculations simple in this case, but, in 
addition, a system of this kind is easily simulated experimentally by an aperture 
in an opaque screen. 


Sec. 137. WAVE DIFFRACTION AT APERTURES 


The amplitude of a wave scattered by a particle is determined by the distribu- 
tion of scattering material in the particle. Particles (“apertures”) may be encoun- 
tered in which the density of the scattering material gradually decreases with in- 
creasing distance from the centre of the atom. On the other hand, more pronounced 
nonuniformities may be encountered, e.g., inclusions and pores at whose edges 
the density changes abruptly. 

Peculiar diffraction effects arise when scattering takes place on such nonunifor- 
mities. With increasing angle the scattering intensity first gradually?decreaseg 
to zero. Then, as the angle increases further, the intensity increases to a maximum 
value, whereupon it again decreases to zero. Subsequently, the wave-like nature 
of the curve continues with decreasing amplitude. Scattering on such objects leads 
to the formation of diffraction bands and spots of various shape depending on the 
nature of the scattering object. «4 

The most pronounced diffraction effects are observed for scattering at apertures 
made in an opaque screen. Every aperture may be viewed as a region uniformly 
filled with radiating dipoles. The scattering patterns of an aperture and a particle 
having the shape of such an aperture should yield identical curves of intensity 
vs. scattering angle. 

For light rays, diffraction patterns are best observed using parallel rays in 
accordance with the following scheme. The rays of a light beam emanating from 
a source are made parallel and allowed to impinge on a screen in which various 
inclusions (if the screen is transparent) or apertures (if the screen is opaque) are 
located. A lens placed behind the screen brings the parallel rays into the plane of 
photographic plate or screen for the observation of the effect. If there are no nonuni- 
formities, apertures, etc., in the path of the rays, the lens gathers the raws 
in a point. Otherwise, a scattering or diffraction pattern appears on the 
screen. 

Fig. 154 shows the diffraction patterns obtained in this manner from (a) two 
needles and a thin wire and (b) a circular aperture. To make these patterns more 
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understandable, let us determine the intensity distribution of scattered radiation* 
for the simple case of an aperture having the shape of a slit. 

Let a wave impinge normally on a slit cut in an opaque screen. Considering 
the slit divided into volume elements AV as shown in Fig. 155, let us write the 
expression for the wave emanating from an arbitrary volume element AV;, at 
an angle ~ to the incident wave. The waves from different volume elements AV; 
arrive at the point of observation in different phases. If the path difference is 


roe 
(6) 
Fig. 154 Fig. 155 


measured relative to the outermost ray (on the side of deflection), the rays ema- 
nating from the other volume elements will cover a distance that is greater by 


the amount x sin ~. Hence, these rays will be displaced in phase by a ty sin @. 


The amplitude of the wave scattered by the k-th volume element is proportional 
to the “scattering” volume element AV, i.e., to the expression 
AV), cos (ot— oe 2, sin @} . 


It is necessary to take the summation of the expressions for all volume elements. 
Instead of taking the summation we may integrate with respect to x, where the 
z-axis is taken along the width of the slit. Replacing AV; by Az,, which is pro- 
portional to it, and going over to the limit, we obtain for the amplitude of the 


* “Seattered radiation” and “diffracted radiation” have exactly the same physical meaning. 
The terms “diffraction” and “diffracted” are generally used when the scattering pattern has rather 
pronounced maxima and minima. When the nature of the interference pattern is not so evident, 
we speak of “scattering”. 
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scattered wave at the angle g: 


a 


A=k j cos (or x sin @) dx, 
0 


where & is a coefficient of proportionality and a is the width of the slit. 
Introducing the variable 


2m re 
Z=ob——— x sin , 
we obtain 
da = sin pdx 
and, therefore, 
k ‘ : 20% 
ee [ sin ot—sin (ot a, Sin °) | : 
XV p 
Designating sin p by u and performing a trigonometric transformation 
9 


we obtain 
ka .. 
A= —, Sinu cos (wt—u). 
Thus, the resulting oscillation at the point of observation has the amplitude 
ka 


a sin u, i.e., the observed intensity is 


T = keg? 


sin? wu 
us” 
This is the formula for the intensity distribution as a function of the scattering 
angle. i 
In most diffraction experiments, we are interested in small values of the scat. 
tering angle @. The reasons for this will become clear later. Therefore, replacing 
sin ~ by tan @ and since - 
4g 
x 
tan o =— 
p f° 


where z is the distance of the point 
of observation in the plane of th e 
photographic plate to the centre o : 
the diffraction pattern and f is the 
distance from the slit to the plate, 
we obtain for uw the expression 

ta a 

nN ff 

Fig. 156 Figure 156 shows the —~ is curve. 


L U == 


Since wu is proportional to 2, this 
aorresponds to the diffraction pattern appearing on the plate. 
The locations of the dark fringes are easily determined from the condition u — 
== -kna, where » is a whole number. Thus, the first zero occurs at 


isthe, 


a 


This value of x also represents the distance between two successive positions of 
zero intensity 
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From this formula, we can determine when diffraction phenomena may be detect- 

ed for various wavelengths under various conditions. 
The diffraction of light (A = 0.5 X 10-4 cm) may be clearly observed under lab- 
oratory conditions if the aperture is of the order of 0.4 cm and the distance between 
the screen and plate is of the order of 2 metres. Since for these values x = 1 mm, 
the effect is clearly visible. 

Rays of visible light yield noticeable diffraction from a tennis ball (@ = 5 cm), 
but at a greater distance. If the distance f is equal to 100 metres and the wavelength 
7 is 5,000 A, then z =41mm. Thus, in this case too the distance between positions 
of zero intensity of the scattered radiation is of the order of magnitude of 1 mm. 

Diffraction of radio waves may also be observed if a proper choice of conditions, 


as determined by the equation x = a is made. 


Assume that the values of f and 4 are fixed. The width of the slit greatly affects 
the diffraction pattern. If the width of the slit is large, x > 0, i.e., the slit image 
focussed by the Jens is infinitely narrow. As the width of the slit is decreased, the 
diffraction pattern begins to take shape and the first diffraction minimum begins 
to move further and further away from the centre of the pattern. Finally, when 
the slit is made so narrow that our approximation in the formula for wu (the substi- 
tution of sin ~ by tan ¢) is no longer justified, the image of the slit on the screen 
becomes smeared. A still further decrease in width, to the point where the wave- 
length and the width of the slit become equal, results in the slit yielding second- 
ary radiation as a single source. The interference of primary waves disappears 
and the primary wave is radiated from the slit in all directions. 

For apertures and particles (or inclusions) having other shapes, the diffraction 
patterns appear entirely different (see Fig. 154). Nevertheless, the general laws 
remain valid and the basic features of the pattern are maintained. Thus, for example, 
in the case of diffraction from a circular aperture or other circular nonuniformity, 
concentric rings are formed and the diameter of the smallest dark ring is 1.22 if 


De? 
where D is the diameter of the aperture. 


Since diffraction patterns have maxima at different locations for different wave- 
lengths, white light is resolved into its spectrum upon diffraction. Therefore, 
diffraction from a circular particle or aperture has the form of a rainbowed ring. 


Sec. 138. A SYSTEM OF RANDOMLY DISTRIBUTED SCATTERERS 


We have considered the behaviour of various secondary radiators of electromag- 
netic waves as a function of the ratio of their dimensions to the wavelength of the 
incident wave. But the properties of a radiator are only roughly determined by 
its dimensions. The detailed pattern is determined by the distribution of matter 
in the scattering particle. Only when the dimensions of a particle are small relative 
to the wavelength is the distribution of matter in the particle of no consequence. 
In this case, the particle scatters as a whole, i.e., as asingle electric dipole. When 
this condition is not satisfied, the pattern is complex since it is determined by the 
interference of waves scattered from various volume elements of the particle. 
We have considered only one example of a scatterer whose dimensions are larger 
than a wavelength, namely, a homogeneous scattering particle, which may take 
the form of an aperture in an opaque screen. 

Now, let us consider the problem of scattering by systems of particles—e.g., 
a system of gas molecules, specks of dust or smoke particles; a system of hoar- 
frost crystals on a windowpane; or a system of holes in a piece of gauze. In all 
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such cases, the pattern becomes complex due to the fact that the electromagnet in 
waves emanating from the various scatterers may, generally speaking, interfere 
with each other. Now, the scattering pattern will depend not only on the properties 
of a scattering particle, but on the arrangement of the particles. Thus, it is Import. 
ant to know how close the scatterers are to one another and whether their spacins 
is regular or random. Then, depending on the circumstances, the waves scattered 
by the various particles may interfere to a maximum extent, partially or not at all. 

Confining ourselves to the extreme cases, let us first consider scattering by a systen) 
of randomly distributed particles—e.g., the scattering of X-rays by a large clustey 
of atoms or molecules having a random distribution. 

In the case of a large number of identical scattering centres (e.g., atoms, mole. 
cules or larger identical particles), the resulting scattering is determined, as we 
have already stated, by the scattering of a single centre (region) and the arrange. 
ment of the scattering centres. The scattering pattern in the case of uniform distri. 
bution of scattering centres is quite different from the pattern in the case of random 
distribution. 

If the scattering centres are randomly distributed as, for example, in the case 
of gas molecules, the waves scattered by different centres may be considered to be 
noncoherent. This is because in the case of randomly distributed scattering centres 
the phase relationship between waves emanating from different centres is quite 
arbitrary. It is safe to say that the number of waves with positive amplitudes arriv— 
ing at a point of observation (from different centres) will be exactly equal to the 
number of waves with negative amplitudes arriving there. The result is clear. 
Designating the amplitudes of the waves from the various centres by Ay, ayy As, 
etc., the total amplitude at the point of observation is 


A =A, +Az+Ag..-. 
Since the intensity is proportional to the amplitude squared, we obtain 
Pit AP as AY AS ob AB yok GAA + Oa ee se 2ZA0cAs +... 


But among the double products there will be just as many positive terms as neg- 
ative terms. Therefore, with a high degree of accuracy, the total is given by the 


sum of the amplitude-squared terms. In other words, the total in tensity scattered 
by identical randomly distributed centres is expressed as follows: 


I= NA’, 


where WV is the number of scattering centres and A is the scattering amplitude of 
one centre. 

Thus, it turns out that scattering by a large number of randomly distributed 
particles is very similar to scattering by a single particle. The only difference is 
that the effect is N times greater. 


Data on scattering by a single molecule are obtained by investigating the scattering of X-rays 
by a gas. lig. 157 illustrates a laboratory set-up for the study of X-ray scaltering by gases. 
A beam of X-rays is made monochromatic by reflecting it from afcrystal, whereupon it is directed 
into a gas chamber. Scattering is determined by its action on a photographic film, i.e., the degree 
of blackening is a measure of the scattering intensity. We can thus obtain the intensity as a func~ 
tion of scattering angle—rapidly decreasing smooth curves for monatomic gases and decreasing 
curves having small maxima for polyatomic gases. By means of these curves and theoretical 
formulas, the electron-density distribution in a molecule may be determined. 


rypy * i 
There are many examples of systems that scatter electromagnetic waves as 
a gas scatters X-rays. 


vf 
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The scattering of light rays in a room with dust is a familiar example, Throuct 
a chink in a window curtain, a narrow, rectilinear beam of light visible from on 
sides penetrates a room. Light waves act on a system of dust particles in ae 
the same way as X-rays act on a system of molecules. The distances between s ee 
of dust are quite large and the distribution of the particles is completely Sande - 
Hence, there is no interference between the waves scattered by different dust on 
ticles, and the scattering pattern is similar to that created by a single speck of ce 
The sole difference lies in greater intensity, i.e., the intensity is proportional t¢ 
the number of dust particles in the field of one 
the primary beam of light. Each speck 
of dust behaves as an elementary electric 
dipole, for the dimensions of such a par- 
ticle are less than the wavelength of 
light. Therefore, the laws applicable to 
the scattering of light by dust particles, 
i.e., the dependence on the wavelength of 
light and the nature of angular distribu- 
tion, are the same as for an elementary 
electric dipole (i.e., the intensity formu- 
la given on p. 245 and the intensity dis- 
tribution shown in Fig. 133 are appli- 
cable here too). 

This agreement can also be easily de- 
monstrated by comparing the diffraction Fig. 157 
pattern from a single aperture with that 
from a system of randomly distributed 
apertures. Experiments show that, as regards the relative intensity distribution 
of scattered light, these two diffraction patterns are entirely alike. Of course, in 
the case of N apertures, the intensity of the light scattered by the screen is V 
times greater than the intensity of the light scattered by an opaque screen having 
one aperture. 

Since the scattering pattern due to a large number of randomly distributed cen- 
tres has the same form as that due to a single centre, it becomes clear why a lantern 
observed through a window covered with hoar-frost has the familiar rainbowed halo. 
This pattern is simply the result of diffraction from the ice particles. Since their 
distribution is perfectly random, they behave as “circular” particles. 


Film 


Sec. 139. BEHAVIOUR OF A PERFECTLY HOMOGENEOUS MEDIUM 


In this article we shall consider the other extreme case of the phenomenon of 
scattering. By a perfectly homogeneous medium we mean a system of scatterers 
that are distributed uniformly and continuously throughout a given region. Trans- 
parent glass constitutes such a medium with respect to light waves. Since the 
wavelength of light is considerably greater than the distance between the atoms 
in glass, a piece of transparent glass may be considered to be divided into volume 
elements that are considerably smaller than the wavelength, but at the same time 
still containing a large number of molecules. The medium may be considered 
homogeneous if the number of molecules in all such volume elements are approx- 
imately the same. 

The scattering of electromagnetic waves is not only a function of uniformity 
in regard to the number of radiators per unit volume but is also a function of uni- 
formity in the orientation distribution of the radiators. In the final analysis, the 
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scattering power of a body is determined by its dipole moment, which is composé 
of the individual dipole moments of the molecules contained in this voluype. 
It may be stated, therefore, that the scattering power of a body is determined p 

the value of the dielectric constant or, since e = n?, by its refractive index. Hence, 
for a given wavelength, a medium that is uniform as regards the scattering of 
electromagnetic waves must also be uniform as regards the refractive index. 

Observations on the behaviour of electromagnetic waves in perfectly homoge- 
neous media show that no scattering takes place in such media. Thus, when a ray 
of light passes through a transparent body, the ray cannot be seen from the side 
(compare this with the case of a light ray entering a room with dust). 

Each volume element of a homogeneous body is a wavelet source. Nevertheless. 
wave scattering does not occur. Only one explanation is possible, namely, 4] 
wavelets scattered by a homogeneous medium in any direction at an angle to the 
primary ray are completely annulled due to interference. This theorem is capable 
of rigorous proof but the proof will be dispensed with since it is quite evident 
that this is the only possible explanation. 

Nevertheless, the phenomenon of scattering does make itself felt quite considey- 
ably in a homogeneous medium. Scattered waves annul each other in all directions 
except one, namely, the direction in which the primary wave is propagated. For. 
ward scattering does not represent simply a superposition on the primary Wave 
but a change in its velocity as well. 

It turns out that the phenomenon of electromagnetic wave refraction, which we 
have already discussed, may be interpreted as a natural consequence of scattering. 

An electromagnetic wave propagated in a medium may be represented as the 
sum of the primary wave and the scattered waves. Theoretical calculations show 
that the superposition of these waves leads to the retardation of the primary wave. 


le 


Sec. 140. SCATTERING IN A NONHOMOGENEOUS MEDIUM 


A substance uniformly distributed, in the sense that we have just discussed . 
does not scatter electromagnetic waves. Although all portions of this substance 
create wavelets, secondary radiation is not observed from the sides: no matter 
what point in the region we chose as our point of observation, it can be rigorously 
proved that the waves scattered by a uniform substance annul each other due to 
interference. Since for any particular wavelet there always corresponds another 
that is exactly opposite in phase, the net effect is complete cancellation. 

Now, let us assume that in some limited region the substance has a greater den- 
sity than in the surrounding medium, i.e., that it has an excess of dipoles per unit 
volume. Then, all wavelets are annulled except those created by this excess den- 
sity. As always, the scattered radiation is determined by taking the sum of the 
wavelet amplitudes, whereby the phase differences between the wavelets arriving 
at the point of observation must, of course, be taken into account. 

Is the situation any different if the density of the scattering region is less, instead 
of greater, than the surrounding medium? Scattering will cease if matter is added 
to such a scattering region until the medium becomes homogeneous. Clearly, the 
net effect is the same if we add a certain amount to a given quantity or subtract 
this same amount. Hence, the scattering from a region of lower density is equal 
to the scattering from the missing substance, i.e., the substance required to make 
the medium homogeneous. 

Thus, it is only important that the scattering region have a density distribution 
of matter that differs from the surrounding medium. Moreover, as regards scatter- 
ing, the effect of a positive density deviation is indistinguishable from a negative 
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density deviation of the same magnitude. For example, the scattering from porous 
glass is the same as the scattering from glass containing randomly distributed in- 
clusions of exactly the same size as the pores. 

Due to the large wavelengths of radio waves, scattering will take place in this 
case only when the nonuniformity of the density occurs on a relatively large scale. 
For example, in order for the scattering of kilometre waves to be detectable, the 
extent of the deviations from average density that are intercepted by the waves 
must be at least several hundred metres. The waves are unable to “detect” smaller 
inclusions or density gaps. 

The scattering of light waves is detectable when disturbances in the distribu- 
tion of scattering matter are at least of the order of several tenths of a micron. 
Thus, light waves are unable to detect nonuniformities in the distribution of 
electrons in a molecule or in the region between two adjacent molecules since 
these phenomena are restricted to regions whose dimensions are much less than 
several tenths of a micron. The situation is different as regards X-rays. In this 
case, the wavelengths are of the same order of magnitude as the dimensions of an 
atom. Hence, an individual atom appears as an “inclusion in a void”. 

The scattering of light waves on nonuniformities is a common phenomenon. 
Nonuniformities in a scattering substance are easily recognised by the external 
appearance of the medium, i.e., by its turbid appearance. The conditions needed 
for light scattering prevail in opalescent glass, dust-laden air, etc. In all these 
cases, there are random disturbances of the density of the substance, whereby the 
dimensions of the disturbed regions approach the wavelength of light. 

As was indicated above, if a particle or nonuniformity scatters as a single dipole, 
in other words, if its dimensions are no greater than one-tenth to one-twentieth 
of the wavelength, the scattering intensity as given by the dipole formula (see p. 275) 
is proportional to the frequency, and inversely proportional to the wavelength, 
taken to the fourth power. This is the explanation for the following interesting 
phenomenon. When white light is scattered by a medium with nonuniformities, 
the medium acquires a blue coloration since the intensity of the scattered blue 
rays, i.e., those of shortest wavelength, is considerably greater than that of the 
others. On the other hand, after passing through a scattering medium, white light 
becomes reddish since the blue portion of the spectrum is impoverished due to 
greater scattering. 

For light waves, not only are turbid media nonhomogencous. A homogeneous 
gas or liquid is optically nonhomogeneous due to the presence of density fluctua- 
tions. This may be shown by calculations. Light waves scattered in a region whose 
linear dimension is 0.02 micron, i.e., one-twentieth of the wavelength A, may 
be considered to be in phase. There are, on the average, 215 molecules in such a gas 
volume (8 4107'8 cm3) under normal conditions. The relative fluctuation on the 


number of particles according to the laws of statistical physics is i.e., ap- 


ae 
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proximately 4 per cent. This is a perfectly perceptible nonuniformity as the scat- 
tering of light by air shows. 

The blue colour of the sky is due to such scattering. If the atmosphere did not 
scatter the light of the Sun, the sky would appear black. It should be noted that 
the colour of the sky is due to the scattering of a relatively small portion of the 
energy: in a unit volume, about 1077 of the primary wave energy is scattered. 

Scattering from density fluctuations in a substance is referred to as molecular 
scattering since this scattering depends on the molecular structure of the substance 
rather than its impurities. Investigation of the molecular scattering of liquids is 
of interest as a method for the determination of certain features of molecular struc- 
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ture. As regards the nature of scattering, a nonhomogeneous medium in which 
the regions of deviation from the average density are sufficiently far apart and 
quite randomly distributed does not differ from a system of randomly distributed 
scattering centres (Sec. 138). For the most part, however, in discontinuous media 
(such as fluids and amorphous solid bodies in the case of X-rays, opalescent glass 
and colloidal systems in the case of light rays, and the atmosphere in the case 
of radio waves) the interference of waves scattered by neighbouring regions of 
lower or higher density affects the form of the scattering pattern. This type of 
interference yields a scattering pattern that significantly differs from the ideal 
scattering pattern obtained from a single electric dipole. 

We have considered scattering of electromagnetic waves by a system of ran- 
domly distributed particles, scattering in a perfectly homogeneous medium, and 
finally, as an intermediate case, scattering in a nonhomogeneous medium. One 
more important case remains to be discussed, namely, scattering of electromag- 
netic waves by systems of uniformly distributed centres. Under this case, the fol- 
lowing systems will be considered: a diffraction grating for light waves, directional 
radiators for radio waves and crystals for X-rays. 


Sec. 141. DIFFRACTION GRATING 


A diffraction grating may be constructed using a glass plate coated with a thin 
layer of aluminium. By means of a special device, uniformly spaced lines are 
inscribed on this plate with a soft ivory tool. In such a “grating”, the nonuniform- 
ities (lines) are uniformly distributed, leading to a number of light scattering 
peculiarities. 

We shall be speaking about an optical diffraction grating, but the discussion 
applies to any regular distribution of nonuniformities and scattering centres and 
to all electromagnetic waves, i.e., from the shortest to the longest (kilometre 
waves). The discussion will be restricted to diffraction using parallel rays, which 
may be realised as indicated in Sec. 4137. 

If all scattering centres are identical, as is undoubtedly the case in an optical 
diffraction grating, the diffraction pattern may be determined in the following 
manner. ‘ 

Consider the amplitude of the wave emerging at an angle @ to the incident 
wave. The total amplitude is equal to the sum of the amplitudes of the waves 
scattered by the individual centres. If the waves from the individual centres ar- 
rived at the point of observation in phase, the total amplitude would be equal to 
the product of the number of centres V and the amplitude of an individual centre f. 
However, the wave from each centre is displaced in phase relative to the wave 
from an adjacent centre, and it may be assumed that the magnitude of the displace- 
ment is the same in each case. Waves from different centres interfere with each 
other and the resultant intensity is equal to Lf? rather than Nf?, where L is a 
quantity greater than N for the directions in which the waves reinforce each other 
and less than N for the directions in which they arrive, in the main, out of phase 
and annul each other. 

The directions for which the waves from all centres reinforce each other may 
be easily determined with the aid of Fig. 158. The path difference between waves 
emanating from corresponding points of adjacent centres is equal to a sin (- 
If this path difference is equal to a whole number of wavelengths, the waves rein- 
force each other: a sin p = nd (maximum condition). As may be seen, there are 
several such directions. If the wave impinging on the grating is not monochrom- 
atic, the grating resolves the wave into its spectrum. Moreover, there will be sev- 
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eral spectra rather than just a single spectrum. The number n appearing in the 
above equation is called, therefore, the order of the spectrum. 

The number n may equal zero (in the case of an undeflected ray) or be negative. 
The first and minus first, second and minus second, etc. spectra will be identical 
for 2 simple geometry of the experiment (a plane wave at right angles). 

Since it is somewhat cumbersome to calculate the intensity distribution of 
a scattered wave, let us merely confine ourselves to one important problem, name- 
ly, the determination of the width of a 
diffraction maximum. We are interested 
in determining how rapidly the intensity 
of a diffraction maximum, which occurs 
at an angle @ satisfying the equation 
asid p=nA, decreases. Does one maximum 
immediately pass over into the next or is 
there a large interval between maxima? 
The case of a grating consisting of a Fig. 158 
large number of scattering centres (lines) : = 
ig of considerable practical importance. Imagine the grating divided into two 


; N 
parts. Now, compare a pair of rays coming from the first centre and the (5 + 1) st 


centre, the second centre and the (5 + 2) nd centre, etc. At maximum reinforce- 
ment of the waves, the path difference between such pairs of rays is equal to 
a nh. If the path of the rays is slightly changed, the rays being inclined so that 


the path difference increases by oes maximum reinforcement of the superimposed 
: N 
waves is replaced by total annulment. The first wave cancels the ( ae 1) st, 


the second cancels the (5 + 2) nd, etc. Exact calculations show that for positions 
further away from the maximum the intensity remains practically equal to zero 
until the angle of inclination @ approaches the position of the next maximum. 
The angle at which maximum diffraction of n-th order occurs is given by the 
formula sin p = os 
If we designate the half-width angle of the maximum by Aq, then for the angle 


(p + Ag) we may write the condition 
zw) sin (p+Aq) =A mat. 


Hence, 


or 
sin (p+ Ag)—sin 9 = at 
The distance between two successive maxima is determined by the expression 


, : ny 
SIN @g— SIN Gy = ra 


+ of the distance be- 


tween maxima. When N is large, i.e., in the case of grating consisting of a large 
number of scattering centres, the diffraction lines are extremely narrow and the 


We see that the half-width of a line is, roughly speaking, 
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resolution in the spectrum obtained from the grating is very fine. Imagine, for 
example, that light containing two close waves, 4 and A + 6), impinges on a grat- 
ing. For simplicity, assume we are concerned with scattering at angles less than 
20°; hence, sin ~ ~ . Then, in the n-th order these two lines are displaced by 


the angle 6, which, as can be seen from the condition @ ~ sin @ = = , is ap- 


proximately equal to ~ 6. The width" of the maximum for each wave may be deter- 


mined from the equation 


- ' F ny 
sin (p+ 69) —sin 9 & 69 = a 


Evidently, these two lines may be distinguished (in optics, we say resolved) if 
n é x 
aa 


The expression x = nN is an indicator of the resolving power of the grating. 


Example. In a good diffraction grating, the distance a between lines is a ~ 10-3 mm and the 
number of lines V is equal to 100,000. Then, the resolving power for the spectrum of second order 


is x = nN = 200,000. This means that for 4 = 6,000 A, for example, two lines whose wave- 


length difference is 0.03 A may be resolved. 


Let us consider the intensity of a diffracted beam. The waves directed towards 
a maximum point act in phase. If f is the amplitude of the wave scattered by one 
centre, the total amplitude in the maximum direction is Nf and the intensity 
is Nf. Thus, the height of a diffraction maximum is proportional to the number 
of scattering centres squared and, since the width of a maximum is inversely 
proportional to N, its area (i.e., the integral of the maximum intensity) is propor- 
tional to N taken to the first power. If different maxima are compared, it will be 
seen that the ratio of their heights (or, what amounts to the same, their areas) 
depends on the value for these directions of the amplitude / of the scattering from 
one centre. 

Thus, the period of a grating determines the locations of the maxima, while 
the form (in the broad sense of the word) of a line or scattering centre determines 
the intensity of the maxima. 

Let us assume the angles 1, Pe, (Pz, ete., are determined by the period of a grat- 
ing. Scattered rays occur only at these angles. But what will be the intensity of 
these rays for the first, second, etc., orders of diffraction? This depends on the 
amplitude values of one scattering centre for these scattering angles. Thus, for 
example, the amplitude f may be a maximum at the angle qo. Then, the second 
order diffraction will be represented by an intense line. If at the angle sz, the 
amplitude / is close to zero, then the third order line will not appear in the diffrac- 
tion spectrum, etc. This is illustrated in Fig. 159, which shows the diffraction 
spectra and scattering factors f of one centre (dotted curves) for two different 
grating arrangements. 

These principles form the basis of any study of structure by means of diffraction 
spectra. The distance between diffraction lines enables us to determine the period 
of the grating—assuming, of course, that the wavelength is known—and the 
intensity of lines of different order enables us to determine the structure of a scat- 
tering centre. 
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Example. Consider a diffraction grating for which a=3 X 10> mm and V =1,000. Assume a 
parallel monochromatic beam of light (A = 5,000 A) impinges on this grating. Diffraction maxi- 


ny : ' ‘ : 
ma are visible at the angles given bysin m= =F , and the width of a diffraction maximum 
. ny 4 : . ; rm 
1 é “~_ ———_ The obtained results are valid for any scattering centre form. To 
S$ equal to 2 Wa 3,000 e g 


calculate the relative intensity of the diffraction maxima, it is necessary to consider specific 
scattering centres. Let us examine two cases: 


; P 4 _ as 
4. The scattering centres are single strips of width b = 7 a=0.75 X 10-3 mm (Fig. 159a). 
In Sec. 137, we obtained a formula for the intensity of a wave diffracted at a slit. The magni- 
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Fig. 159 
tude of tho intensity is proportional to the amplitude squared of the scattering from one strip: 
pw — , where u = = sin ~. The intensity of the n-th diffraction maximum is determined by 
the magnitude of f% in the direction @,, which is determined, in turn, from the equation sin @,, = 
= = . If fZ is taken as 100, the other intensities have the following values: 
fi= 80; f2= 40; f= 8.9; fF=—0; fe = 3.2. 
2. The scattering centres are double strips of width b= ia = 0.75 X 10-3 mm each. The 


grating period a is the same as before (Fig. 159b). Clearly, the location and width of the diffrac- 
tion ate have not changed. Calculations similar to those performed in Sec. 137 show that 
for two slits 


Pas apne hee {1+ cos [= +e) sin ol}. 
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From this expression, the relative intensities of the diffraction maxima are easily determi 
Assuming, as before, that /2 = 100, then Ta, 
R= 12; = 20; Q=75; F=0; P= 27. 


Sec. 142, DIRECTED RADIATORS OF RADIO WAVES 


In certain radio engineering applications, particularly radar, it is reg ui 
to direct a radio beam into space in‘such a manner that the transmitted Sng 8 
is concentrated in a very small solid angle. One solution of this problem is to uti ey 
a linear array of antennas. Ise 
In Sec. 141, we saw that for uniform spacing of scattering centres the radia 
energy is concentrated in specific directions. If radiators of radio waves are arin, d 
in a single row (see Fig. 160) with a distance a between adjacent antennas, ang. d 
all the antennas are fed synchronously, such a radiator array will in no way dif if 
Qr 


RR 


Fig. 160 


from a scattering diffraction grating. The fact that we are dealing here with pri, 
ary waves in no way detracts from the applicability of the discussion in the preced - 
ing article to the present case. It is only necessary that it be permissible to considg,. 
the radiation from different antennas coherent, which is the case if the antenn 
are fed synchronously from a generator of oscillations. 

If the antenna array is so dense that the distance between adjacent dipoles ;. 
less than a wavelength, even first order diffraction is impossible, as the equatioy, 
asin ~ = nd shows. Only the zero order remains. This means that there are only 
two radiation maxima—one forms a 0° angle with the normal to the array and the 
other a 180° angle. The point made in Sec. 141 about the width of the maximun, 
is valid here too, namely, the larger the total number of radiators, the smalloy 
the solid angle in which the beam intensity reaches an appreciable value. : 

However, in practice, it is inconvenient to have radiation of equal intensity 
in two opposite directions. To avoid this, double arrays of dipoles are used (see 
Fig. 161). The antennas of each dipole pair are separated by a distance of de 
and a phase difference of 90° exists between the two currents. As a result, one of 
the two maxima is annulled and all the energy is concentrated into one diffraction 
maximum. The phase relationships existing for each dipole pair in such an array 
may be explained as follows. For the “forward” waves: if the waves were propa- 
gated synchronously, the path difference between them would be 4/4; but the anten- 
nas do not operate synchronously, i.e., the wave radiated by the “front” dipole 
lags by 90°, which compensates for its lead due to the path difference. The situa- 
tion is different for waves propagated ”backwards”. The displacements due to 


ar 
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the path difference and the phase difference between the currents in the antennas 
are in the same direction. Hence, the total phase difference is 180°. As a result, 
there is no radiation in the backward direction. 


Fig. 162 


i) 

If the antennas are arranged in a row, a narrow beam may be obtained in the 
plane perpendicular to the antennas. But if a small beam in space is desired, 
a more complex system of oscillator elements must be used. That is why radar 
antennas have such strange appearances (see Fig. 162). 


Sec, 143. HOLOGRAPHY 


A wave scattered by an object (or scatterer) carries rich information concerning 
the properties of this object. Proceeding from Huygens’ principle, we can rigor- 
ously prove that the distribution of amplitudes and phases of the wave at its 
front, at any instant of the process of its propagation characterizes the scattering 
properties of the object in an exhaustive manner. When the object is being photo- 
graphed, a part of the information carried by the wave is lost. The blackening 
of a photographic plate is proportional to the square of the wave amplitude (i.e. 
intensity) which reached a given point of the plate and does not depend on the 
wave phase. The photographic plate yields a two-dimensional representation image 
of a three-dimensional picture. 

Thus, it is clear that in photographing a considerable part of information con- 
cerning the object is lost. 

In 1947 D. Gabor came out with a fundamentally new photographic technique 
which he called wavefront reconstruction. His method consists in the following. 

The images obtained with conventional optical instruments (a photographic 
camera, a magic lantern, a motion-picture projector, and the like) register only 
the intensity of a wave, that is, the square of its amplitude, while the wave phase 
is lost. With Gabor’s technique, both the frequency and phase attributes of a wave 
are recorded as a blurred diffraction pattern; this is the first step. In the second 
step, the blurred photograph is inserted in an optical device which is capable 
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of restoring it into a reconstructed image of the primary object. Since the blurred 
diffraction pattern contains almost all the available information concerning the 
sample, it is called a hologram (from the Greek “holos” for “total” and “gramma” 
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for “record”), and the technique has 
finally come to be known as holography. 

The holography technique became prac~ 
tically realizable only after the inven- 
tion of the laser. 

Thus, holography is a two-stage pro- 
cess. First, a hologram is taken from an 
object, and then the hologram is illumi- 
nated to obtain a three-dimensional jm- 
age of the object, in principle, indistin- 
guishable from it. 

In other words, a hologram is an inter- 
ference picture obtained on a photograph- 
ic plate as a result of interference of 
the primary and scattered rays. 

These rays can be made to interfere in 
a variety of ways. In the simplest pat- 
tern we can cover one part of the plane 
front of a laser wave with a prism, and the 
other with a scattering object (Fig. 
162, a). The coherent radiation of a laser 
will enable us to obtain on the photograph- 
ic plate a certain interference picture 
whose form will be like one shown in 
Fig. 162, b. If the scattering object is 
removed, then the interference picture 
would have the form of lines parallel to 
the edge of the prism with a distance be- 
tween the lines readily expressed in terms 
of the angle of the prism (see Sec. 134). 
We may say that this simple interfer- 
ence picture was “modulated” by the 
distance from the object. 

The pattern of alternating black and 
light strips resembles a diffraction grating. 
Therefore, it is notdifficult to agree that 
when the hologram is exposed to light, 
there will appearan undeflected ray, as 
also the spectra plus and minus of the 
first order. We can show (but we are not 
going to dwell on it here (that there will 


be no spectra of high orders, and that one of the spectra will represent a diverging 
reconstructed wave front of the light wave scattered by the object. The other wave 
will be converging. It will create a real image of the object which can be observed 
with the same possibilities as the object itself (Fig. 162, c). 

At the present time various applications of holography are being discussed. What 
are the advantages of holography (including colour holography) which is develop- 
ing so rapidly now? Let us consider some of them. 
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(1) In an ordinary photograph, every area of emulsion represents a part of the 
original object. Therefore the information contained in one area is in no way re- 
lated to that in any otherarea. The destruction of a part of the photograph leads 
to the loss of the respective information. In a hologram, each part contains infor- 
mation about the entire object, permitting its reconstruction from any small por- 
tion of the hologram, although the reconstructed image may be not so well defined 
and clear. The situation is similar to using a fragment of a lens for making an 
image. 

Thus, as a medium for data storage, a hologram is more reliable than an or- 
dinary photograph. 

(2) As compared with an ordinary photograph, a hologram can store a consider- 
ably greater amount of information. While a 6 x 9 mm photograph can hold 
one printed page, a single hologram plate of the same size can store 100 to 300 
such pages, depending on the emulsion quality. Now that the problem of storage 
media for the rapidly growing printed information is becoming more and more 
urgent, holography can offer a way out. 

(5) Holography can be adapted to fill the need for 3-D colour motion pictures 
and television. 

(4) If the wavelength used for restoring the hologram into a reconstructed 
image of the primary test object (A’) is greater than that used for obtaining the 
primary diffraction pattern (A), the reconstructed image will be magnified, the 
degree of magnification being proportional to the ratio between the two wavelengths 
ie. A’/A. A remarkably high magnification can be obtained along with an increase 
in resolving power. However, there is a limit, too. The wavelength of the restoring 
beam (A’) should be a fraction of the spacing between the interference fringes. 
Otherwise, the emulsion will be an optically homogeneous medium for the restor- 
ing wave, and no holographic effect will be obtained. 

(5) There is a good deal of attraction in acoustical holography. Coherent acoustic 
waves are easy to produce, while sound (or ultrasound) is readily propagated in 
liquids or solids. With them, making a three-dimensional acoustical hologram 
of an opaque object will present no problem. By restoring the hologram in visible 
light, we shall be able to see the internal structure of, say, a metal bar, a concrete 
girder, or a living organism. This is strikingly new opportunity for both engineering 
and medicine. 

A major snag of acoustical holography is the difficulty of catching an acoustical 
hologram. Yet, research is under way, and some approaches are being tried out. 

(6) Holograms can be readily transmitted over any distances, and the image 
can be reconstructed far away from the object. 

(7) Using different wavelengths and inclinations of the primary beam, we can 
“write” the images of different objects on one and the same plate. 

(8) Holographic microscopy is free of the enormous drawback of ordinary 
microscopy, that is of the necessity to carry out focussing. On receiving a volume 
hologram, we can examine it, without haste, through a microscope, study in 
detail all cuts of the object, although the hologram under study refers to a certain 
fixed instant. Such method of investigation is of special importance for carrying 
out experiments with living objects. 

We have only taken up some of the applications for holography. Many of its 
potential uses have not yet been discovered theoretically; still fewer have found 
embodiment in practice. Yet, it will be no wild guess to say that future holds 
much in store for holography. 
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CHAPTER 22 


Diffraction of X-Rays by Crystals * 


Sec. 144. CRYSTALS AS DIFFRACTION GRATINGS 


As has been already indicated, a diffraction grating usually consists of a piece 
of glass on which equally spaced lines are scratched. What is essential here to 
obtain one of the typical diffraction patterns discussed above? Is it the presence 
of glass, the shape of the lines, the thickness of the glass, or the width of the “slits”? 
A careful study of Sec. 144 shows that the essential element is the periodic repeti- 
tion of the nonuniformities of the scattering substance. Thus, irrespective of the 
cause of the scattering and the nature of the nonuniformities, as long as these 
nonuniformities are repeated with a periodicity a, scattering maxima will occur 
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Fig. 163 


at angles ~ satisfying the equation a sin @ = nd. Such a pattern is given by lines 
of any shape scratched on any glass, or slits of any shape made in any screen. 
It is only necessary that the distribution of matter repeat with a periodicity a. 

To be sure, certain differences in patterns may exist. The intensities of rays 
diffracted in different orders may differ depending on the shape of the slit. The 
distribution of substance within a repeating nonuniformity affects the scattering 
intensity /*, which for different orders may have different values. 

Now that we have reviewed the results of Sec. 144, let us turn to crystals. The 
basic feature of crystals distinguishing them from other bodies is the periodic 
distribution of matter. Along any direction of a crystal, the time-averaged electron 
density is periodically repeated. In the simplest case, the electron density distri- 
bution will appear as shown in Fig, 163. This figure shows the electron density 
(the number of electrons per cubic Angstrom) along a line parallel to the edge of 
a cube of rock salt. An electron density maximum corresponds to the centre of an 
atom. The large maximum corresponds to the centre of a chlorine atom and the 
small maximum to that of a sodium atom. The pattern repeats itself after every 
other atom, and the period of the electron density distribution along the line is 


* Before reading Chapters XXII and XXIII, it is recommended that Chapter XXXII be 
perused. 
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equal to 5.6 A. This is the pattern of the distribution obtained along a specific 
line. Along a slightly displaced parallel line, the distribution will be different. 

However, a crystal is a three-dimensional formation, and the repeating element 
is a three-dimensionall cell. The electron density distribution of a cell cannot 
be illustrated graphically, but it is sufficient to know that the cells repeat in space. 
The similarities and differences between a crystal and a diffraction grating are 
evident. A crystal isa three-dimensional diffraction grating in which the nonhomo- 
geneous element repeats regularly in three-dimensions rather than along a line. 
The role of “slit”, i.e., repeating nonuniformity, is played by the unit cell of the 
crystal. 

Let us determine the nature of the diffraction pattern created by a crystal. 

X-rays are scattered by electrons. The nonuniformities in the electron density 
are of such a nature that wavelengths of the order of 1-2 A yield perceptible diffrac- 
tion. In order to determine the direction of the diffracted rays, the wavelets com- 
ing from all the cells must be added. Of 
course, the amplitudes of these wavelets 
for a given direction are the same. The 
difficulty arises in taking account of the 
phase differences between wavelets scat- 
tered by individual cells. These wavelets 
must be added for every direction and the 
directions in which the wavelets reinforce 
each other to a maximum extent deter- 
mined. 

The problem can be solved in various 
ways since various summation sequences 
are possible. For example, first wavelets 
from the cells along edge a may be added, Fig. 164 
then wavelets from all columns in the 
plane ab, etc. But we shall use a much 
simpler method. This is the method proposed by the founders of X-ray structural 
analysis, the two Braggs—father and son, British scientists. (The same idea was 
proposed independently by the Russian crystallographer Vulf.) Ina crystal, parallel 
planes can always be passed through the lattice nodes in numerous ways; the 
crystal is composed of the layers between such successive planes. Let us construct 
a normal to these layers and imagine the electron density projected onto the direc- 
tion of the normal. Clearly, a periodic electron density distribution exists along 
the normal. The period d is appropriately called the interplanar distance. 

The condition for maximum reinforcement of waves scattered by the cells 
of one layer is that the angle of incidence equals the angle of reflection. his con- 
clusion is based on Huygen’s principle, for only when the above condition is satis- 
fied are the scattered waves propagated in phase, and thus reinforced. Waves 
of successive layers reinforce each other when certain additional conditions are 
met. Fig. 164 shows that the path difference between rays “reflected” from the cor- 
responding elements of two adjacent layers is equal to 2d sin 0. Thus, diffracted 
rays are obtained when the condition 


2d sin 0 = nd 
is satisfied. 
A diffracted beam is obtained when a system of planes may be found, among 
the countless such systems into which the crystal may be divided, which satisfies 
the condition 2d sin 0 = nd. Of course, this requirement may simultaneously be 
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mot by several systems of planes. However, the more likely situation is that diffrac- 
tion does not occur for an arbitrary direction of a monochromatic beam. Hence, 
in order to observe diffraction, the crystal must be turned until a suitable angle 9 
is found. 

Example. The interplanar distance in a calcite crystal is equal to 3,029 A. In X-ray structur- 
al analysis, radiation from a copper anode is often used. Since this radiation has a wavelength 


‘ N 
o - vd pe . . a a bs: arrel 4 
of 1.54 A, the diffraction maximum olf first order occurs at 9 = arcsin oF ae 14°40’. 


Sec. 145, DETERMINATION OF THE PARAMETERS OF A CRYSTAL CELL 


Having experimentally determined the angles 20 formed by rays diffracted from 
a crystal, one can determine, if 4 is known, the interplanar distances, and hence 
the structural period in any direction. 

If the lattice is cubic, it is described by one parameter, i.e., the edge of acube. 
A rhombic lattice is described by three mutually perpendicular periods a, band c. 

Rays may be reflected from any system of planes, including the planes parallel 
to the main lattice faces ab, be and ac, by appropriate placement of the crysta} 
relative to the beam. A series of such measurements suffices in all cases to fully 


Fig. 165 Fig. 166 


“probe” the lattice structure, i.e., measure the length of the edges of a unit cell 
and, for the case of low-order symmetry, determine the angles between them. 

These measurements are quite interesting. Having determined the volume V 
of a crystal cell and the density 6 of the substance, the mass of substance in a cell 
may be directly calculated from M = V6. The moleclar weight of a cell is then 
obtained by dividing this quantity by the mass of a hydrogen atom: m,, = 1.66 x 
x 10-** g. Of course, the number of molecules in a cell must be an integer. 
Moreover, in many cases, symmetry considerations restrict the possible number 
of molecules. For example, in a rhombic cell, the number of molecules cannot be 
less than four. Thus, cell measurements are of great importance in the determi- 
nation of the molecular weight of a substance. 

In the simplest cases, the determination of a unit cell suffices to determine the 
structure. A unit cell of iron is illustrated in Fig. 165. For such a cell, the distances 
between atoms are as indicated. These data are obtained by simply measuring the 
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interplanar distances. The investigator reasons as follows: a crystal of iron is cubic. 
Let us measure the fundamental interplanar distance for the system of planes 
parallel to the side of a cube. This yields the value 1.4 A. Now, let us calculate 
the number of iron atoms in a cube whose edge is 1.4 A long. The mass of an iron 
atom is My. = 92.6 x 10-74 ¢ and the density of iron is 5y¢ = 7.88 g/cm’. 
Thus, a cube of volume (1.4)? x 10-** cm® contains a mass of (1.4)? x 10-4 x 
x 7.88 = 21.7 x 10-74 ¢. But this mass is one-fourth that of an iron atom. 
Hence, the edge of a unit cell of iron is greater than 1.4 \. Let us assume that it is 
twice this length. Then, the edge of a cube is 2.8 A and we obtain 2 atoms per cell. 

Since the crystal is cubic and possesses an axis of symmetry of fourth order, 
the second atom can be located only at the centre of a unit cube. 
Let us check the validity of the assumption of two atoms per cell. If the assumption 
is correct, the diagonal interplanar distance shown in Fig. 166 should equal 
1.4/2. This is the value obtained experimentally. Hence, the above model of 
the structure is correct. 

For many metals, alloys and simple salts whose formulas are of the type AB, 
such simple reasoning is quite often sufficient to determine the interatomic spac- 
ing. If there are many atoms in a cell and the shape of the cell is not cubic, the 
structure may be determined only by utilising beam intensity data in addition 
to data on the geometry of the diffraction pattern. 


Sec. 146. INTENSITY OF DIFFRACTED BEAMS 


Analogously to the case of a linear grating, the intensity of a beam diffracted 
by a crystal is equal to N*F?, i.e., itis proportional to /?, the square of the ampli- 
tude of the wave scattered bya unit crystal cell in a given direction, and to N?, 
the square of the number of unit cells in the illuminated volume. 

The quantity /? is uniquely related to the crystal structure, i.e., to the nature 
of the electron density distribution in the cell. 

As has been already indicated, the quantity /? for a given diffracted beam and 
system of “reflecting” planes depends on the projection of the electron density 
on the normal. By means of parallel planes, let us divide a crystal layer into infin- 
itely thin layers dz. If p is the electron density of a cell, then pdz is the number of 
electrons in the layer dz. All the electrons of a thin layer are scattered in phase 
and yield the wave pdz cos (wt + @). Hence, the wave amplitude of a cell is 
expressed by 


d 
P= j 0 cos (wt + ¢) dz. 
0 


The integral is taken over a single period (the interplanar distance); the values of 
o and for each 2 differ. 

We shall not concern ourselves with the problem of determining the electron 
density of a crystal at all points of a unit cell. In all cases the basis of the solution 
is the above equation. It enables us to calculate the amplitude of any diffracted 
beam if the electron density of the crystals is known. Of interest, however, is 
the converse problem—the determination of the electron distribution in a crystal 
from the experimentally determined intensities of diffracted beams. This problem 
has been solved for very complex crystals containing hundreds of atoms per unit 
cell. 

In the case of anthracene crystals, the intensity of about 600 diffracted beams 
has been measured. Using these data, the values of the electron density at all points 
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Sec. 147. METHODS OF X-RAY ANALYSIS 
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If we are concerned with values of @ not exceeding 20-25°, the roentgenogram 
may be taken on a flat plate. In this case we obtain a system of concentric rings. 
However, if information on all interplanar distances is desired, and scattering 
over the entire interval of angles possible is to be analysed, cameras with cylindri- 
cal film are used. In this case, the height of the film is reduced, so that only parts 
of the rings are photographed. , ; ; 

If for some problem or other it is important to ascertain the interplanar dis- 
tances more accurately, we usually resort to “rear” filming, 1.e., an arrangement 
whereby diffraction cones having apex angles close to 360° are filmed. 

In determining the scattering angle 0 from the film, a measurement error Av 
inevitably arises. Let us see how the magnitude of this error is reflected in the deter- 
mination of the magnitude of the interplanar distance. After differentiating the 
diffraction condition 2d sin %® = nd, we obtain + | = cot JAD. It is seen that 
the accuracy in measuring the interplanar distance rapidly increases as the angle 

_ approaches 90°. The diffraction angle may be easily measured with an accuracy 
of the order of 0.4°. Hence, the above equation shows that along lines for which 
the angle } is equal to 65°, 75° and 85° the interplanar distance maybe measured 
with an accuracy of 0.13%, 0.08% and 0.05%, respectively. Using special came- 
ras, the method of rear filming yields very good results, enabling interplanar 
distances to be determined with an accuracy of 0.00001 A. For best results, the 
radiation wavelength is selected so that the scattering angle approaches 90°, 

All three types of Debye filming are widely used in the investigation of the 
structure of matter. I'very substance yields a specific system of lines that is charac- 
teristic only of it. A phase transformation resultsin the replacement of one system 
of lines by another and the new phase may also be determined from the roentgeno- 
gram. Phase analysis is one of the most important applications of these films. 

Now, let us assume that the crystals of the substance have a favoured orienta- 
tion. In this case, the normals n of one or another system of planes no longer assume 
all directions in space and are not uniformly distributed on the cone of normals 
shown in Fig. 168. But if the cone of normals is not complete, the same holds true 
for the cone of diffracted rays. Hence, instead of solid rings, broken rings appear 
on the film. Such rings indicate the presence of a favoured crystal orientation or 
structure. Using the Debye method, a detailed study may be made of the nature 
of the preferred crystal orientation arising, as a rule, for various kinds of plastic 
deformations. 

The crystal dimensions also affect the form of the picture. If the crystals are 
very large, the roentgenogram ring is not solid, i.e., it breaks down into dots, each 
of which is due to “reflection” from an individual crystal. If the crystals are very 
small (of the order of 10-'~ 40~* cm), then, in accordance with the theory, the 
lines begin to become smeared. Based on this knowledge, methods of estimating 
the average dimension of crystals have been developed. 

For purposes of analysis, another problem arises in a number of cases, namely, 
to construct the apparatus in such a manner that the X-ray spectrum radiated 
by a substance may be investigated. As will be seen below (p. 393), every substance 
can produce a characteristic X-ray spectrum. The fact that the spectra of different 
kinds of atoms differ significantly from one another may be utilised for the conduc- 
tion of qualitative and quantitative analyses. For this purpose, the face of a large 
crystal, for which the interplanar distance is known, is placed in a “reflecting” 
position. By rotating this crystal and measuring the diffraction intensity for each 
angle, the wavelengths present in the spectrum of the substance under investiga- 
tion, and their intensities, may be determined from the values of the angle 0. 


CHAPTER 23 


Double Refraction 


Sec. 148. ANISOTROPIC POLARISABILITY 


When a substance is placed in an electric field, the bound charges, i.e., the 
electron clouds of the molecules, are displaced from their equilibrium positions 
and form electric dipoles. In discussing the polarisation of a dielectric (p. 191), 
we spoke of the displacement of electric charges along lines of force. But clearly 
the situation may be entirely different in actual molecules. If an atom has a spheri- 
cally symmetric electron cloud, the latter is indeed displaced to the same extent 
in any direction. The polarisability of such an atom is said to be isotropic. It 
ig evident that even a diatomic molecule cannot be isotropic, for the nature of the 
electron bond parallel and perpendicular to the line connecting these two atoms, 
and therefore the polarisability in each direction, is not the same. The magnitude 
of the polarisability, and hence of the displacement (dipole moment), will vary 
depending on the direction of the electric vector relative to the axis of the molecule. 

[t is also significant that the displacement direction and the electric force; di- 
rection do not, generally speaking, coincide. This may be illustrated by a mechanic- 
al model—a bead attached to two perpendicular springs of different elasticity. 
Assume, for example, that a force acts at a 45° angle to the bonds. Different forces 
will then act along the bonds. Let us assume that the elasticity of the horizontal 
spring is three times greater than the elasticity of the vertical spring. The vertical 
displacement will then be three times greater than that of the horizontal, and the 
displacement vector will form a large angle with the electric force vector. In exactly 
the same manner, the induced dipole moment forms an angle with the direction 
of the field intensity FE. 

Almost all molecules possess anisotropic polarisability, but this polarisability 
is by no means manifested in all cases. It does not manifest itself in liquids, amor- 
phous bodies and gases. Thus, for each molecule whose dipole moment is inclined 
to the “left”, there is a conjugate whose dipole moment is inclined to the “right”. 
The resultant dipole moment of such a pair of molecules, and hence the dipole 
moment per unit volume, i.e., the polarisation vector P, is directed along the 
vector L. 

However, even in the case of crystals, where the arrangement of molecules is 
uniform, the anisotropic polarisability of the molecules is not necessarily manifest- 
ed. Cubic crystals possess isotropic polarisability. Here, the equation P = ak 
remains valid, just as for isotropic bodies. To make this clear, let us consider 
molecules whose electrons may be displaced only in a single direction. ‘The sym- 
metry of a cubic crystal is such that molecules whose axes of polarisability form 
right angles may always be found in the crystal. Let us consider three such mole- 
cules whose axes of polarisability lie along the x, y, 2 axes of a Cartesian system of 
coordinates. When an arbitrarily directed field # is applied, these molecules become 
polarised and produce dipoles of moments BE cos 7, PE cos py and BL cos Ps, 
since the moment is proportional to the projection of # on the polarisation direc- 
tion. The resultant of these three dipole moments is obtained by vector addition. 
But 1, Pe, Ps are the angles formed by the vector FE with the coordinate axes. 
Hence, the magnitude of the resultant moment is £ / B? (cos? @, ++ cos® Pg -+ cos* 5) 
= PF and the direction is parallel to #. Taking the summation for all the mole- 
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cules, we arrive at the same conclusion as regards the polarisation vector P and the 
polarisability « per unit volume. 

Now, let us consider crystals having one main axis, i.e., crystals with tetragonal 
and hexagonal syngony. To be specific, let us consider the former, i.e., crystals 
in which each molecule has three identical molecules related to it via an axis of 
symmetry of the fourth order. Assume, moreover—again for purposes of simplici- 
ty—that the molecule can be polarised only along one axis. Let us direct. our 
attention to the four molecules whose axes of polarisability form an angle e with 
the main axis (see Fig. 169). How do these molecules behave in electric fields of 
various directions? If the vector E is directed along the main axis, the polarisation 
is proportional to cos ¢. Moreover, in view of the symmetry of the arrangement, the 
resultant dipole moment of these molecules is parallel to H; hence, the polarisation 
vector is also parallel to EF: 


P=-0E, 


where a is the! polarisability created by all the molecules for this direction of 
the field. 

In the projection onto the plane perpendicular to the main axis, the polarisabil ity 
axes form right angles with each other. Therefore, the result obtained for a cubic 
crystal is valid here, namely, the polarisabili- 
ty is the same for all directions of in the 
plane perpendicular to the main axis. If 1 is 
perpendicular to the main axis, the polarisa- 
tion vector P is again parallel to E: 


P=a, E, 


While the polarisability of the molecules 
along the axis is proportional to cos ¢, the 
polarisability of the molecules in the direc- 
tion perpendicular to the axis is proportion- 
al to sin ¢. This means that a and a, are 
different. ; 

What is the situation when the field # is in- 
clined to the main axis of the crystal? In view 
of the difference in the polarisabilities ay and 
a,, the vector P can no longer coincide with 
the direction of the field, and the value of « 
will also be different. Knowing ce) and ooo: 
may be calculated for any direction. We shall not explain how this is done in 
the general case, but merely cite a numerical example. 

For a crystal of Iceland spar (calcite), «, = 0.139 and a, = 0.095. Assume 
that the vector # forms a 30° angle with the plane perpendicular to the main axis 
and that it is directed as shown in Fig. 170. The polarisation vector in the indic 
plane is then 


Fig. 169 


ated 
P| = a@,E, = 0.139 x Ecos 30° = 0.1202. 

The polarisation vector perpendicular to this and parallel to the main axis is 
Pi = aH = 0.095 x £ sin 30° = 0.04758. 

Therefore, the angle between the resultant polarisation vector P and the plane is 


0.0478 sige rs ee 
arctan Oe 21°40’. This means that the angle between P and E is ~8°90’. 
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{he magnitude of the polarisation vector is P =P? + Pi = 0.129£, i-e., in 
this case the polarisability a is equal to 0.129. 

If E is directed at a 45° angle to the main axis, the polarisability « decreases 
even more relative to a) and becomes equal to 0.120. The angle between # and P 
js then eee 

RO - Udo bey oon 
ADS — arctan \7a5 © 10°30’. 

The direction of the vector # in Fig. 170 is such that the angles formed by this 
yector with the polarisability axes of the molecules differ. Thus, the angles are 
greater for the pair of molecules on the left. As a result, the right pair of molecules 
is polarised to a greater extent. 

The fact that the polarisability of a crystal possesses an axis of symmetry of 


the fourth order does not signify symmetry in the contributions of individual 


Fig. 170 


molecules to the magnitude of the polarisability for an arbitrary field direction. 

Thus, the values of the polarisabilities differ for different directions. This has 
important consequences: the polarisability is uniquely related to the dielectric 
constant; but ¢ determines the index of refraction (see Sec. 125; ¢ = n”) and hence 
the wave propagation velocity in the crystal; as a result, the electromagnetic wave 
is propagated in the crystal with different velocities in different directions. 

Tetragonal and hexagonal crystals (in optics they go under the heading “uni- 
axial”) possess the following characteristic: all orientations obtained by successive 
rotation about the main axis are optically equivalent. Crystals having a lower 
order of symmetry do not possess this feature. 

Uniaxial crystals have a main direction and, perpendicular to it, a main plane. 
If the vector £ points in this direction or lies in this plane, then P|| & (and, there- 
fore, D|| #). Analysis shows that in other crystals only three main mutually 
perpendicular directions in which P || Z may be distinguished. 


Sec. 149. PROPAGATION OF LIGHT IN UNIAXIAL CRYSTALS 


Division of a Light Field into Two Waves. We shall restrict ourselves to the 
study of phenomena occurring when light is incident on the face of a crystal cut 
in two different ways, namely, perpendicular to the main axis and parallel to the 
main axis. 

Light propagated along the main axis differs in no way from light propagated 
in isotropic bodies. The electric vector produces polarised oscillations of the 
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dipoles in the direction perpendicular to the main axis. Hence, the wave is pro- 
* ‘ Cc 

pagated with the velocity V9 = oy where 1 

ar to the axis. The designations n, and vy indicate that 

y of light are “ordinary”. 


= / 6,3; 6, is the dielectric constant 


for the direction perpendicul ; 
the index of refraction and the velocit 

Recalling that ¢ = 1-+ 4na, we find that for Iceland spar, mp = Vf -F 4na, = 1.658. 
Hence, vg = 1.81 < 10! em/sec. 


such a crystal in the direction of the main axis 
does not change its polarised state. Natural light remains natural, and the oscil- 
lation direction of the electric vector for a polarised wave does not change. 
The simplicity of the case considered is characteristic of a uniaxial crystal. 
Here, any polarised state of an incident wave 1s capable of exciting oscillations in 
the direction perpendicular to the main axis. Hen- 
eco, the polarisability of the molecules (also « and 7) 
is the same for all such oscillations. ‘ 
Now, let us consider the case of normal beam in. 
cidence on the face parallel to the main axis. 
Different polarised waves behave differently. Consid- 
er the behaviour of a linearly polarised beam. If the 
electric vector is perpendicular to the axis, the light 
is propagated with the same velocity vp as in the pre- 
ceding case. But if the electric vector is parallel to 
the axis, the polarisation of the dipoles occurs along 
an axis for which the dielectric constant has another 
Fig. 174 value, namely, ¢,- Therefore, for this propagation 
direction, the velocity and the index of refraction have 


other values, namely, v, = - andn,= &,, respectively. The designations n, and Ve 


indicate that the index of refraction and the velocity of light are extraordinary. 
The reasons for the above designations will become evident below. : 

Crystals for which v, < v, are called optically positive; on the other hand, those 
for which v, > v, are called optically negative. 


The passage of light through 


Por Iceland spar, = V 1-4) = 1.486 and ve= 2.02 X 10!° cm/s. Iceland spar is an 
optically negative crystal since vg > vp. 


Elliptical Polarisation. What is the situation when the electric vector E of the 
wave incident on the face of the crystal forms an angle ~ with the direction of the 
main axis (Fig. 171)? Experiments show, and this may be predicted from Maxwell’s 
equations, that the electromagnetic wave becomes divided into two parts. The 
vector / must be resolved into the components / sing and Ecos q. The first 
corresponds to a wave travelling with the velocity v9, and the second to a wave 
travelling with the velocity v,. This may be shown by determining the path differ- 
ence between the two waves that are created upon division of the incident wave. 
Designating the thickness of the crystal by /, the phase difference can be expressed 

2m 


as 6 = r (Me — Mo). 


Thus, the polarised state of the wave leaving the crystal has changed significant- 
ly. The wave incident on the crystal was linearly polarised, while the one leaving 
is a combination of two waves having mutually perpendicular oscillation directions 


28. Double Refraction 303 


apd displaced relative to each other by 6. What is the nature of this peculiar polar- 
ised state? Such light is said to be elliptically polarised since the terminus of the 
electric vector describes an elliptical spiral. If the electric vector of one of the 
waves is given by 

E,, = E sin @ cos ot, 


then for the other wave the electromagnetic oscillation in the plane perpendicular 
to the beam will have the form 


E, = E ecs@ cos (mt +- 6). 


The addition of such oscillations has been considered earlier (see p. 54). Lt was 
seen that the point describing two such oscillations is an ellipse. The same applies 
to the terminus of the electric vector, but, since the wave is advancing, the ter- 
minus of the vector & describes an ellipse in its projection on the plane perpen- 
dicular to the beam. In space, the terminus of vector # describes an elliptical 
spiral winding about the beam axis. 

To obtain circularly polarised light by this method, a “quarterwave plate” is 
uged. This is a plate producing a path difference of 4/4 between waves travelling 
with velocities vp and ve. The thickness of such a plate must satisfy the equation 


2 A] 
7 L (ty — Ne) = NT 


if a linearly polarised beam impinges on such a plate so that the vector # forms 
a 45° angle with the direction of the main axis of the crystal, resolution of this 


vector yields 


: E - Jas 
Ey,=—=coswt and BE, =—sin ot, 
V2 4 V2 
ee : 
; 5 / 
7 ke I Ey ~ a iy 


But this is the equation of a circle. Thus, the described experimental conditions 
lead to the transformation of linearly polarised light into circularly polarised light. 

Double Refraction. The apparent bifurcation of objects viewed through a trans- 
parent crystal is a phenomenon that has been well known for a long time. It shows 
that division into two waves may occur not onlyasregards the propagation veloc- 
ities, but also as regards the beam directions in space. Double refraction occurs 
for normal light incidence on a crystal face (ground or naturally formed), which is 
at an angle to the optic axis. The phenomenon may also be investigated by means 
of a plate cut parallel to the axis. In this case, the light must be incident at an 
angle to the normal. We shall direct our attention to the latter case. Let us intro- 
duce another restriction, namely, that the beam be directed in such a manner that 
the plane of incidence of the light is perpendicular to the optic axis. 

Assume that a polarised beam impinges on the plate at an angle i. By turning the 
beam about its axis, the position of the electric vector relative to the plane of 
incidence is changed. 

When the electric vector coincides with the incident plane (see Fig. 172a), no 
special effects are noted. Refraction occurs in accordance with the law for isotropic 
bodies, namely, —— : = Nes 

5 0 

The refractive index turns out to be my. This is as it should be, for the electric 

vector is perpendicular to the main axis of the crystal. When the beam is turned 
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; i ‘ it i refracted. But now 2+ * 
90° about its axis (see Fig. 1726), it is also refracted. But now — SS Sls 1B, the 


nt and the index of refraction is that for an extraordinary 
al, for the vector E coincides with the direction of the 


refraction angle is differe 
beam. This too is natur 
main axis. : 

Most remarkable is that an intermediate position does not yield a beam with 
an intermediate angle of refraction, but yields rather two beams—an ordinary 
and an extraordinary beam having refractive indexes my and n,, respectively. Ags 
before, the field intensity vector is resolved into two vectors, one lying along the 
main axis and the other perpendicular to 
it. Each component creates its own field 
or wave. In turning the beam of light 
about its axis, the intensities of these oes 
beams continuously change; when one 
beam decreases in intensity, the other 
increases. 

Since the beams are refracted twice 
i.e., in entering and leaving the plate, 
the ordinary and extraordinary beams 
A disataeapeat emerge parallel to each other. The thick. 
. er the plate, the greater the separation 
between beams. If a narrow beam of inci- 
dent light is used, the difference between 
the refractive indexes may be determined 
by measuring the beam displacements. 

Now we can explain why the beams 
are called “ordinary” and “extraordinary” 
Let us begin turning a crystal plate, whose 
optic axis is parallel to the face, about 
the normal to the reflecting face. If we 

Fig. 172 were dealing with an isotropic body, such 
rotation could not affect reflection and re- 
a fraction. When we rotate the crystal plate 
as indicated, nothing happens to one beam, i.e., its position in space anda its 
intensity remain unchanged. That is how an ordinary beam behaves. It is under- 
standable, therefore, that the beam whose electric vector is perpendicular to the 
main axis of the crystal is called ordinary. In this experiment, the electric vector 
component lying in the plane of incidence is always perpendicular to the main 
axis of the crystal. This component acts in an “ordinary” manner. On the other 
hand, the component of / perpendicular to the plane of incidence forms an angle 
with the main axis of the crystal that varies as the crystal is rotated. During stich 
rotation, not only does the extraordinary beam’s intensity vary, but its position 
in space varies as well. We see that the extraordinary beam does not obey the laws 
pertaining to isotropic bodies. In the general case, the refracted beam is not in 
the plane of incidence. 

We shall not go into the rather complex explanation for these phenomena. [| 
should be noted however, that these phenomena are in complete accord with 
Maxwell’s electromagnetic field theory. 


(6) 


N 
Displacement 
of e-ray 
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sec: 120. POLARISERS. INVESTIGATION OF THE POLARISED STATE OF LIGHT 


{t was stated on p. 203 that a dielectric placed with its plane surface at an angle 9 g 
to the incident beam may serve as a polariser. In this case, the reflected beam is 
completely polarised and the refracted beam is polarised to the maximum extent 
possible. However, it is not convenient to use a reflecting plate as a polariser, for 
the polarised beam travels at anfangle to the incident beam. A stack of glass plates 


— 


AA 


may be used instead. By repeated refraction, an almost completely polarised beam 
may be obtained. However, a considerable portion of the light is absorbed in such 
, device (see Fig. 173). 

The best kind of polariser is a crystal in which the linearly polarised ordinary 
(or extraordinary) beam may be separated out by means of double refraction. 
Sych polarisers are known as Nicol prisms, or simply Nicols. 


sig Fig. 174 


The polariser proposed by the French scientist Nicol consists of two right-angled 
prisms made of Iceland spar (Fig. 174). These prisms are glued together with 
Canada balsam, a substance whose refractive index n is 1,550. This value lies 
between n, and n, for Iceland spar. A nonpolarised beam of light impinging on 
the prism is divided into two components. The ordinary beam is reflected at the 
poundary between the prisms, where the condition for its total reflection is satisfied, 
and is deflected to one side. The extraordinary beam passes through both prisms. 
Thus, a Nicol acts as a slit passing only electric vector oscillations directed in a 
specific direction. : 

Pleochroism is of great practical importance in polariser applications. The 
term is used to indicate that the ordinary and extraordinary beams are absorbed 
differently and that the absorption coefficient of the extraordinary beam is a func- 
tion of: the direction relative to the optic axis. A pleochromatic crystal gives a 
different hue and absorbs light differently when it is turned relative to the beam. 

Tourmaline is a classical example of a pleochromatic crystal. The absorption 
coefficient for the ordinary beam over almost the entire visible spectrum is so great 
that a tourmaline plate of 4 mm thickness, cut parallel to the optic axis, transmits 
in effect only the extraordinary beam and, hence, may serve as a polariser. How- 
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ever, the yellowish-green hue of the transmitted light prevents tourmaline from 
being used in practice as a polariser. 

Polaroids, synthetic pleochromatic films, have wide application and may be 
prepared from herapathite (quinine sulphate periodide), a strongly pleochromati¢c 
substance. A polaroid is a transparent plastic film consisting of submicroscopic 
crystalline herapathite needles oriented in a single direction. To orient the crystals, 


Fig. 175 


a viscous mass of the crystals is placed between two glass plates and subjected to 
reciprocating motion. To be sure, herapathite is not the only substance suitable 
for the production of polaroids. 

Iodine atoms, constituents of herapathite, are essential to secure pleochromatic 
properties. Pure iodine polaroids may be produced by iodising thin films of poly- 
vinyl alcohol. 

The polarised state of light may be investigated 
with the aid of two Nicol prisms, or other polarisers, 
and a “quarter-wave plate”. A 0.038 mm-thick sheet 
of mica may serve as the quarter-wave plate. 

jfpass= case Let us consider the passage of light through two 
Analyser axis Nicol prisms. In order to distinguish between the 
two, the first prism in the path of the beam is called 
the polariser and the second the analyser (see 
Fig. 175). If a beam of natural light of intensity 
I, impinges on the polariser, a linearly polar- 


ised light of intensity 51 emerges from the prism. Naturally, turning the 


polariser about its axis in no way changes the intensity of the transmitted beam. 
By means of the analyser, it may be shown that the Nicol prism has indeed trans- 
mitted a linearly polarised beam. If the Nicol prisms are oriented with their “slits” 
parallel to each other, the light will be transmitted through the analyser as well 
without change in intensity (disregarding absorption in the material of the polar- 
ising device). For crossed prisms, i.e., when the “slits” are at right angles to each 
other, light is not transmitted (see Fig. 175). The intensity of the light when an 
angle « is formed between “slits” is J = 1/2 J, cos? a. Thus, the electric vector 
of the wave arriving at the analyser may be resolved into two components—one 
parallel to the “slit” and the other perpendicular to it. Since the component that 
is passed is EZ cos a (see Fig. 176), the intensity is proportional to cos? a. 

The first prism will already reveal whether or not the light was partially or 
completely polarised. 

Using two Nicol prisms, it is not possible to distinguish circularly polarised 
light from natural light, and elliptically polarised light from partially polarised 
natural light. To do this, the quarter-wave plate may be used. If it is placed before 
the polariser, it in no way affects naturally polarised light, but circularly polarised 
light is transformed into linearly polarised light. Similarly, a quarter-wave plate 
changes the properties of elliptically polarised light. 


Fig. 176 
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sec. 151. A CRYSTAL PLATE BETWEEN “CROSSED” NICOL PRISMS 


The method of investigating transparent anisotropic substances by observing 
the behaviour of linearly polarised light impinging on them is very widespread. 
{n order not to complicate the problem, assume that we are dealing with a crystal 
plate cut parallel to the optic axis. This plate is placed between Nicol prisms. 

From the polariser, a linearly polarised beam impinges on the plate. Remove 
the plate and place the analyser in a crossed position. Light is not transmitted. 
Now put the plate back. The field becomes illuminated, i.e., the beam of light 
is transmitted through the system. There can be only one explanation, namely, 
the crystal plate has changed the polarised state of the beam coming from the 
polariser. By means of the analyser, we may determine the exact nature of the 
change. If upon turning the analyser a new position for darkness is found, the 
conclusion is that the crystal plate has changed the direction of the beam oscil- 
jations but has left them linearly polarised. If the intensity of the light is not 
changed by turning the analyser, the conclusion is that the plate has transformed 
the linearly polarised light into circularly polarised light. Finally if the light is 
pot extinguished by turning the analyser or plate, but the intensity of the light is 
changed thereby, the conclusion is that the plate has created elliptically polarised 
light. 

“The changes produced in linearly polarised light depend on two things—the 
wutual orientation of the plate’s optic axis and the oscillation direction of the 
beam coming from the polariser, and the phase difference §6 = = (nm) — n,) created 
by the plate between the ordinary and extraordinary waves into which the incident 
wave is divided. 

If the substance placed between the crossed Nicol prisms is isotropic, no illumi- 
pation of the field occurs. The phenomenon described above may be utilised in the 
jovestigation of anisotropic substances. 

Usually, observations are made using crossed Nico] prisms between which the 
plate is rotated. During such rotation, the illumination does not remain constant. 
At every instant,the amplitude Aof the light emerging from the polariser is resolved 
jnto the components A cos @ and A sin », where @ is the angle between the 
polariser “slit” and the optic axis of the plate. The terminus of the electric vector 
of the wave emerging from the plate describes an ellipse: 

Ex Ey 2H xy 
A? cos? ~p Ba A’sin?@  A*cos@sin ~ 
where 6 is fixed and @ changes continuously. Fig. 177 shows ellipse transformations 
for the case of a quarter-wave plate, i.e.,in the above formula 6 = 90°. For different 
values of ~, different polarised states are obtained. 

Since the path difference 6 depends on the wavelength, the pattern is coloured 
when white light is used. If the plate is of uniform thickness, it will have a single 
colour that differs for every different relative orientation of the plate and Nicol 
prisms. Thus, for certain wavelengths of white light, the plate thickness may be 


cos 6= sin? 6, 


equal to + , for others it may be equal to es , and for still others a multiple of A. 


Accordingly, for different wavelengths there arise different polarised states, which 
are transmitted by the analyser to a greater or lesser degree for different relative 
orientations of the plate'and Nicol prisms. The phenomenon of chromatic polarisa- 
tion is very{beautiful. It is hardly likely that the richness of shades and hues observed 
when the thickness of a plate changes (e.g., in crystal growth), or when the 
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orientation of a plate is varied relative to Nicol prisms, may be achieved by any 
other means. 

If a plate is of variable thickness, the interference fringes are rainbowed when 
observed in white light. 
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Fig. 177 


In addition to these patterns of fringes representing equal thickness, distinctive 
fringes representing equal inclination may be observed if the crystal plate is 
observed using converging rays (iconometric investi- 
gation). These observations may be made on small 
crystalline granules in the field of vision of a micro- 
scope. Their practical significance lies in the deter- 
mination of crystal symmetry. In particular, it is 
not difficult to determine to which of the following 
three groups an object belongs: (1) amorphous or crys- 
talline substances having cubic symmetry; (2) uniax~ 
ial crystals; and (3) crystals having symmetry of low- 
er order. In the first case, interference fringes are 
not present. Uniaxial crystals give the pattern shown 
in Fig. 178 when the optic axis coincides with that of 
the incident beam of light. A dark washed-out cross is 
formed in the area where either an ordinary or an extra- 
ordinary beam impinges. If elliptically polarised oscillations are not transformed, 
crossed Nicol prisms do not transmit light. 

The theory of this phenomenon is too extensive to be dealt with here. 


Fig. 178 


Sec. 152, DOUBLE REFRACTION DUE TO AN EXTERNAL ACTION 


As was stated at the beginning of this chapter, almost every molecule possesses 
anisotropic polarisability. An optically isotropic body may be formed from aniso- 
tropic molecules if the latter are randomly distributed. On the other hand, if a 
preferred orientation is given to the molecules by any means, the polarisation 
vector, i.e., the total dipole moment of the molecules, no longer has the same 
value in every direction, the body acquires permittivity anisotropy and hence 
optical anisotropy. 
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Such anisotropy, expressed in the manifestation of double refraction, is almost 
always produced in nonuniformly deformed solid bodies, certain liquids placed in 
electric fields (Kerr effect), and streams of liquids whose molecules are of elongated 
form. Double refraction may be observed in biological objects and high-polymers 
i.e., again in substances consisting of long molecules which cannot lie in a com. 
pletely random manner in the substance. Generally speaking, to one or another 
degree double refraction is almost always present since it is very difficult to make 
a body ideally isotropic. 

If a body is subjected to one-sided compression or extension, an axial type of 
anisotropy is produced. With respect to optical properties, such a body is similar 
to a uniaxial crystal. Optical anisotropy is most conveniently observed between 
crossed Nicol prisms. Lightly pressing a transparent piece of plastic or ‘glass be- 
tween one’s fingers makes it anisotropic and, as a result, the field of vision is im- 
mediately illuminated. At different locations in the object, a nonuniform defor- 
mation produces different values for’ the difference no—nNe. Therefore, fringes 


Fig. 179 


representing equal phase difference 6 are formed on a body subjected to defor- 
mation. The forms of these curves correspond to the stresses produced in the body. 
By analysing the nature of these curves, it is possible to obtain a clear picture of 
the stress distribution. 

Since this valuable method is applicable only to transparent bodies, how can it 
be used in practice? The approach is clear: construct transparent plastic models. 
By constructing a model of a bridge, building or machine element and loading it 
proportionately, a picture of the produced stress may be obtained. The optical 
method of quantitatively determining stress is known as the photoelastic method, 
which is applied under the guidance of specialists in this field. 

Queer coloured patterns appear when observed in white light. If a deformation 
is elastic, the pattern vanishes upon removal of the load. On the other hand, if 
the stress remains upon removal of the load, the coloured pattern also remains. 

Now, let us consider an optically anisotropic liquid located in an electric field. 
The electric field exerts an orienting action only if the molecules of the liquid 
possess a constant, rigid dipole moment. 

In this case, the molecules tend to become oriented in such a manner that the 
direction of the rigid dipole moment coincides with the direction of the field. 
Thus, the liquid acquires the properties of a uniaxial crystal whose optic axis is 
parallel to Z. This effect is best observed when the liquid and the applied field are 
located between crossed Nicol prisms (see Fig. 179). 

Experiments show that the difference ny»—n, produced in the liquid is pro- 
portional to the electric field intensity £ squared. The phase difference is given 
by 6 = BIE’, where J is the distance traversed in the liquid by the beam of light 
and B is the Kerr constant (characteristic of the substance). 
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Nitrobenzene, whose rigid dipole moment is large, is notable for its large value 
of B: 2 x 10-° (CGS units). Benzene has a Kerr constant of 0.5 x 10-7 and carbon 
disulphide 3.5 x 10-7 (CGS units). 


ELvample. A 10 cem-long condenser filled with nitrobenzene will act as a quarter-wave plate il 
‘5/2 = 

Sod is Wan os 1 | 9R C0 = ‘ $i srence 

the field intensity in itis £ = \/ Bi = 26,600 V/em. For this purpose, a potential difference 


of 2,660 V must be applied to the condenser if the distance between plates is 4 mm. 


The Kerr effect makes it possible to transform electric field oscillations into 
light intensity variations. This effect has little inertia: the relaxation time, i.e., 
the time required for the molecules to assume the appropriate orientation in the 
electric field, is of the order of one-thousand millionth of a second. Therefore, 
electric oscillations modulated by sound may be transformed into light intensity 
variations. This makes it possible for sound to be recorded on photographic film. 


Sec. 153. OPTICAL ACTIVITY 


The ability of certain substances to change the oscillation direction of a linearly 
polarised beam is known as optical activity. The phenomenon may be described 
as follows. Consider an arrangement of crossed Nicol prisms with an optically 
active substance placed in the path of a beam. The field becomes illuminated, but 
the illumination disappears when the analyser is turned by some angle @. Thus, 
linearly polarised light transmitted through an optically active substance remains 
linearly polarised, but the oscillation direction of the beam changes by the angle Oe 
Iixperiment shows that the change in oscillation direction is strictly proportional 
to the thickness of the layer of substance: 


a = pd 


The constant p characterising the substance is known as the specific rotation con- 
stant and is usually expressed in degrees per millimetre. The phenomenon exhibits 
dispersion since 9 is a function of the wavelength. 

The change in oscillation direction is quite considerable and in the case of 
many substances attains a value considerably greater than ten degrees per mm for 
a number of wavelengths. For water solutions of organic substances, the rotation 
of the polarisation plane is a function of the concentration, i.e., @ = ocd, where 
c is the concentration. 

What kind of substances are optically active? An optically active substance 
must be composed of structural units which have neither a plane of symmetry nor 
a centre of symmetry among their elements of symmetry. In the case of molecular 
substances, such components are, as a rule, molecules. In the case of crystals, in 
which molecules are not distinguishable, such components are unit cells. 

Molecules, or cells, satisfying the above conditions, may be encountered in the 
form of two optical isomers, designated by the letters d and 1 (dex tro and levo, or 
right and left). An object and its image in a mirror are optically isomeric. A sub- 
stance consisting of d-molecules (or cells) rotates light to the right, while one con- 
sisting of l-molecules rotates light to the left. By rotation to the right we mean 
the case in which the analyser must be turned to the right (from the viewpoint of 
an observer facing the oncoming beam of light) to restore darkness when the 
thickness of the layer of substance is increased. Reversing the direction of the 
light does not change the sign of the effect. 
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Optical activity may occur for substances in the liquid as well as in the solid 
state. It is merely necessary that ther‘ebe a surplus of d- or /-molecules. The orienta- 
tion of these molecules may be either random or uniform. In the first case, the 
body is isotropic and the rotation is the same irrespective of the direction of the 
beam of light. In optically active crystals, the magnitude of the rotation a is a 
function of the beam direction relative to the crystal axes. 

When molecular crystals that rotate light are fused, the structural components 
remain intact. In such cases, the solid as well as liquid substance possesses optical 
activity. An example of this is sugar, which, in addition, possesses activity in 
solution. This property of sugar is utilised in the saccharimeter to determine the 
amount of sugar in a solution from the magnitude of the change in the oscillation 
direction of a beam of light. 

The situation is different in such crystals as quartz (see Fig. 180). The arrange- 
ment of atoms in a quartz cell satisfies the necessary conditions, namely, it does 
not have a centre of symmetry nor a plane of symmetry. The molecules are not 
distinguishable in aquartz crsystal; asaresult, the arrangement of atoms changes 
upon fusion. Hence, in fused quartz the necessary 
structural units are not present. Fused quartz is, 
therefore, optically inactive. 

One and the same substance, from the point of 
view of chemical composition, may be encountered 
in the optically active form and in the optically inac- 
tive form. This applies not only to quartz. The 
structure of an inactive variety bears little resem- 
blance to the structure of erystals possessing optical 
activity. 

The above is quite understandable in the case of 
ionic and homopolar crystals. But how can an 
inactive crystal be formed from active molecules in the case of a mole- 
cular crystal? This occurs by the formation of racemic crystals. A racemic 
mixture is a mixture of equal quantities of d- and J-molecules. Such a mixture 
does not rotate light since the two opposite effects are equalised. A racemic crystal 
consists of pairs of d- and /-molecules. Every pair constitutes a centrosymmetric 
group of atoms. 

Optically active crystals exist in both the d- and /-forms. The structures of such 
crystals are identical in the same sense that right and left gloves are identical. 
In the case of molecular crystals, this means that in one case the structure is 
composed of d-molecules and in the other of /-molecules. Dextro- and levo-quartz, 
dextro- and levo-glucose, dextro- and levo-tartaric acid—all the properties of 
these substances, all the details of their structure, are the same except for the fact 
that light is rotated in different directions. 

Inorganic optical isomers (e.g., dextro- and levo-quartz) are encountered in 
nature in equal quantities. This is not the case with organic molecules, which are 
important in biology. The French chemist Pasteur showed that a number of micro- 
organisms are capable of feeding on only a specific optical isomer. 


Fig. 180 


Sec. 154, BASIC THEORY OF OPTICAL ACTIVITY 


How is the phenomenon of optical activity explained? Before answering this 
question, we shall show that a linearly polarised beam is equivalent to two cir- 
cularly polarised beams that are dextro- and levo-rotated. 
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Let us write the equations for the electric vector oscillations, taking into account 
that there is a phase difference 6 between these circularly polarisedfwaves. For 
the dextro-rotated wave 


E,=E,cosot and Ef, sin at; 
for the levo-rotated wave 
vl ? al . on 
Es, = Epfcos(ot +6) and fL,= —E, sin (wt+6). 
ThefYtotal| field has the components 
a 1d ™* yl ' sl ch. Ge 
E,= E+E, and B= Ey os 


To determine the polarised state of the resulting oscillation, let us calculate the 


ratio re for the total field. Using simple trigonometric transformations, we obtain 
4X 
By 45 
eon lanize 


The ratio is independent of time. It is seen that we are dealing with linearly 
: ‘ : , Os ‘ * 
polarised oscillations that form an angle > with the z-axis. Q.E.D. 


On the basis of this conception, the phenomenon of rotation of oscillation 
direction is quite easily understood. Rotation of the oscillation plane by an angle 


cS signifies that the levo-rotated wave is lagging, behind the dextro-rotated wave 


5) 
(or vice versa, depending on the rotation direction) by the angle 6. In view of this 
explanation, it is clear why a discussion of optical activity has been included in 
the chapter on double refraction. Here, too, the wave is divided by the substance 
into two components, one moving faster than the other and continuously advanc- 
ing relative to it in phase. From this viewpoint, the specific rotation is propor- 
tional to the difference in refractive index between the dextro- and levo-rotated 
beams. 

This discussion has in no way advanced our understanding of the phenomenon. 
We have merely given it another (completely equivalent) interpretation. How- 
ever, this new approach enables us to more easily explain optical activity. Circularly 
polarised waves that are dextro- and levo-rotated travel through a substance with 
different velocities. They encounter different indexes of refraction and, hence, 
different permittivities and polarisabilities. The displacements of the electron 
cloud under the action of these two waves must differ. One wave experiences more 
difficulty than the other in displacing electrons from their equilibrium positions. 
If we can determine the reason for this difference, the explanation for optical 
activity will have been found. 

We know from chemistry that if a molecule has an asymmetrical carbon atom, 
the substance may exhibit optical activity. By an asymmetrical carbon atom 
chemists mean a carbon atom bound to each of four different atoms or radicals. 

The angles formed between the bonds of a tetravalent carbon atom are approxi- 
mately equal to those in a tetrahedron. Fig. 184 shows a molecule containing an 
asymmetrical carbon atom. The radicals or atoms bound to C differ, but their 
nature is unimportant. We see, in the first place, that two different molecules of 
such a substanee, which are mirror images of each other, are possible. These are 
optical isomers ‘and cannot be made to coincide. This may be easily demonstrated 
using wire models. 
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Consider a circularly polarised wave travelling along the axis of symmetry of 
the bonds. In Fig. 182 the wave is directed outward from the page. Atoms A and B 
are higher than atoms D and £. Let us determine the directions of the electron 
displacements for dextro- and levo-rotated waves. Assume the situation is as 
follows for the dextro-rotated wave: when the vector E is directed along ED, 
in the upper “level” it is directed along BA. If that is the case, the situation is as 
follows for the levo-rotated wave: when the vector £ is directed along LD, in the: 
upper “level” it is directed along AB. 

Examining the figures, we see that the displaced electrons behave differently. 
In the first case, the electrons of atoms A and D move simultaneously away from 


Fig. 184 Fig. 182 


the centre. In the second case, when the electrons of A move towardjthe cen- 
tre, the electrons of D move away from the centre. Such differences will always be 
found for systems of atoms that do not have a centre of symmetry and a plane of 
symmetry. On the other hand, if these elements of symmetry are present, the ac- 
tion’ of dextro- and levo-rotated waves will be the same. 

Different electron displacement conditions for asymmetrical groupings lead to 
different polarisabilities and, hence, to different indexes of refraction for dextro- 
and levo-rotated waves. It is clear that the behaviour of a dextro-molecule is 
opposite to that of a levo-molecule. 

A deeper theoretical analysis shows that the effect is maintained for all orien- 
tations of the molecules relative to the beam. 


CHAPTER 24 


The Theory of Relativity 


"Sec. 155. BASIC THEORY 


The theory of relativity, developed at the beginning of this century by the 
‘great modern physicist Albert Einstein, is based on two postulates: (1) the prin- 
‘ciple of relativity and (2) the principle of constancy of the velocity of light. We 
shall briefly consider the essence of these principles, describe the experiments con- 
firming them, and discuss certain consequences of the theory. 

The theory of relativity originated with the questioning of the existence of 
a mechanical carrier (ether) for an electromagnetic field. The theory of relativity 
solved this problem and in this sense may be viewed as the perfection of electro- 
magnetic field theory. While solving the problems posed by electrodynamics, the 
‘theory of relativity went much further. Its development led to the establishment 
of the laws of mechanical motion at velocities close to that of light, to the law of 
the equivalence of mass and energy, and to new views on the nature of gravity. 
Since our discussion will be, of necessity, very brief, we are forced to dispense 
with an historical narration. 

First, as to the essence of the main postulates. The principle of relativity states 
‘that all laws of nature (and not only the laws of mechanics) are the same in all 
inertial systems of coordinates. The principle states that not a single physical 
experiment could discover special properties for one of the inertial systems. All 
inertial systems are equivalent. 

The second postulate pertains to the constancy of the velocity of light in a 
vacuum for all inertial systems. From this it follows that the veloeity of light in 
the “receding” and “approaching” directions must be the same, i.e., that the ve- 
locity of light is independent of the light source and measuring instruments. 

How do these principles affect our views concerning an electromagnetic field and 
its carrier? It is not difficult to see from the formulations of the principles that 
electromagnetic waves and, say, sound waves, are not analogous. 

Imagine a laboratory isolated from the external world, moving rectilinearly and 
uniformly relative to the stars. In this laboratory, measurements are made of the 
velocity of sound in the direction of motion. Theoretically, two extreme cases 
are possible: in one, the walls of the laboratory are impervious to air, so that the 
air is carried along by the laboratory; in the other, the walls are pervious to air, 
the air is stationary relative to the stars, and the laboratory moves through the 
air, i.e., without carrying it along. Assume in these two cases that measurements 
are made of the velocity of sound. The velocities are measured by two observers— 
one moving and the other stationary relative to the stars. In each case, the veloc- 
ities of sound relative to these two observers will differ. If the velocity of sound 
‘in air is designated by ¢ and the velocity of the laboratory relative to the station- 
ary observer by v, then, in the case in which the air is carried along, the moving 
observer finds the velocity equal to c and the stationary observer finds it equal to 
* -- v; in the case in which the air is not carried along, the moving observer finds 
the velocity equal to ¢ — p and the stationary observer finds it equal to ec. 

The postulates of the theory of relativity reject both variants in the case of an 
electromagnetic wave in an ether. In experiments with light waves, the velocity 
‘of light will be equal to c for the stationary as well as the moving observer. This 
‘means that a stationary as well as a moving ether is incompatible with the theory 
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of relativity. Thus, the theory of relativity rejects the possibility of viewing the 
field as a medium in which mechanical displacements occur. We must conclude 
that electric and magnetic fields have a real existence. 


Sec. 156. EXPERIMENTAL VERIFICATION OF THE PRINCIPLE 
OF CONSTANCY OF THE VELOCITY OF LIGHT 


At first glance, the principle of constancy of the velocity of light seems to fly 
in the face of “common sense”. Therefore, before discussing certain consequences of 
the theory of relativity, it is desirable to describe the direct experimental evidence 
for its validity. This evidence is derived from astronomical observations. 

Astronomers have discovered the existence of so-called double stars. / double 
star consists of two heavenly bodies of approximately the same mass rotating about 
their overall centre of gravity. We have the means to measure the distance be- 
tween the stars, their mass and their velocity; also, to determine their relative 
motion. If the velocity of light depended on the velocity of the star itself, the 
velocity of the heavenly body would be added to the velocity of light when this 
body moved toward a terrestrial observer and subtracted when this body moved 
away from the terrestrial observer. In such a case, to the terrestrial observer, the 
motion during one half of the orbit would appear faster than during the other half. 
This effect would be detectible even if the velocity v of the heavenly body were 
one-hundred thousandth of the velocity of light c. 


Thus, for a long distance /, the difference in times 


yo. eye 
= and a may be 


so considerable, even for very small values of v, that not only is the periodicity 
disturbed, but a light beam transmitted during motion in the “receding” direction 
may overtake a beam transmitted during motion in the “approaching” direction. 
Then, rotation of the star would not be visible or would be of a peculiar nature. 
The periodic rotation of double stars may be understood only on the basis of the 
principle of constancy of the velocity of light. 

To be sure, our discussion has dealt with the motion of a light source, so that 
there may remain some doubt regarding the validity of the principle of constancy 
of velocity for the motion of an observer. Such doubt may be removed by another 
astronomical observation, i.e., observation of the periodicity of the motion of 
Jupiter’s satellites. Measurements of the motion of Jupiter’s satellites may be 
made in two cases—when the light arriving on the Earth from Jupiter coincides 
with the direction of motion of the solar system and when it is in the opposite 
direction. The identicalness of the observations and the distinct periodicity of 
Jupiter’s annual motion demonstrate the validity of the principle of the constancy 
of the velocity of light in this case as well. 

The most important role in the development of the theory of relativity was 
played by an experiment first performed by Michelson in 1881 with the aid of the 
interferometer described on page 272. This experiment consisted in the following. 
The locations of two mirrors, i.e., the arm lengths J, and /,, where selected in such 
a manner that the coherent beams into which a light signal is divided would 
require the same amount of time to cover the distances along the two arms of the 
interferometer. This selection is made when the interferometer is arranged in 
such a manner that one of the arms is parallel to the motion of the globe in its 
orbit. The instrument is then turned 90° and the interference fringes observed for 
possible displacement. 

The results of the Michelson experiment, which was repeated many times by 
Michelson and other investigators, are the following: no displacements of the 
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fringes occur and the times required for light to cover the distances alone th 
arms remain equal when the instrument is turned 90°. This contebnstor. * Fadda 
on very accurate measurements. : Lis baséd 
What is the significance of this experiment? Since the Earth moves itt 
velocity v ~ 30 km/sec relative to fixed stars, the distances covere 1 ca Pri ae 
rays cannot be the same from the viewpoint of a celestial inertial 51 ea 1 . 
Let us examine the paths of the two rays (see Fig. 183). Of course ee 6: 
concern ourselves with the portions of the he an eb oe bane ee 


7 


Fig. 183 Fig. 184 


eee The Hpngiudinal beam in the “receding” direction must cover the dis 

ance of the arm length 1, and overtake t i i i : 
e the mirror moving it in t 

wee eR ep an D with a velocity v in the 

same direction. lherefore, the distance et Covered by the beam must Anat? -- UT 

The time required for the wave front to reach the mirror is = i 


Ty 2 
ke al 
€ —_— 
c 
In the “approaching” direct; 
pproaching direction, the beam Covers the distance of the arm length ¢, 


minus the distance covered by the ¢ ing j 
¥ ’he approaching instrument. Therefore. t i 
‘ He a distance 
¢T2 covered by the beam must equal 1, — a Then ee 
< ? 


To == hy 
Shes 
The time 1, -+- T; Measured in the experiment is equal to 
21, 
lt) 


ee bie ro attention to the transverse beam (see Fig. 184). During 

of the instrument ‘St a = elapsed from the instant the beam leaves the centre 

fib disate Went o the instant it returns, the mirror is displaced as shown in 
le igure. Therefore, the distance covered by the wave is 


ct =2 E+ (+); 
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whence, the time t is equal to 
ly 


ra ye 
c } 1— a 
In the first measurement, the arms J; and /, were selected in such a manner that 
the times required for the beams to cover the separate paths were equal. Hence, 
21 
i bes 


l 
ee: a es ee 
v | 
V1- C2 3 


G1, 
y2 pe 
¢ (1-4) zi 1 3 
However, in the second experiment, i.e., when the interferometer is turned 90°, 
there is no interference fringe displacement and the times remain equal even though 
the arms J, and Jy have interchanged places! This is the surprising result of this 
experiment. 
Thus, if the first arm is longitudinal, 


P v2 
C# 
if the second arm is longitudinal, 


Ray te, 


For v = 0, ly = la; but for v 40, we obtain a remarkable result: the length of 
one and the same segment differs, depending on whether this segment is parallel 
to the direction of motion or perpendicular to it. The obtained result is valid for 
any body and for any distance between two points. Thus, the first consequence of 
the theory of relativity is that a body moving relative to an inertial observer 
shortens its dimension in the direction of motion. The transverse dimensions 
remain unchanged. If an observer relative to whom an object is stationary finds 
that the length of this object is Jo, an observer relative to whom this object is 
moving with velocity v will find that its length is 


hak 7 1-4, 


Example. Uf an object moves with a velocity of 1,000 km/sec relative to some “stationary” 
observer, the length of the object in the direction of motion appears to be J divided by 1.000005. 


If the velocity of the object is 200,000 km/sec, then a = 1,34, 


The length of one and the same segment moving in a specific manner in different 
frames of reference, will differ. It is necessary to understand properly the relative 
nature of the above contraction. Take two rods of the same length /) and assume 
that their relative velocity is v. Now, assume that there are two observers—one 
moving with the first rod and the other with the second. In such a case, the first 
/ ve 

4 <=. oe . 
For this observer, the second rod will be shorter than the first. On the other hand, 
the second observer finds that the second rod has a length J» and the first a length 


i. ea 
lo V1 — = . For him, the first rod is shorter than the second. 


The length of a rod (or, in general, the distance between two points) is a relative 
concept. Of all rod lengths measured in various inertial systems, the rest length lo 
is outstanding. This maximum length of a rod has absolute meaning. 


abserver will find that his rod has a length /o and the other a length J, ) 
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Sec. 157. TIME IN THE THEORY OF RELATIVITY 


In the expression relating the length of a rod at rest to the length of a rod im 
motion, the factor / 1 — f? appears, where Bp = ~ . This factor also appears in 


analogous formulas relating the values of various physical quantities for station 

ary and moving observers. Using an approach similar to that taken in the preceding 
article leads to interesting results as regards time and acceleration, mass and force, 
momentum and energy, density of charge and current, field intensities, etc. The 
formulas of the theory of relativity enable us to convert values determined by a 
stationary observer to values determined by a moving observer. The ratio B = = 
is in all cases an important eriterion of the need for a relativistic correction. 

It is easily seen that B? is comparable to unity only when the velocity is very 
large.; Even when v = 100,000 km/s, WT — B° is only several per cent less than 
unity. It is, therefore, clear that the theory of relativity yields negligible correc- 
tions when the motion is slow, i.e., in such cases it is not necessary to take into 
account the changes in physical properties with motion. The theory of relativity 
is of particular importance for the microworld, where particles having velocities 
approaching the velocity of light are encountered quite often. 

Let us direct our attention to the consequences of the theory as regards time. 
It turns out that the interval + during which an event occurs is also not the same 
from the viewpoint of two different inertial systems. Thus, two events occurring 
simultaneously from one viewpoint occur at different times—one earlier and the 
other later—from the viewpoint of another frame of reference. 

Qualitatively, this assertion follows immediately from the principle of the 
constancy of the velocity of light. Thus, consider a system moving uniformly and 
rectilinearly relative to another inertial system. In one of them, there is located 
a radiator from which light is radiated in all directions. In this system, let us 
select two points equidistant from the source of light along a straight line in the 
direction of relative motion. It is clear that in this system the light arrives at both 
points simultaneously. This is the situation from the viewpoint of an observer 
moving together with the source. However, to an observer in the other system the 
situation appears to be different. To this observer, one point is moving toward the 
signal and the other away. Since the velocity c has the same value for this observer 
too (moreover, the same in both directions), from his viewpoint the light arrives 
earlier at the point that is behind. 

A doubt may arise: cannot such a conclusion lead to absurdities? One may reason 
that since the concept of simultaneity is relative, it may happen that from the view- 
point of one frame of reference a gun is fired and then a wounded bird falls from 
a tree, but from the viewpoint of another frame of reference the bird falls before 
the gun is fired. Careful analysis shows that the relativity of a sequence of events 
is limited by the velocity of propagation of interaction (less than c). Therefore, 
“earlier” and “later” may interchange places only when they are not causally relat- 
ed, i.e., when they are not the result of interaction. 

A very interesting result of the theory relates to the proper time of an object, 
i.e., the time determined by a clock moving together with a given body. If a 
time t has elapsed according to the clock of an observer in a certain inertial sys- 
tem, the handle of the clock moving with the object will have advanced by the 
time 


T= tV1—Pf2. 


aN 
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This means that a clock moving in any arbitrary manner moves slower than a 
stationary clock.* 

It is necessary to comprehend properly the relative meaning of this assertion. 
If two observers are in different inertial systems, each will assert that the clock 
of the other observer is slow. This would seem to be a paradox. Let us stop the 
observers and compare their clocks. However, to perform this check, at least one 
of the observers must perform a complete circuit. Upon returning to the point of 
departure, the clocks may be compared. But now the determinations of the ob- 
servers have lost their relativity. The observer remaining in an inertial system is 
justified in applying the above formula. The observer executing the circuit has 
undergone accelerated motion; hence, the formula to = +t V1 — f® cannot be- 
used by him. Thus, after the observer exeeuting the circuit returns and the clocks 
are compared, it turns out that his clock is slow. Moreover, he cannot “dispute” 
this result by reference to the principle of relativity, for this principle is valid. 
only for inertial observers. 


Sec. 158. MASS 


If the mass of a body measured in a system of coordinates to whieh it is bound’ 
is designated by mo, to an observer relative to whom this body moves the mass. 
appears to be 

mo 


vi-e 


The quantity mo is known as the rest mass and the increase in mass with increasing: 
velocity is a natural consequence of the fundamental principles of the theory. 
The velocity of light c constitutes a limiting velocity for any motion or transfer 
of interaction. For v = c, the mass of a body becomes infinite. Of course, the closer 
a body approaches the limiting velocity, the more difficult it is to accelerate it. 

The increase in mass with increasing velocity was first detected for the electrons 
of B-rays as early as the beginning of this century. Since the eleetron velocity v 
and the ratio - may be determined independently (see p. 351), and since the elec- 
tron charge remains unchanged, we are able to check the formula for mass. 

Corrections given by the factor 4 — §? play an important role in the con- 
struction of accelerators of charged particles. The particle velocities attained in 
modern accelerators are so great that, for example, in one of them f reaches a value: 
of 0.9986; thus, the mass becomes 60 times heavier than the rest mass. In all 
experiments conducted under terrestrial conditions with macroscopic bodies, we: 
can disregard the V1 — f? correction to the value of the mass. Nevertheless, it 
is desirable tocheck its validity not only for elementary particles. This is possible- 
by means of precise astronomical observations. It turns out that the change in 
mass of the planet Mercury during its orbital motion explains the small deviations 
of the orbit from an ellipse. 

The momentum formula acquires the following form when we substitute the: 
expression for the mass of a moving body: 


ns 


mMgv 


P= TR 


* This formula has found experi mental confirmation in experiments with ,-mesons.. 
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ye ee 3 ; dp 
alid if it is written as F = = ; 
alid in all cases. 


It should be noted that Newton’s law remains v 


On the other hand, the formula F = ma will no longer be v 


Sec. 159. ENERGY 


In Sec. 10, we obtained an expression for the ener 

a function that increases as the work expended in 

repeat these calculations 
theory of relativity. 

The work of displacing a body by a distance dl is¥ 

a 


gy of a moving body by finding 
ne. We accelerating the body. Let us 
taking into account the corrections provided by the 


147 ap dl; 
Fidl = Gy al = dp Gh = udp, 


se is the velocity] vector. If this work serves to increase the energy € of the 
ody, then 


dé = vdp= vd (mv) = mvdv-- v2dm. 


ince —_ Bhs _ __mvdv_ 
Since m = Vip ; then dm = 2 (— Bp : hence, 


dé—(l+aq=gy) mvdv, ic., 16 = ae 


ee the last expression with the formula for incremental mass, we find: 
dé = c*? dm, i.e., 


é = me?. 


We have dropped the additive integration constant, for when m = 0, € must 
also be equal to zero. 

Thus, the work done on a body serves to increase the function € — me?, which 
has, therefore, the significance of energy of the body. 

The fundamental result of this calculation consists in the following: an increase 
in the mass of a body is accompanied by an increase in its energy (and, hence, an 
expenditure of external energy); onthe other hand, a decrease in the mass of a 
body or system is accompanied by a decrease in its energy (and, hence, a transfer 
of energy to its surroundings). There is a direct and universal relationship between 
mass increment and energy increment, for c? is a constant quantity. 

But what is the nature of the energy €? Is it an energy of motion? Evidently 
not. If the body is at rest, € does not equal zero but equals moc?. Therefore, U = 
== moc” is the rest energy of the body, i.e., the internal energy of the body, and 
the difference mc* — moc? is the energy of motion. 

The first part of the last sentence should be viewed as an assertion that may be 
verified experimentally. As for the energy of motion, mc? — moc, this will be 
recognised as the familiar expression for the kinetic energy of the following approx- 
imation is used: 


ine eB 


vi? 
To this degree of accuracy, 


mec? — Mc? = Moc? ( Vf 
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Example. The internal energy of a body of mass mp = 1 kg is U = moe? = 9 X 1016 J = 
= 2.16 « 10% kcal. This is the equivalent of the quantity of energy that would be released in 
the form of heat in the combustion of 3 million tons of coal. Even in thermonuclear reactions, 
only several per cent of these tremendous reserves of internal energy are released at present. 


Sec. 160. MASS DEFECT 


As was indicated in the preceding article, the expression relating rest mass to 
the internal energy of a body, i.e., U = moc®, may be verified experimentally. 

The internal energy of a body consists of the rest energy of the component parts, 
their kinetic energy and their potential energy of interaction. A change in any 
of these component energies affects the value of U and, hence, the rest mass as 
well. Thus, the rest mass increases if the temperature of the body rises, i.e., if 
the internal motion of the system increases. The rest mass also increases if repel- 
ling components of the system approach one another or if attracting components 
move apart. 

It is clear from the above that the rest mass of a system of interacting particles 
does not possess the property of additivity, i.e., it is not subject to the law of 
conservation. If a body of rest mass Mo consists of N particles, each of mass mo, 
then My 4 Nmpo. The difference 


My — Nmp = AM 
is called the mass defect of the body (or system of particles). The quantity 
c AM 
is called the binding energy. 

If a system breaks up into a number of components, binding energy is released 
and may be measured. Moreover, the rest mass may also be directly measured. 
Thus, the U = moc? law may be verified experimentally. 

Numerical examples show that any change in internal energy related to a change 
in the velocity of motion and the interaction force between molecules and atoms 


cannot lead to a measurable change in mass. Experimental verification of this 
theory is possible in nuclear physics (see p. 426), 


Examples. 1. The mass of 1 kg of molybdenum increases by AM = 0.000000003 g when it 
is heated to 1,000 K. 


2. Ifa steel rod of 128 cm length and 4 cm? cross-section (mass of the rod = 1 kg) is stretched 
by a force of 8 tons, the potential energy thereby stored in it increases its mass by 2 X 10-12 gm. 


Sec. 161. THE PRINCIPLE OF EQUIVALENCE 
AND THE GENERAL THEORY OF RELATIVITY 


Let us consider a noninertial system of coordinates moving with an acceleration 
a. Assume that we wish to describe physical phenomena in this system. Then 
laws of mechanics in this system will appear different than in an inertial system, 
for F = ma is valid only for the latter. A stationary body will have an accelera- 
tion — do relative to this system. 

If we maintain the terminology used for an inertial system and assume that 
acceleration is produced by forces, then the “force” field —mag acting on all bodies 
in an accelerated system may be called an acceleration field and an analogy may 
be drawn between this field and a gravitational field. 

In exactly the same manner, we may introduce additional “force” fields in con- 
sidering phenomena in a rotating system of coordinates and, of course, in the 
general case. The fictitious force fields that we have introduced for the description 
21—01028 
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of motion from the viewpoint of a noninertial system of coordinates may be called 


fields of inertial forces. The force — map is an inertial force. 


The motion of a point having an acceleration a relative to SU 
system will obey the equation 


ch a noninertial 


ma =F-+- inertial forces. 


Expressions for inertial forces may be found in textbooks on theoretical physics. 

It is important to direct our attention to the theoretical side of this ieee 
In noninertial systems, fictitious force fields appear. To each such acceler 
field there corresponds a fictitious distribution of attracting mass. ee 
field created by accelerated motion may be interpreted, generally a hao i ei 
a gravitational field. In this sense, we sometimes speak of the equivaience 0 
gravitation and acceleration. 4 1 ’ 
Let us consider several simple examples. Assume that we are 1} an. me 
falling with an acceleration a. Let us drop a ball and examine the nature of its 
fall. As soon as the ball is dropped it be- 

gins, from the viewpoint of an inertial 


ly with acceleration g. 
observer, to fall free Dene errapess 


a 
Since the elevator is I Se 
ation a, the acceleration relative to the 
| | | \ | | y elevator floor is g — 4. An observer in the 
= elevator can describe the motion of the 
fest 


falling body by means of the acceleration 
B* Sy aa ie other words, the observ- 


‘A ie er in the elevator need not speak of fe 
\W Gy e accelerated motion of the elevator ae 
iH! he has “changed” the acceleration of the 


gravitational field in his system. 
Now, let us compare two elevators. One 
Fig. 185 is suspended over the Earth and the 
other moves in interplanetary space with 
an acceleration a relative to the stars. All bodies in the elevator suspended Over 
the Earth are able to fall freely with acceleration g. But bodies inside the in- 
terplanetary elevator have a similar capability. They “fall” with an acceleration 
—a to the “bottom” of the elevator. The role of bottom is played by the wall 
opposite to the acceleration direction. 
Thus, the action of a gravitational field and the manifestation of accelerated 
motion are indistinguishable. 3 
The behaviour of a body in an accelerated system of coordinates 1s the same as 
the behaviour of a body in the presence of an equivalent gravitational field. How- 
ever, this equivalence is complete only if we limit ourselves to observations over 
small portions of space. Thus, imagine an “elevator” having linear floor dimensions 
of several thousand kilometres. If such an elevator is suspended over the Earth, 
the phenomena occurring in it will differ from those occurring in an elevator moving 
with an acceleration g relative to fixed stars. This is clear from Fig. 185. In one 
case bodies fall obliquely to the bottom of the elevator, while in the other case 
perpendicularly. : : 
Thus, the principle of equivalence is valid for such volumes of space in which 
the field may be considered uniform. 
The above qualitative considerations lie at the basis of the general theory of 
relativity.’ This theory was also developed by Einstein. In it, he sought formulations 
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for the laws of nature, independent of the choice of coordinate system. Until now, 
we have assumed that this was possible only for inertial systems of coordinates. 
The principle of equivalence shows that the absoluteness of acceleration may be 
destroyed by a gravitational field. An accelerated system of coordinates may be 
viewed as an inertial system if we introduce an equivalent gravitational field. To 
be sure, as we have just seen, such equivalence is limited in time and space. How- 
ever, Hinstein showed that this restriction may be removed if, corresponding to 
the introduction of the gravitational field, a change in the geometry of the system. 
is introduced. 


CHAPTER 25 


The Quantum Nature of a Field 


Sec. 162. PHOTONS 


On a number of occasions we have indicated that radiation and absorption of 
electrical energy occur in packets, or quanta. The magnitude ofa quantum depends 
only on its radiation frequency and is equal to hv, where h is a universal constant 
equal to 6.62 x 10-27 erg s. It! should be noted that the quantum nature of 
radiation and absorption has been established already for the entire electro- 
magnetic spectrum, i.e., from hard y-rays to long radio waves. 

The phenomena of radiation and absorption characterise, in the first place, the 
microsystem interacting with the electromagnetic field of a wave. The quantum 
nature of these phenomena (which we shall discuss in detail in Part III) shows 
that a microsystem has distinct energy levels and that the values of these energy 
levels cannot be arbitrary. These facts by themselves would not have led to the 
conclusion that this quantum nature is characteristic of an electromagnetic field 
as well as of matter if an electromagnetic wave in its interaction with matter did 
not behave, in a number of cases, as a particle. The corpuscular properties of 
electromagnetic radiation are manifested when losses and transformations of 
electromagnetic energy occur. The shorter the wavelength, the more distinct the 
effects. These properties, on the other hand, are not manifested during propagation, 
scattering and diffraction of electromagnetic waves if these processes are not 
accompanied by energy losses. : . 

A corpuscle of an electromagnetic field is called a photon. It is characterised, in 
the first place, by the magnitude of its energy: 


6 = hy. 


Using the law of equivalence of mass and energy, we are entitled to ascribe to 
a photon the mass 


Since an electromagnetic field is propagated with a velocity c, it must be con- 


cluded from the formula m = 7a 7 that the rest mass of a photon is equal 
to zero. ; 
Assuming the concept of momentum applicable to a photon, we obtain 


=me=— 
p=me=—, 


It should be recalled that the Lebedev experiments (see p. 242) directly demons- 
trate the validity for light of the formula p = Ll , the relationship between the 


c 
momentum density and energy density of an electromagnetic wave. The formula 
for photon momentum is in complete agreement with this result. 

As may be seen from what follows numerous experiments convincingly show 
that photons exist. On the other hand, a mass of experimental evidence prevekts 
us from abandoning our view of an electromagnetic field as a continuum. The 
sharpest contradictions arise in considering interference phenomena. These phe 
nomena are elegantly explained by the wave nature of the field, but are complete- 
ly inexplicable from the corpuscular viewpoint. 
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Values of 6, m and p for Photons of Various Types 
of Electromagnetic Radiation 


| x | é | m (gz) p (g/em/sec) 
Radio waves... ... 2,000 m| 410-% erg=0.62x 10-9 eV | 1.4.x 10-42 | 3.3 x 10-32 
Visible light... .. . 6,000, A 3.3 10-12 erg=2 eV 3.6 x 10-33 | 1.4 10-22 
a a ore 4A | 19.8% 40-9 erg=12,400 eV | 2.2% 40-29 | 6.6 10-29 


Thus, consider a simple interference arrangement—two close apertures through 
which light may be transmitted. The following experiment is easily performed. 
First, let us photograph the transmitted light when both apertures are open. We 
obtain the pattern discussed earlier, namely, alternate bright and dark fringes. 
Now, let us close each of the apertures in succession and take the photograph on 
one plate. The result, of course (from the viewpoint of wave theory), will be differ- 
ent, i.e., there will be no interference. 

Let us now consider how this experiment may be interpreted in corpuscular 
terms. It is conceivable (by stretching one’s imagination) that photons fall un- 
equally on different parts of the photographic plate owing to rebound from the 
edge of the aperture or collision with one another. But the patterns obtained difier 
depending on whether the light passes through both apertures simultaneously or 
consecutively. Photons passing through one aperture “know” whether the other 
aperture is open or closed. 

This experiment and many others show that it is quite impossible to reduce 
electromagnetic phenomena to only a field pattern or to only a system of photons. 
Each concept is exceedingly fruitful in the case of one group of phenomena, but 
fails in the case of the other. 

During the last few decades, physicists have energetically sought ways of rec- 
onciling these two contradictory views of electromagnetic radiation. A field is 
a reality characterised by continuous values of field intensity in space and time; 
a corpuscle is a reality occupying a certain limited region of space at a given 
instant. These contradictory qualities are combined in electromagnetic radiation. 
In Chapter 27, we shall see that these contradictory properties are combined 
not only in the case of electromagnetic radiation, but in the case of matter as well. 
However, physics has made considerably more progress in understanding matter 
than in understanding an electromagnetic field. The dual nature of particles of 
matter is described by the Schrédinger equation (see p. 369); interactions between 
corpuscles and waves for such particles are understood quite well. 

Unfortunately, the situation is much worse as regards electromagnetic field 
(radiation) theory, commonly referred to as quantum electrodynamics (for a 
detailed discussion, see p. 451). Such a complete theory does not exist. In view of 
the fundamental contradictions existing in quantum electrodynamics, its partial 
successes, expressed in the establishment of new relationships between field and 
particles, cannot be generalised. Hence, the interrelation between photons and 
electromagnetic field remains unclear. 

The rules of “translation” from corpuscular terminology to wave terminology, 
and vice versa, are based on the following: an electromagnetic wave of length 4 


and intensity J may appear as a stream of photons of frequency v = + and inten- 
sity J = Nhv, where N is the number of photons passing per unit time through 
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unit area. The direction of motion of the wave front is the direction of motion of 
the photon. 

We shall not discuss in corpuscular terms the very complex problem of the 
polarised state of light. To do this, it is necessary to assume that a photon has 
a selected direction, or spin (see p. 386 regarding electron spin). 


Sec. 163. PHOTOELECTRIC EFFECT 


The escape of electrons under the action of electromagnetic waves constitutes 
important confirmation of the indispensability of the corpuscular viewpoint. 
This phenomenon will be considered here from this viewpoint, and again in 
Sec. 287 when we discuss the action of light on metals and semiconductors. 

Since the escape energy of an electron from a metal (see p. 550) is not less than 
2.2 eV, the photoelectric effect becomes possible when hv re 3.0 X 10 erg; 
i.e., for frequencies of the order of 0.5 x 10! Hz (A = 6,000 A). 

Einstein proposed that the photoelectric effect be viewed as an effect of collision 
between a photon and an electron. In this process, the photon gives up all of its 
energy and ceases to exist. If A represents the work function of electron, i.e., the 
work required to overcome the binding force between the electron and the sub- 
stance, the law of conservation of energy has the form 


2 
hv =A-+ s : 
where ye is the kinetic energy of the photoelectron, the electron dislodged from 


the substance. 

The first means of checking the validity of the photon hypothesis consists in 
verifying the linear dependence between photoelectron kinetic energy and fre- 
quency of incident radiation. 

The photoelectron energy is determined by the bias potential method. If the 
surface of the substance from which the electrons are dislodged constitutes a con- 
denser plate, current flows through the 
circuit in which this condenser is con- 
nected. Current ceases to flow when an 
appropriate bias voltage is applied to 
the condenser. This condition is given 
by 


Y,, volts 


2 
r mv 
eu, = an 


It should be realised that the greater 
10 14. vx0® 7g the depth from which the electrons 
are dislodged, the smaller the veloc- 

Fig. 186 ities. Therefore, current ceases to 
flow when the electrons closest to 

the surface are prevented from escaping. By experimentally determining 
eU,, for various frequencies v of electromagnetic radiation, curves of UU, vs. 
v may be plotted. The ideal straight lines obtained are shown in Fig. 186, 


The slope 2 of the straight line eV, = hv — A may be calculated from other 


data, providing another independent means of checking the validity of the theory. 
Nevertheless, the above experiment cannot be considered the direct proof of the 
photon hypothesis. The possible objection is that the photoelectron may gradually 
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accumulate the energy transmitted to it by an electromagnetic wave. This objec- 
tion was answered by the classical experiment of A.F. Yoffe and N.I. Dobronravov. 
Farlier, Yoffe had investigated the photoeffect by means of a particle of dust sus- 
pended between the plates of a condenser. Owing to inevitable air friction, the par- 
ticle of dust carries a charge and, hence, its weight may be counterbalanced by an 
electric field. For equilibrium g# = mg, where m is the mass and q is the charge 
of the particle of dust. In the photoeffect process, the particle of dust loses an 
electron and, hence, depending on the sign of q, changes its charge by q + ¢ or 
q — e. The particle of dust is then no longer in equilibrium and begins to move 
towards one of the condenser plates. To counterbalance the dust particle, it is 
necessary to change the field. The equilibrium condition is now 


(q + e) By = mg. 


In this manner, Yoffe determined the charge of an electron. 

Now, let us describe the Yoffe and Dobronravov experiment. Here, too, the 
behaviour of a dust particle suspended between the two plates of a condenser was 
observed, but now the goal was different. ‘The anode of an X-ray tube served as one 
of the condenser plates. A voltage of 12,000 V was applied to the tube and the 
X-rays were created by an exceedingly weak electron flux of about 1,000 elec- 
trons per second. 

As is well known, X-rays are created when an electron strikes an anode. But 
what is radiated by the anode? Is it a continuous electromagnetic field or 4,000 
photons per second? The dust particle between the condenser plates enables us 
to obtain the answer. The X-rays dislodge electrons from the dust particle. But 
how do they do this? 

The Yoffe and Dobronravov experiment showed that, on the average, one elec- 
tron was dislodged from the dust particle every 30 minutes. If the X-rays were 
propagated in the form of a continuous field, then at each instant the dust particle 
would have obtained a very minute amount of energy, insufficient of course to 
dislodge an electron. This energy would have been evenly distributed among all 
the electrons of the dust particle. From the wave viewpoint, a quite inconceivable 
conclusion would have to be drawn from the Yoffe and Dobronravov observations, 
namely, that once every 30 minutes all the electrons transfer energy to one elec- 
tron, which then escapes from the dust particle. 

The photon hypothesis not only explains the phenomenon qualitatively but 
quantitatively as well. The dust particle in the above experiment consisted of 
a bismuth spherule having a radius of 3 x 10~° cm. It was located at a distance of 
0.02 em from the anode, from which X-rays emerged in all directions. The pro- 
nm (3X 1075)2 4 

4m (0.02)2 1,800,000 
4 second 1,000 photons are dislodged, on the average 1 photon will strike the dust 
particle every 1,800 sec (30 minutes), which agrees with the experimental result. 


bability of a photon striking the dust particle is . Since in 


Sec. 164, FLUCTUATIONS IN LUMINOUS FLUX 


The experiments of S.I. Vavilov devoted to the study of fluctuations in luminous 
flux of low intensity provide important experimental corroboration of the photon 
theory. 

It turns out that the eye’s threshold of sensitivity to light is exceedingly low. 
The human eye is capable of perceiving approximately 100 photons per second 
falling on the cornea. If the luminous flux fluctuates about this value, light will 
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not be perceived by the eye when the number of photons drops below the threshold 
value. 

In the Vavilov experiments, the investigator observed a beam of light that 
was discharged every second for a time interval of 0.4 sec. When the value of the 
luminous flux exceeded the threshold of sensitivity, the eye perceived every flash 
of light. When the light intensity was decreased, some of the flashes were no longer 
perceived by the observer. The lower the light intensity, the greater the number of 
flashes that were not perceived. Thus, fluctuations in the number of photons in the 
luminous flux were directly observed. It is difficult to provide more direct evidence 
of the corpuscular nature of light. 

Other experiments performed by Vavilov clearly show that such typically wave 
phenomena as interference cannot be explained by the photon hypothesis. Using 
a Fresnel biprism, Vavilov divided a beam of light into two coherent components. 
These components yielded an interference pattern. At the same time, fluctuations 
in both beams of light were completely independent. This circumstance again 
shows that it is quite impossible to explain interference as some statistical dis- 
tribution of photons. 

Wave properties are inherent in every photon rather than in a stream of photons. 
Thus, a photon can in no way be viewed as an “ordinary” particle. 

At this point, we must digress somewhat. In creating a model of the invisible 
world, we endow elementary particles with properties borrowed from the world 
of things (materials) around us, or, as they say in physics, from the macroworld. 
Thus, for example, atoms are conceived as spherules. Needless to say, an atom 
spherule only partially reflects the properties of a material spherule. Everyone 
knows, for example, that such properties inherent in a material spherule as colour, 
roughness and odour cannot be transferred to an atom spherule. The more we 
penetrate into the microworld, the more difficult it is to endow elementary particles 
with material properties. 

Components of an atom or atomic nucleus and particles of light resemble a 
material spherule even less than an atom does. In the case of a photon, we saw that 
it is possible to combine ina microparticle conflicting properties of the macroworld. 

f course, in the macroworld, a particle is a particle and a wave is a wave. A par- 
ticle occupies a limited region of space and travels along a definite path. A wave is 
distributed continuously in space and the energy is transferred to one or another 
Tegion from all points in space. For materials, these two views are irreconcilable. 
But we have no right to impose the behaviour of materials on particles of the 
microworld. 

Cognition of the microworld does not consist in the creation of a model resem- 
bling the pictures familiar to the human eye. The infinite process of cognition con- 
sists in the investigation of the regularities of phenomena, the determination of 
objectively existing causal relationships between phenomena. In this manner, 
a complex picture of the microworld, whose essence cannot be transmitted by any 
ingenious model borrowed from the macroworld, is obtained. 


Sec. 165. KIRCHHOFF'S LAW 


It has been experimentally established that two bodies having different tem- 
peratures tend to equalise their temperatures even when the bodies are in a vacuum. 
The energy exchange occurs by means of electromagnetic waves radiated by the 
atoms of these bodies. 

As was indicated above, a specific system of energy levels is associated with 
every atom. When an atom absorbs energy, its energy level rises; when it radiates, 
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its energy level decreases. During every radiation process, an atom releases into 
space an electromagnetic energy hvmn = Em — €,, where € is the energy level 
before radiation and @, the level after radiation. The radiated wave has a fre- 
quency Vmn- This wave arrives at the other body and is absorbed by it. In this 
case, the energy level of the atom absorbing enery is raised from @, to €».- 

The same thing may be expressed in terms of photons. Thus, it may be stated 
that during every radiation process a photon of electromagnetic energy hv is 
released; during absorption the photon is captured by an atom and its energy serves 
to raise the energy level of the atom. 

All the atoms of the bodies participate in the energy exchange—sometimes a 
photon is absorbed, sometimes a photon is radiated. Depending on the random 
circumstances, the most varied energy transitions may occur and, in principle, 
electromagnetic waves of any wavelength may participate in the energy exchange. 

Let us assume that the bodies participating in the heat exchange form a closed 
system, i.e., the system of bodies under observation is surrounded by an envelope 
that prevents radiation from passing through. Then, after a certain interval of 
time, these bodies reach a state of equilibrium and assume the same temperature. 
This does not mean that electromagnetic radiation ceases. As before, a transition 
will sometimes occur to a higher energy state of an atom and sometimes to a lower. 
But if the equilibrium state has been reached, then for each body, at each instant. 
of time, equal quantities of energy will arrive and leave. This is true for radiation 
of any wavelength. In general, the radiation arriving at a body is only partially 
absorbed, raising the energy levels of its atoms from the lowest energy level to the 
highest one. The other part of the incident radiation is scattered, i.e., reflected, by 
the body. 

Atoms do not maintain their high energy levels long: in returning to their original 
State, they give up the absorbed energy in the form of radiation. If the energy 
incident on a unit area in 1 sec is designated by o, the absorbed energy may be 
expressed as Ap. The dimensionless coefficient A, indicating the fraction of energy 
that is absorbed, is known as the absorptivity of the body. Evidently, if 


Ap= 6, 


where € is the energy radiated from 1 cm? of surface in 1 sec, the body is in equilib- 
rium with its surroundings and its temperature does not change. 

But what is the condition for thermal equilibrium of many bodies, which may 
have, of course, different absorptivities and different radiations? On the basis of 
thermodynamical considerations, Kirchhoff showed that equilibrium is possible 
only if the intensity of the electromagnetic waves incident on a body is the same 
for all portions of the bodies in equilibrium with one another. Thus, 

Gy és ae 63 


Ge Aaa, eres 


This relationship is known as Kirchhoff’s law and is valid for any wavelength and 
any temperature. It states that the ratio of the emissive power of a bcdy to its 
absorptivity is a constant for any wavelength and temperature. 

This means that a body that is a good absorber of certain rays is also a good 
radiator of these rays, and vice versa. Why does the temperature of water in a 
bottle coated with silver rise slowly, and the temperature of water in a dark flask 
rise rapidly, under the action of solar rays? In the first case there is little absorp- 
tion of solar energy, while in the second there is considerable absorption. Now, 
let us assume both vessels are filled with hot water and placed in a refrigerator. 
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The water in the dark flask cools much more rapidly since the better absorber is 
also a better radiator. 

A striking experiment may be performed with coloured ceramic. If the colour 
of a body is, for example, green, it will not absorb green light. Thus, if we heat a 
green crock, it is seen that it begins to assume a colour complementary to green. 

It should not disturb us that we have applied a law established for equilibrium 
to phenomena involving bodies clearly not in equilibrium (the body is at a higher 
temperature than its surroundings). The situation here is exactly the same as in 
the case of other thermodynamic problems (cf. p. 123): the laws of thermodynamics 
are applicable if every instantaneous state may be viewed as an equilibrium state. 
In thermal radiation phenomena, this condition is always satisfied. 


Sec. 166. BLACK-BODY RADIATION 


Kirchholt’s law has an interesting consequence. Bodies exchanging heat by 
means of radiation receive (for given values of v and 7) the same electromagnetic 
wave intensity from their neighbours, independent of the material and properties 
of the bodies. For every wavelength (or, what amounts to the same, every fre- 
quency) and for every temperature, experiments yield a universal value for 0. 


Radiation intensity 


Fig. 187 Fig. 188 


Thus, there exists a universal function p (v, 7), i.e., a function of the radiation 
frequency and temperature, characterising the process of thermal exchange by 
radiation. 

The meaning of the function p (v, 7) is easily explained. Consider a body absorb- 
ing 100 per cent of the energy incident on it for all wavelengths. For such a per- 
fectly black body, A =1 and 


é=0(v, DY): 


The function p (v, 7) is the emissive power of a perfectly black body. But what kind 
of body absorbs light of all wavelengths? Of course substances such as lampblack 
(soot) are almost perfectly black. However, all such substances fall short by several 
per cent of the condition A = 1. A more ingenious solution exists. Imagine a box 
having a small aperture. If the aperture’s dimensions are made sufficiently small, 
it may be made perfectly black. This property of apertures is well known from 
everyday observations. A deep hole, an open window nonilluminated from within 
the room and a well are examples of perfectly black “bodies”. It is clear what hap- 
pens in these cases: a beam entering a cavity through an aperture is able to emerge 
only after repeated reflections (see Fig. 187). But with each reflection, part of the 
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energy is lost. Therefore, in the case of a small aperture and a large cavity, the 
beam is unable to emerge, i.e., it is completely absorbed. 

To measure the emissive power o (v, 7) of a perfectly black body, a long tube 
made of refractory material is placed in an oven and heated. Through an aperture 
in the tube, the nature of the radiation is studied by means of a spectrograph. The 
results of such experiments are shown in Fig. 188. The radiation intensity is 
plotted as a function of the wavelength for several temperatures. It is seen that 
the radiation is concentrated in the relatively narrow spectral interval of 1 to5 um, 
Only at high temperatures do such curves take in portions of the visible spectrum 
and begin to advance in the direction of short waves. Waves whose wavelengths 
are several microns long are called infrared waves. Since for ordinary temperatures 
they are the main carriers of energy, we call them heat waves. 

The higher the temperature, the more distinct the maximum of a thermal radia- 
tion curve. With increasing temperature, the wavelength 4,, corresponding to the 
maximum of the spectrum is displaced in the direction of shorter wavelengths. 
This displacement obeys the Wien law, which is easily established experimentally: 

2,886 


Am fT e@ 
In this formula, the wavelength is expressed in microns and 7 in degrees Kelvin. 
The displacement of radiation in the direction of shorter wavelengths may be 
detected when a metal is heated. As the temperature increases, the colour of the 
heat changes from red to yellow. 

We call the reader’s attention to another feature of the radiation curves, namely, 
it will be noted that all the ordinates increase sharply with increasing 7’. If €, is 
the intensity for a given wavelength, the total intensity of the spectrum is ex- 
pressed by the integral 


R= Ve, dh. 


This integral is simply equal to the area under the radiation curve. Exactly how 
rapidly does R increase with increasing 7’? Analysis of the curves shows that it 
increases very rapidly, namely, proportionally to the fourth power of the tem- 
perature: 

R = of* ergs/cm?’sec, 


where o = 5.7 x 40-° (CGS units). This is the Stefan-Boltzmann law. 

Both laws are important in the determination of the temperature of hot bodies 
at great distances. In this manner, the temperature of the Sun, stars and the ball 
of fire of an atomic explosion are determined. 

The laws of thermal radiation are basic to the determination of the temperature 
of smelted metal. The operation of optical pyrometers is based on the selection 
of the heating for an electric bulb filament in such a manner that the luminosity 
of this filament becomes the same as the luminosity of the smelted metal. We 
make use of the following law: if radiations are the same, so are the temperatures. 
As for the temperature of the heated filament, it is directly proportional to the 
electric current flowing through the filament. Hence, it is not difficult to calibrate 
an optical pyrometer. Since actual bodies are not perfectly black, it is necessary 
to introduce in each case in the Stefan-Boltzmann formula a factor less than unity 
(the absorptivity of the given body). These factors are determined empirically 
and are significant in heat engineering where problems of heat exchange by radiation 
are extremely important. Nevertheless, the above laws are valuable since the 
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general behaviour of radiation (dependence on temperature and wavelength) is 
maintained for bodies that are not black as well. The theoretical aspects of black- 
body radiation are discussed in the following article. 


Sec. 167. THE THEORY OF THERMAL RADIATION 


Let us consider a cavity within which absorption and radiation of electromagne- 
tic waves occur. It is immaterial whether this cavity is in the form of a sphere or 
a rectangular parallelepiped. The walls of the cavity radiate and absorb equal 
quantities of energy, i.e., the entire system is in equilibrium. Within the cavity 
there is an electromagnetic field which is in equilibrium with the walls: at all 
points the energy density of the field, w = ae (E? + H*), is constant in time. 

This electromagnetic field may be viewed in two diflerent ways. From one view- 
point, there are standing electromagnetic waves in the cavity, just as there are 
standing sound waves in a closed room with sound sources. From the other view- 
point, in view of the quantum nature of the field, it may be stated that the space 
under consideration is filled with photons, just as a vessel containing gas is filled 
with molecules. 

From the wave viewpoint, the number of frequencies of electromagnetic oscil- 
lations occurring in the cavity may be easily determined. The reasoning used for 
sound waves (see p. 102) is completely applicable here too. The number of characteris-~ 
tic frequencies of electromagnetic oscillations less than v is equal to 

3 
+ Tt = Vy 
where ¢ is now the velocity of electromagnetic waves and V is the volume of the 
cavity. This formula gives the number of oscillations for the case of linearly pola- 
rised waves. In the case of thermal radiation, we are dealing with nonpolarised 
oscillations, which may be always resolved into components along two axes. 


: , ‘ 3 

Here, the number of oscillations is twice as large and is equal to 4 mt 5 V. Differ- 
entiating, we obtain the number of oscillations in the frequency interval from v 
to v -+ dv: 

2 
Sav" V dv. 
A 

Now, let us consider the situation from the “other side of the coin”. From this 

viewpoint, the cavity is filled with oscillations of frequency v—in other words, 


with photons of energy ¢ = hy. The expression ie V dv may be viewed as the 


2 
number of photons in the cavity, and = dv as the density of the photon gas. 


We shall soon be able to answer the following important question: what is the 
electromagnetic energy density in the cavity? If photons of all energies were created 


A 2 
in equal numbers, it would merely be necessary to multiply « by = dy to obtain 


the energy density for frequencies in the interval dv. However, the particle energies 
are not distributed uniformly. Therefore, the formula being sought has the form 


8rv2 
ic3 


Wy dv = eW (e) dv, 


where W (e) is the probability of a photon of energy e being created. 
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Thus, the electromagnetic energy density for waves (photons) of frequency v 
is given by the formula 


Srv" eW (e). 


Wy = 
¥ c 


The energy flux through a unit area, i.e., the Poynting vector K, is c times wy 
(see p. 245). But the energy flux p radiated from a unit area of a body in equilibrium 
with the field is one-fourth of the value of the Poynting vector: 9 = + K. Thus, 
between w and 9, the following relationship exists: p = zw. What is the origin 


of the coefficient +? Since, on the whole, this is not a very important matter, the 
following simplified explanation should suffice. 


Every unit area radiates an energy flux p in all directions within the limits of 
a hemisphere, i.e., a solid angle 2x. Thus, the average radiation within a unit 


solid angle is equal to - From geometry considerations, it is clear that the 
radiation is equal to zero in the plane of a unit area and a maximum along its 
normal. If the decrease in radiation intensity were uniform, to obtain the average 
value ~ it would be necessary for the radiation along the normal to be equal to + ‘ 


2m 
Now, consider a sphere filled with radiation. At the centre of the sphere there 


is a unit area through which there is an energy flux K. On the other hand, however, 
the radiation falling on this area from all parts of the sphere is equal to £ x 4a. 


Hence, p = TK ; 
Thus, using the formula for the volume density of electromagnetic radiation, we 
obtain an expression for the emissive power of a black body by multiplying w,, by = 
Qnv2 


Py =—z— EW (e). 


Further investigation of this function involves evaluation of W (e), the energy 
distribution probability. Historically, the first formula for py was proposed in 
1911 by Rayleigh and Jeans independently of each other. It has the following form: 

20kT 


cA 


v2, 


y= 


This formula was obtained by assuming iniform distribution of energy per degree 
of freedom, i.e., W independent of e. It is valid for long wavelengths and high 
temperatures. 

Another possibility for W (e) is to use the Boltzmann law, which was so success- 


E 
ful in the case of molecular gases. Then, W (e) = e *?, However, as may be seen 
from Fig. 189, both the Wien emissive power formula, 


Beas hve iF 
Pv=—a : 


and the Rayleigh-Jeans formula do not agree with experimental results. 
Where is the fallacy in reasoning in these cases? It must be sought in the inap- 

plicability of the statistical reasoning lying at the basis of Boltzmann’s law to an 

aggregate of photons. As we have already emphasised, photons give us a one-sided 
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Fig. 189 


picture of an electromagnetic field. The reality of the field cannot be completely 
represented by a collection of particles. It is, therefore, natural that photons should 
have their “own statistics” (Bose-Einstein statistics). 

To obtain the new function of particle energy distribution replacing the Boltz- 
mann law, all we need do is take proper account of the fact that the wave nature 
of the field makes the concept of a difference between identical particles meaning- 
less. Bose-Einstein statistics is founded on this new basis (see p. 542). It leads to 
the following law of photon energy distribution: 


1 


hv 


AT _4 


W (e) = 


é 
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Therefore, the formula for the emissive power of a perfectly bla 
following form: ck body has the 
__ 2m? hv 
Pv = Tea Savin __4 * 


This formula was first obtained by Planck and is named after him TI “ 
agreement between this theoretical formula and experimental eels tea excellent 
nature of the deviations of the Wien and Rayleigh-Jeans formulas sis link: ne 
in Fig. 189. Vey eaestnatad, 

The Wien and Stefan-Boltzmann laws considered above follow 
formula. To prove the first of these laws, it is necessary to solve t 
an extremum, i.e., find the root of the equation 


from Planck’s: 
he problem for 


OPy 
wo 


To prove the second law, it is necessary to find 


\ Oy dv. 


We leave these calculations to the reader. 


Sec. 168. STIMULATED EMISSION OF RADIATION 


Let us return to the cavity within which there is an electromagnetic field hi 
is in equilibrium with the walls of the cavity. But now we shall view this a mas 
from the microscopic viewpoint. Here, photons are emitted by excited ie 
us concentrate on hv-photons. The gas of these photons is in equilibrium with ne 
atoms which emit and absorb light with the frequency v, i.e. with the atom Se 
sessing the energies ZH, and £,, where EL, — Ey = hv. o Boe 

When the equilibrium is settled, the numbers of atoms N, found in level £ 
and atoms WV, found in level #, will remain unchanged. Since the distributio f 
atoms according to energies obeys the Boltzmann law, we have me 


Ni __ (B,—-E,)/kT —. ghv/hT 
Pane 2—Ey)/kT —. ghv/kT 

Equilibrium of the system is, of course, of the dynamic character, i.e. the atoms 
jump from a lower level into an upper level, as also in the reverse direction. pho- 
tons being now absorbed, now emitted. Since equilibrium takes place, the etl a 
of transitions in both directions per unit time are equal to each other. 

Two processes seem to be obvious here. The first of them is the absorption of a 
photon which occurs when the latter meets an atom in the lower level Fy; as a re- 
sult the atom gets “excited”, i.e. it jumps into level #,. The number of such events 
can be written in the form 

BNwW (e). 


Here B is a proportionality factor, and our formula states that the number of 
transitions of the atoms from a lower level to an upper one (i.e., the number of 
photon absorptions) is proportional to the number of atoms of energy E, and to 
the number of photons of energy s. 

The second process, whose existence is obvious, consists in spontaneous tran- 
sitions of the atoms from an upper level to a lower level. Since the position of an 
atom in level #, is unstable, they will gradually jump into the lower level. The 
number of such transitions per unit time must be proportional to the number of 
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excited atoms in the system: 
AN», 


where A is another proportionality factor. 

If we equate AN, to BN,W (e), then for W (e) we shall obtain the Boltzmann 
distribution law, i.e. the same statistics which is obeyed by the atoms. But this 
assumption, as we saw in the preceding section, leads to a sharp contradiction 
with the experiment. Hence, in addition to these two processes, there is one more 
which takes part in creating the above mentioned balance. 

After Planck had published his formula, Einstein pointed out at once that eve- 
rything would be explained if we assumed that falling onto an excited atom, a 
photon of energy hv stimulates its emission with the same frequency. Also, the 
probability of this process must be the same as the probability of absorption, i.e. 
the number of the acts of stimulated emission per unit time is equal to 


BNW (e). 
Equating now the numbers of transitions in opposite directions, we get 
AN, + BN2W (s) = BNiW (es), 
or 


A/B 

The limiting values of W (2), namely W (e) = eT/hy for small hv/kT (Rayleigh- 
Jeans) and W (e) = e-hv/kT for large hv/kT are known to us. This causes us to 
set A = B. In such a way we demonstrate the way to the formula for photon sta- 
tistics 


1 
W (2) = ein? 4° 


We see that the spectrum of a black body is explained only by introducing 
the concept of stimulated emission of radiation. 

We can show that stimulated emission of radiation must essentially differ from 
spontaneous emission. Spontaneously emitted photons have different directions 
and random phases, while those which came into existence due to the meeting 
of the hv-photon with an excited atom have the same phase and the same direction 
as the primary photon. Thanks to these features of stimulated emission of radia- 
tion, we can obtain fantastic powers of light fluxes in devices called lasers (for Light 
Amplification by Stimulated Emission of Radiation), or quantum-mechanical 
oscillators (or amplifiers) 


Sec. 169, LUMINESCENCE 


We speak of luminescence when molecules can be brought to an excited state 
without increasing their average kinetic energy, i.e. without heating. 

Luminescence does not obey Kirchhoff’s law. Luminescence intensity, by defi- 
nition, does not exceed the intensity of radiation of the same wavelength emitted 
by an absolutely black body. 

We distinguish between two types of luminescence: fluorescence and phosphores- 
cence. A phenomenon is called fluorescence (from the Latin fluor for flow) if it con- 
sists in a spontaneous transition of a molecule from the excited state F into the 
lower level N (Fig. 1892). The duration of fluorescence is usually less than 1077 sec 
and in any case less than one second. 


ce 
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If an excited molecule or atom jumps from an excited level into a metastable 
level, then phosphorescence may occur (from the Greek phos for light and phoros 


for carrying). Metastable is the name given 
to such alevel transitions from which 
to a lower level are hardly probable. Em- 
ission now can be caused only by a mole- 
cule returning from level / to the previ- 
ous excited level F. At high temperatures 
the molecule returns rapidly, at lower tem- 
peratures it does slowly. Thus, phos- 
phorescence, in contrast to fluorescence, 
depends on temperature. 

Luminescence can be caused by vari- 
ous factors: by a chemical reaction, by 
friction, and so on. The principal types 


F 


M 


Phosphores- 
cence 


Fluores- 
cence 


Fig. 189a 


of luminescence are photoluminescence 


and electroluminescence occurring by virtue of light absorption and impacts by 


charged particles. 


Photoluminescence cannot have a higher frequency (i.e. a greater energy quan- 
tum) than the exciting light. Red fluorescence is excited by orange light, yellow 


by green, green by blue, and so on. 
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PART THREE 


Structure and Properties 
of Matter 


CHAPTER 26 


Streams of Charged Particles 


The simplest form of matter is an aggregate of charged elementary particles— 
electrons and ions. Systems of charged particles are encountered in the form of 
beams of particles in which all the particles have a common velocity and move in 
a single direction and in the form of a gas in which the particles move randomly. 
Intermediate states are, of course, also possible. In this chapter, we shall consider 
the basic physical phenomena of such systems and describe the equipment in 
which beams and gases of charged particles are used. Problems of electron emis- 
sion, directly related to the solid state physics, will be discussed in Chapter 37. 


Sec. 170. MOTION OF CHARGED PARTICLES IN ELECTRIC AND MAGNETIC FIELDS 


A force f = eff +- < [vB] is exerted on a charged particle in an electromagnetic 


field (see p. 201). If the fields F and B are given as functions of coordinates and time, 
and if the initial velocity and location of the particle are known, then for a particle 
moving with a velocity v <c the particle trajectory r (f) may be determined from 
the fundamental law of mechanics: 
ar 
ae 

It is usually mathematically difficult to obtain an exact solution to this problem. 
An idea of the general nature of motion in a field may be obtained from an exami- 
nation of the motion of a charge in a uniform field. 

A Particle in an Electric Field. Assume that a particle enters a field at an angle 
90° +- o (see Fig. 190). For the choice of coordinates shown in the figure, the equa- 
tions of motion take the form: 


dv ag 
y e€ Vy 
— = — — and —==0. 
dt m E a dt 0 
Whence, 
e@ an 
Dp == —— Et +voy, Dy = Vox: 


Integrating again, and assuming « = 0 for t = 0, we obtain 


1 e 
y= ae —, HP + Vogt, c= Voxt. 
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Eliminating time, we obtain an equation of a parabolic curve which describes the 
motion of the electric charge (dotted in Fig. 190). 

If the particle enters the field at right angles (vp, = 0), its path is described by 
the equation 


If the particle enters the field along a line of force, it will continue to move 
along the line of force with an acceleration —E. 
Designating the potential difference between the initial and final positions of the 
charged particle by V and using the kinetic energy equation, we obtain 
Vat (ve—v). 
If the final velocity v>> vo, then 


This equation helps to make clear why the unit of energy known as the electron 

volt is widely used: 
1eV = 1.63 x 107" erg, 

An electron volt is the work done in moving anelectron through a potential diffe- 
rence of 1 V. This unit may be conveniently em- 
ployed when the energy refers to a single elementary 
particle. The work of ionisation and the dislodging 
and escaping of an electron from a metal range from 
several to several tens of electron volts. 

A Particle in a Magnetic Field. Tbe properties of 
the force acting on a charged particle in a magnetic 
field are well known (see p. 201). 

Assume a particle enters the field with an initial 
velocity vy. Let us resolve this vector into the com- 
ponents vj and v,, which are parallel and perpen- Fig. 190 
dicular to the field, respectively. Then, for motion 
in the plane perpendicular to the field, we obtain 


ef 
mas —v 1B. 


In the longitudinal direction, the particle will move uniformly with a constant 
velocity vy. 
Motion in the perpendicular plane is circular, and a = ~ is the centripetal accel- 

eration. Thus, 

é 7 mo", 

a Vy — a Ree r 
mv ,¢ 
Hence, R = B 
ticle velocity and inversely proportional to the magnetic induccion. It should be 
noted that all particles of a given kind in a given field will have the same angular 
velocity, i.e., o =<. Irrespective of the magnitudes and directions of the ve- 
locities, the particles will have the same frequency of revolution about a flux line. 


, i.e. the radius of curvature is directly proportional to the par- 


22% 
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If a particle enters the field at an incline to the direction of the field, it will move 
with a frequency in a spiral of radius R (Fig. 191). Knowing vj, the projection 
of the velocity on the direction of the 
flux lines, we may determine the pitch 
of the spiral: 

2stme 


2m 
Z=vyf =v X = 2B Vite 


It is significant that the quantity vj, = 

= V9 cosa, where a is the angle formed 

Fig. 194 between the initial velocity vector and 

the direction of the field, is constant 

toa high degree of accuracy even when the angular spread of the initial velocities 

is 5 = 10° (v, will vary by no more than 4 per cent in such a case). Therefore, every 

z centimetres such a divergent beam of charged particles will converge in a point, 

i.e., focus (within the indicated limits) on a generating line of the cylinder on which 

the spiral trajectory may be viewed as winding. This generating line passes through 
the point at which the particle enters the field. 


Example. Assume that an electron, after being accelerated by a voltage V = 300 volts, en- 
ters a magnetic field of flux density B = 500 Gs at an angle a = 30°. The velocity of the electron is 


it rate A A ay ee ae 
m= ae = aE = 10° cm/sec. 
0 


Note that 70. It is pointless, therefore, to introduce a relativistic correction in this caleu- 
lation. 
Vj = Vp C08 &@= 0.87 x 10° cm/sec and v, =0.5 x 10° cm/sec. 


The radius of the cylinder on which the spiral trajectory of the electron may be viewed as wind- 

ing is 

mvi€ 9X 10-28 x 0.5 X 109 x 3 x 1010 
eB 4.8 X 10-49 x 500 

i.e., its diameter is somewhat greater than a millimetre. The angular velocity is 


eB 4.8% 10-19 x 500 
“em «9 X 10-28 K 3B x 1010 


= 0.056 cm, 


= 0.89 x 1049 rad/sec. 


2X 3.14 , 
The pitch of the spiral trajectory is z = v7 = 0.87 x 10° sao == 0.6 cm. 


Sec. 171. BEAMS OF CHARGED PARTICLES 


In a gas-discharge tube, an electron stream moves in the opposite direction to 
a stream of positive ions. To obtain an ion ray, 1.e., a beam of ions moving In one 
direction, a hole or canal is made in the cathode. A large proportion of the ions 
entering this aperture passes through it and then continues to move by inertia. 
Such beams, called canal or positive rays, were known to physicists as far back 
as the last century. A similar method of obtaining an ion stream is used even today. 
First, a substance is transformed into the gaseous state. Then, its molecules are 
ionised and the positive ions removed from the gas-discharge region through a 
cathode canal. 

A gas discharge is not: used:to create an electron beam. A so-called electron gun 
serves as an electron beam source. This is a device based on the phenomenon 0 
thermionic emission (see p. 390). Heated metals, as is well known, may serve as elec 
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tron sources. Thus, 1 cm? of tungsten surface heated to 2,400° yields in one second 
a number of electrons corresponding to a current strength of 1 A. 

Fig. 192 is a diagrammatic representation of an electron gun. To accelerate the 
electrons, a voltage is applied across the electrodes. A tungsten filament (Z) heated 
by an electric current serves as the cathode. The anode (2) has the shape of a glass 
with a round hole in the bottom. Electrons emerge from this aperture, which 
determines the divergence and width of the beam. The focussing electrode (3) makes. 
it possible to obtain beams of electrons which are 
fine and intense (see Sec. 172). 

The problem of obtaining an electron beam of 
maximum intensity for a given expenditure of ener- 
gy is of great engineering importance. 

To utilise all the electrons emitted by the fila- 
ment, one must, in the first place, accelerate the 
electrons with a sufficiently high voltage. The 
filament emits a certain number of electrons per 
unit time. All these electrons must be drawn away 
from the filament. If the voltage is low, an electron 
cloud which impedes emission is formed near the 
filament. As the voltage is increased, the cloud is 
gradually dissipated and the thermionic current 
increases. Finally, we reach a voltage with which 
no electron cloud is formed. A further increase in Fig. 192 
voltage does not result in an increase in therm- 
ionic current since saturation has been reached. This is the condition required 
for electron gun operation. Thus, a sufficiently high voltage ensures that all of the 
electrons are drawn away from the filament. 

The next problem is to obtain increased electron emission from a filament. The 
emission from thorium and oxide cathodes is many times greater than that from 
tungsten cathodes. A thorium cathode consists of a tungsten wire coated with a very 
thin layer of metallic thorium. Thoriated tungsten yields the same current at 
1,500° as pure tungsten does at 2,400°. An oxide cathode consists of a metallic 
base coated with a layer of an oxide of an alkaline earth metal. Such a cathode 
yields the same current at 900° as tungsten does at 2,400°. In modern electronic 
devices, oxide cathodes are heated indirectly. The cathode is manufactured in the 
form of a tube in which there is placed a tungsten spiral heated by an electric. 


current. 


100 kV 


Sec. 172, ELECTRON LENSES 


An electron beam may be controlled by electric and magnetic fields. The action 
of such fields is not restricted to the deflection of a beam from its original direction. 
Thus, a parallel beam of electrons may be made to converge or diverge, and a beam 
diverging at one point may be made to converge at another. A “lens” for an electron 
gun is produced by a very simple system of fields. A very important branch of 
science known as electron optics, the most significant achievement of which is the 
electron microscope, has developed on the basis of this principle. 

Let us recall the properties of an ordinary double convex lens. If an object is 
placed on one side of such a lens, the image of the object on the other side will 
be magnified or reduced in size. This is because all rays emerging from an object 
point gather at an image point and, moreover, all image points are located in a 
single plane perpendicular to the axis of symmetry of the lens. The simple geo- 
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metric construction of Fig. 193 shows why the lens operates ip such a manner: tk 
angle of deflection of a ray which impinges on a lens is proportional to the distance 
h between the axis of symmetry and the point of intersection of the ray and th 
lens. The construction has been made for an object point lying on the axis of syna 
metry, but the results are similar for other points as well. It should be stipulate ¢ 
(as is done in optics) that the discussion is valid if the lens is thin and the beary 
divergent within the limits of a small solid angle. 


Fig. 193 


We shall now show that electric and magnetic fields having axial symmetry may 
serve as lenses. Such fields may be obtained by means of the following: electrically 
charged plates with a round aperture in one of them, cylindrical condensers, loops 


| _—e 
Id V=30 votes 


Fig. 194 


of current and flat coils. There are a large number of systems which may serve as 
lenses for electron rays. However, an example of an electrostatic lens and an exam- 
ple of a magnetostatic'lens will suffice to clarify the principle. 

Let us consider a condenser in which a round aperture has been made in one of 
the plates (see Fig. 194). If an electron beam impinges on this aperture from the 
side of uniform field, the .beam will be focussed. When an electron reaches the 
region of nonuniform field, a force perpendicular to the equipotential surfaces, 
and therefore at an incline to the axis of symmetry, acts on it. Resolving this force 
into two components, we see that there is a radial component urging the electrons 
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toward the axis. But this does not suffice for the system to act as a lens. [t will 
also be necessary for the radial component of the field to be proportional to the 
distance between the axis of symmetry and the point at which the electron reaches 
the plane of the aperture. It may be easily shown that this is indeed the case, The 
radial component of the electric field intensity may be expressed in the form 


- is the field intensity gradient along the axis of symmetry. To prove this 


consider a small cylinder oriented as shown in Fig. 195, where the distance 7-9 j, 
infinitely,small. Since there is no charge inside the cylinder, sr*dk, the flux differ. 
ence between the ends / and 2, must be equal to — #,2nrdz, i.e., the flux through 


the lateral surface with the reverse sign. 


where ae 


Fig. 195 Fig. 196 


Thus, an aperture in a charged electric plate serves as a lens for an electron 
beam. 

Now, let us consider the behaviour of electron rays passing through a flat cur- 
rent-carrying coil (see Fig. 196). Such a coil constitutes a magnetostatic lens. The 
electrons move in a spiral and return to the axis of symmetry after completing 
one turn of a helix. The focussing properties of the coil are evident. It may be shown 
that the deflection angle of a ray is proportional to the distance of this ray from the 
axis of symmetry. The magnetic coil changes the azimuth of the electron trajectory, 
j.e., in such a lens the image of an object is turned. But this angular displacement 
does not distort the electron-optical image. 

Thus, for an object scattering or radiating electron rays, an “electron image” 
of the object may be obtained if an electrostatic or magnetostatic lens is placed 
in the path of the scattered electrons. When a photographic plate or luminous screen 
is placed in the plane of the image, a peculiar “picture” of the object is obtained. 
It is bright at points corresponding to the radiation or scattering of many electrons 
and dark at points corresponding to the absence of radiation or scattering in the 
object. Since a system of electron lenses yielding a magnified image of an object 
can be constructed, it is possible to construct an electron microscope. 


Sec. 173. THE ELECTRON MICROSCOPE 


The electron microscope, i.e., a microscope in which the role of a light ray is 
played by a beam of electrons, provides exceptional opportunities, not yet fully 
utilised, to “observe” objects directly. This is because the possibilities of magnifying 
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an object are, generally speaking, unlimited in an electron microscope. On the 
other hand, an optical microscope provides a magnification of not more than 
2,000-3,000. 

To understand the reasons for this difference, we must familiarise ourselves with 
the resolving power of a microscope. The question arises: What are the conditions 
for seeing two close points separately? 

Imagine that an ideal point source of light is located in front of a slit or round 
aperture. When light passes through the aperture, a diffraction pattern is obtained. 
A lens placed behind the aperture does not concentrate the rays in a point. On 
the contrary, a blurred circle (or band, in the case of a slit) surrounded by alter- 
nately bright and dark rings appears. On p. 278, the magnitude of this blur for a 
slit was calculated. The radius of the disk, to which a point diffracted from a cir- 
cular aperture corresponds, was given on p. 279 It is equal to ioe 

Every optical instrument must have an aperture of entry—the objective. Diffrac- 
tion at the objective is inevitable, and any luminous point in the focal plane of the 
instrument is diffused into a luminous circle. The angular dimension of the radial 


blur is equal to 1.22 a, Therefore, its linear dimensions in the focal plane are 


equal to tee Here, f and D denote the focal distance and the diameter of the 


objective, respectively. In the case of a microscope, this formula gives merely the 
order of magnitude since the object is close to the objective and, as a result, the 
beam of rays cannot be considered parallel. But since we are only interested in the 
qualitative picture, we shall not go into the fine points. 

If two luminous points observed in a microscope are so close that the centres of 
their luminous image fields are closer to each other than a distance equal to the 
field radius, these two points cannot be distinguished as separate points. 


The limit of linear resolution in a microscope is equal to 1.22 . Since the ratio 


of the focal distance to the objective diameter cannot be made significantly less 
than unity, a microscope enables us to observe two points separated by a distance 
of the order of a wavelength. Thus, when viewing in ordinary light (wavelength 
of the order of 0.5 ym), we cannot detect object details smaller than a hundredth ofa 
micron. 

What is the magnitude of useful magnification which may be obtained with ar 
optical microscope? Imagine that a picture is viewed through an ocular, is photo- 
graphed, then the latter photograph is viewed through an ocular, etc. It is evident 
that in this manner any desired magnification can be achieved. However, further 
magnification loses all meaning when it is seen with the naked eye that the reso- 
lution limit of points of a photograph has been reached. Thus, if a photograph ob- 
tained with an optical microscope is magnified so that 0.5-1 mm corresponds to 
one micron, the limit of useful magnification has been reached. Hence, the use- 
ful magnification of such a microscope is about 1-2 thousand. 

As will be shown in the next chapter, an electron ray has the properties of a 
wave of wavelength 

h 
mv 


= 


? 


where / is Planck’s constant, m is the mass of an electron and v is its velocity. 
When the voltage is equal to 50,000 V, the wavelength equals 0.05 A. But the dis- 


tance between atoms is greater than 1 4. Hence, the usefulness of an electron mi- 
croscope is not limited by its resolving power. 
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Calculations indicate that the resolution limit of an electron microscope is 
2-3 A. At present, it is possible to achieve a resolution of 5-6 A, ie., a useful magni- 
fication of a million. 

It turns out that there is much in common between light optics and electron 
optics. In electron-optical instruments, we find the same elements and the same 
principles of construction encountered in ordinary optical instruments. The main. 
difference (and this is not of a basic nature) is that the “index of refraction” of an 
electron-optical lens varies continuously, since the electric and magnetic fields vary 
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Fig. 198 


continuously, while that of an optical lens varies abruptly (at its boundary). 
Fig. 197 is a diagrammatic representation of an electron microscope: (Z) electron 
projector, (2) condenser lens, (3) object, (4) objective, (5) intermediate image, (6) 
projection lens, (7) final image, (&) observation window. If we wish to examine an 
image directly, a fluorescent screen may be used instead of a photographic plate. 
An electron microscope is much larger than an optical microscope, requires a 
source of electric voltage and costs conside ably more. But this is compensated for 
by its tremendous resolving power. 

The electron microscope portrayed in the diagram employs magnetostatic lenses. 
A high vacuum, of the order of 10-*>mm of Hg, is created in the system in or- 
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der to prevent electrons from colliding with air molecules. An electron gun, pro- 
duces a beam of electrons with an energy corresponding to 50,000 V. Therefore, the 
installation must include a high-voltage transformer to boost the line voltage to 
the indicated value. 

Different methods of observing an object by means of an electron beam exist - 
Since matter is a very strong absorber of electrons, its thickness must be no greater 
than a fraction of a micron if we wish to observe an object in the “window”. When 
electrons pass through a thin layer of a substance, they are scattered differently by 
different portions of it. Figure 198 illustrates the two methods used for electron 
vision. Only those electron rays transmitted through the substance without scat- 
tering are allowed to pass, while the scattered rays are blocked by a diaphragm 
(Fig. 198a). In such a case, the brightest parts of the image correspond to those 
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Fig. 199 


portions of the substance which do not scatter electrons, including those portions 
where the layer of substance is particularly thin. On the other hand, the parts of 
the object which scatter electron rays in profusion are dark. The second method is 
the reverse of the first (Fig. 198). The object is placed at an angle to the axis of 
the microscope, so that only scattered electrons are directed through the lenses. 
It is evident that the roles of bright and dark fields in the image are now reversed . 

The examination of objects in an electron microscope is usually performed om 
a base the thickness of which is about 0.04 um. Such a base is made in the following 
manner. A drop of a solution of collodion in amyl acetate is placed on the surface 
of water. The drop spreads on the surface forming a thin film which becomes quite 
firm after the amyl acetate evaporates. A loop made of thin wire is placed under 
the film. The object holder is now ready. This base will appear bright for normal 
incidence of the beam. It will appear dark when the beam impinges at an angle. 

If the objects under investigation are poor scatterers of electrons, they will not 
be seen very well against the common background. The objects are sprayed with 
a metal to obtain more contrast. The base with the mounted object is placed in the 
path of a stream of metal atoms produced by vaporising a metal in a vacuum. The 
Spray is directed at an angle to the base, and the sample becomes shaded as shown 
in Fig. 199, When an object is examined with electron rays an exceedingly bright 
Picture is obtained since electrons are scattered only from the parts of the object 
sprayed with metal atoms. Fig. 200 shows how flu viruses look under an electron 
microscope. 
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The examination of objects on a base is particularly important in biology and 
medicine. Bacteria are scooped up with the sample holder from the medium in 
which their presence is suspected. It is easy to study particles obtainable in a 
suspended state since they can be scooped up with a holder. 

Entirely different methods are used in examining the surface of a solid. Under 
certain circumstances, a solid may be made to emit electrons. By passing the re- 
sulting beam of electrons through lenses, we are able to see the surface. However, 
this procedure cannot always be used: when there is low emission, when the sample 


ee 


Fig. 200 . Fig. 204 


cannot be heated, etc. Under such circumstances, the replica method is used. In 
this method, an object is coated with a thin layer of substance, which may be 
separated from the object and examined in the opening of an electron microscope. 
Experiments show that such layers consisting of any one of a variety of substances, 
e.g., organic, metallic and quartz, form exact replicas of the surface under investi- 
gation. A photograph of the surface of frosted glass obtained in this manner is 
shown in Fig. 204. The replica method requires meticulous experimentation. It 
is no easy task to separate the layer of substance from the object. One of the methods 
used is to dissolve the object without damaging the film. 


Sec. 174. ELECTRON AND ION PROJECTORS 


By means of an electron microscope, it has become possible to perceive large 
molecules as distinct spots or points. But the means are available to achieve con- 
siderably more, namely, the shape of a molecule may be discerned and a picture 
of its electron cloud obtained. This has been accomplished by means of special 
microprojectors. 

Fig. 202 is a diagrammatic representation of an electron and ion microprojector. 
This consists of a vessel evacuated to 10-§ mm of Hg and containing electrodes. 
The cathode has the shape of a spike the point of which has a very small radius 
of curvature. It is possible to create near a cathode having this shape a field of the 
order of 107 V/cm. For such a field, electrons are torn away from a cold cathode in 
a radial stream. If an obstacle is located in the path of the stream, a dark image 
appears on the fluorescent screen (or photographic plate). If an object lies on the 
surface of the point, the magnification is equal to the ratio of the distance between, 
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the point and the screen to the radius of curvature of the point. Using special) 
means, the radius of curvature may be made less than 200 A. 

Tf molecules of a substance are placed on the point, their images appear on the 
screen. This has been done with phthalocyanide molecules, the dimensions of which 
are about 15 A. The form of the molecule, its characteristic four-petalled structure, 

and the concentration and rarefaction 
~ 20KV of the electron density were clearly 
visible on the screen. 

Although this method can certainly 
not be used for all objects under nor 
mal laboratory conditions, the pOssi- 
bilities of a method yielding a useful] 
magnification of more than one mil- 
Palladic tube lion should not be underestimated. 

__ Aer flame But the resolving power may be in- 
creased by yet another order of magni- 
tude and, moreover, the clarity of the 


Fluorescent 
screent 


Annular electrode 
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) image may be considerably improved. 
Ta pump This may be accomplished by using 
Fig. 202 an ion beam instead of an electron 


beam, but otherwise employing the 
same principle of object examination. An ion projector does not differ 
in principle from an electron projector. The point is given a positive potential 
and when the field is large (10° V/cm) ions may be torn away. For this purpose, 
it is necessary that atoms or molecules be adsorbed by the surface of the point 
either beforehand or during operation of the projector. In the instrument shown in 
Fig. 202, a small quantity of hydrogen molecules is introduced into the vessel by 
means of a palladic tube. As soon as neutral atoms (or molecules) settle on the 
surface of the point they give up an electron and then, as positive ions, move to- 
ward the screen. 
By means of such an ion projector, it has been possible to obtain the image of 
a tungsten point itself. An image arises owing the fact that adsorption of atoms 
occurs in specific parts of a tungsten crystal. In the obtained image, it was possible 
to discern the lattice period, i.e., the resolution attained equalled 2-3 A. 


Sec. 175, THE ELECTRON-BEAM TUBE 


An electron-beam tube is a widely used device, being an essential component of 
a television set, radar system and oscilloscope. The principle of operation of such 
a tube may be explained by means of the 
simplified diagram shown in Fig. 203. We see 
in the figure an electron gun (Z) and two con- 
densers (2) for deflecting the electron beam in 
two mutually perpendicular directions. 

Let us consider the application of an elec- 
tron-beam tube to the recording of rapid proc- 
esses. If no voltage is applied to the deflecting Fig. 203 
plates, the electron beam is directed along the 
axis of the device and a spot appears on the luminescent screen. Assume 
that an alternating voltage having a frequency greater than 20 Hz is applied 
to the horizontal deflecting plates. Then, the electron beam begins to oscillate in 
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the vertical direction in synchronism with the varying field. Since electrons have 
very little mass, these oscillations will have practically no inertia.* The motion 
of the beam is not perceived because the luminous spot moves too rapidly for the 
human eye to follow; moreover the screen has an afterglow. 

Now, let us consider the second pair of plates, which provide the so-called 
“sweep”. A saw-tooth voltage is applied across these plates. Since this second pair 
of plates deflects the beam horizontally, the luminous spot moves, say, from left 
to right quite uniformly under the action of such a voltage. When the edge of the 
screen is reached, the luminous spot rapidly returns to its initial position and the 
process begins anew. By changing the frequency of the saw-tooth voltage within 
a broad range of frequencies, we can vary the time scale of the horizontal sweep 
accordingly. 

If a sweep voltage is applied to the horizontal deflecting plates and the voltage 
being investigated is applied to the vertical deflecting plates, a curve of voltage vs. 
time will be obtained on the screen since the horizontal coordinate of the luminous 
spot is proportional to the time reckoned from an arbitrary instant. 

An oscilloscope is particularly useful in the investigation of periodic processes. 
It is always possible to select the sweep in such a manner that the curve described 
by the beam during one run from left to right coincides with the curve described 
during the second and successive runs. When the sweep period is fixed, we obtain 
a stationary curve of voltage as a function of time in a given time interval (from 
a fraction of a period to several periods). 

A saw-toothed voltage is produced by a self-sustained oscillatory process anal- 
ogous to that described on p. 75 (the toppling of a tub of water). The movement of 
the beam from left to right is produced by continuously and uniformly charging 
a condenser**. A discharge tube is connected to the terminals of the condenser. As 
long as the potential difference across the tube is less than the ignition potential, 
the presence of the tube does not affect the charge on the condenser. When the po- 
tential reaches a critical value, the condenser rapidly discharges and the process 
begins anew. The saw-toothed oscillations must be synchronised with the periodic 
process under investigation. 

An electron-beam tube becomes more complex when a modulator is placed be- 
tween the cathode and the anode. Such a modulator consists of a metallic cylinder, 
one end of which is coverd with a diaphragm containing an aperture equal to 
the size of the cathode. A negative potential applied to the modulator makes 
it possible to control the intensity of the beam. At a certain value of voltage (the 
blanking voltage), the beam is completely cut off. Such blanking is necessary, for 
example, during the return trace of the beam. Thus, by means of the modulator, 
the trace of the beam is blanked during the return sweep. 

Two variable quantities may be viewed simultaneously on a screen if an elec- 
tron-beam tube is equipped with an electron switch that alternately connects the 
deflection mechanism in one measuring circuit and then in another. Double-beam 
oscilloscopes have been developed for this same purpose. Such an instrument is 
equipped with an electron-beam tube having two independent electron projectors 
and deflecting systems. A double-beam oscilloscope has in addition two separate 
amplifiers for the voltages being investigated and two saw-toothed voltage gen- 
erators. 


* This absence of inertia is determined by the axial velocity of the electrons. Therelore, to 
record very rapid processes, high voltage oscilloscopes are used. 
#* A condenser charges and discharges exponentially, but by using a small portion of the 
exponential curve these processes may be made quite ‘linear. 
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The choice of a proper luminescent screen for an electron-beam tube is of great 
importance. For certain purposes, long-persistent screens are desirable, white 
for others it is required that the luminosity disappear as soon as the beam }5 
switched off. } 

Single-pulse processes may be recorded with an electronic oscilloscope if 1t 
is equipped with an auxiliary camera the shutter of which is synchronised wit 
the sweep. This makes it possible to photograph the screen at the required ingtapt- 


Sec. 176. MASS SPECTROGRAPH 
The fundamental equation of motion of a charged particle, 


mo” —e(E-+-+ [vB]), 


shows that the path of a charged particle is determined by — , the ratio of the 
charge of the particle to its mass. Therefore, measurements of the deflection of a 
charged particle in an electric and a magnetic field may be used to find ~ . Since 


the initial velocity of a particle is not known, < cannot be determined by measu- 
4 > 

ing the deflection in either an electric or magnetic field alone. The general for- 
mulas for deflection in electric and magnetic fields (Sec. 170) show that the path 
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Fig. 204 
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is determined by coefficients containing . and the initial velocity. The problem 


is solved by measuring the deflection of one and the same particle in an electric 
and a magnetic field. 

In the simplest case, it is sufficient to balance the electric and magnetic deflec- 
tions. For this purpose, the fields should be oriented as shown in Fig. 204. Charged 
particles will not be deflected when the following condition is satisfied: ek = 


= 4 ev. This experiment enables us to determine the velocity of a particle. Now, 
it is merely necessary to measure the deflection produced by the electric field or 
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by the magnetic field alone. Knowing the magnitude of the deflection of a particle 
from its rectilinear path, we may calculate ~. 


e ‘ , é : . 
Measurements of |, are of great importance in atomic physics as a means of 
mm 


determining the mass of a particle when the charge is known. This pertains partic. 
ularly to the determination of the mass of ions. 

An instrument in which the particles of a beam may be sorted according to masg 
and the composition of the beam according to mass may be investigated, is callod 
a mass spectrograph. The mass spectrograph proposed by Aston is represented sche- 
matically in Fig. 205. Its principle of operation may be explained as follows. Parti: 
cles of various velocities are introduced into the electric field of a condenser. Con- 


sider a group of such particles having the same < ratio. Upon entering the elec- 
tric field, a stream of these particles will be divided since fast particles are deflected 


Fig. 205 


less than slow ones in an electric field. Now, this spread of particles is introduced 
into a magnetic field (perpendicular to the page). The sense of the field is such 
that the direction of deflection of the particles is opposite to that in the electric 
field. Here, too, fast particles are deflected less than slow ones. Hence, it follows that 
at some point beyond the field the divided beam of particles will again gather at a 
point, i.e., become focussed. 


Particles having a different =| ratio will also gather at a point, but not at the 


same one. Calculations indicate that the foci of all — lie approximately on a straight 


line. If a photographic plate is placed along this line, each group of particles will 
be represented by a separate line. 

If a mass spectrograph is constructed with great accuracy, its resolving power will 
be extremely high and it can be employed to detect the presence of very close iso- 
topes. At first glance, such precision may appear unessential since it may be 
reasoned that the masses of isotopes differ by at least one atomic weight unit. But 
while it is true that isotopes of one and the same chemical element differ by an 
atomic weight unit, isotopes of different elements (e.g.,5°° and Ar**) may differ very 
little in mass. Moreover, it is important to be able to determine the mass of com- 
plex ions. Such problems arise, for example, in connection with the chemical 
analysis of gas mixtures. Different particles may then turn out to be close in mass, 
e.g., C?H, and N*4 or N“H, and 01%. All such problems may be solved by means 
of a mass spectrograph. 
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Sec. 177, ACCELERATORS OF CHARGED PARTICLES 


Actually, all such devices as electron tubes, X-ray tubes and electron guns are 
accelerators of charged particles, but this term generally denotes installations 
producing streams of charged particles (electrons, protons, deuterons, etc.) moving 
with velocities close to the velocity of light. Such streams of particles are then 
allowed to impinge on matter. The interaction achieved may be used for various 
purposes: investigation of nuclear transformations, production of radioactive 
isotopes, medical purposes, chemical action, etc. The role of accelerators in mod- 
ern science is an extremely important one. 

Of course, we can accelerate a particle to any energies, by making it pass in suc- 
cession through the accelerating fields. But to create particles with energies of 
tens of thousands of electron-volts, path segments of the order of many centime- 
tres are needed. Modern physics strives for obtaining particle fluxes with energies 

of tens of milliards of electron-volts. A 
Deflecting Target linear accelerator needed for this purpose 
plate would have a length of tens of kilome- 
ters. A linear accelerator of enormous 
Source of length is built in Stanford (USA). Despite 
charge’ some merits of this accelerator, such a 
particles : te 
solution cannot be regarded as optimal. 
Lawrence was the founder of high-en- 
ergy accelerators. His basic idea is that in 
a single installation particles should be 
accelerated by an electric field and repea t- 
edly made to return to the same accele- 
rating gap by means of a magnetic field. 
The first accelerators operating on this 
Radto- frequency principle became known as cyelotrons. 
peererer A cyclotron is represented diagramma- 
tically in Fig. 206. The accelerating cham- 
ber may be pictured as a flat circular pill 
box cut along a diameter. It is of large 
dimensions, made of metal, and its two halves—the basis of the accelerating cham- 
ber—are known as Dees. An alternating electric field of period 7 is applied to the 
Dees. This entire system is placed between the poles of an electromagnet, which 
creates a strong constant magnetic field inside the box perpendicular to its base. 

The magnetic field intensity is determined by the period of the electric voltage. 

That is, the value of the field intensity must be such that the period of revolution 


Vacuum chamber 


Fig. 206 


in this field (expressed by the formula 7 = sae) is equal to the period of the 


electric field. When this condition is satisfied, charged particles entering the accel 
erating chamber are captured by the fields and accelerated spirally with constant 
period 7’. Thus, a particle in the gap between the Dees is accelerated, traverses 
half a circle in the magnetic field and arrives at the accelerating gap just when the 
voltage phase changes by 180°. Thereupon, the particle is accelerated in the same 
direction and enters the other Dee where it traverses half a circle of larger radius. 
Each time the particle passes through the gap its velocity increases. The particle 
must be deflected from its circular path to eject it from the cyclotron. 
A cyclotron has limited usefulness. As the velocity of a particle increases its 
mass increases and, hence, its period of revolution in the magnetic field also in- 
creases. As a result, the particle begins to lag, i.e., it arrives at. the accelerating 
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gap when the phase of the voltage has changed by more than 180°. This lag in- 
creases until, finally, the electric field not only does not accelerate particles, but 
retards them. Calculations indicate that the maximum energy that a cyclotron 


F : ' < evgmc” 
can transmit to a charged particle is given by the formula a a . For pro- 


tons this{amounts to 22 million electron-volts (22 MeV), and for @-particles about 
three times more. New means are necessary to attain higher energies. 


Sec. 178. PHASE STABILITY 


Veksler in the Soviet Union and McMillan in the United States elaborated a 
new concept in the accelerator field in 1944 and 1945, respectively. This concept 
may be summarised as follows: Examination of the formula for the period of re- 
volution of a particle shows that increased mass may be compensated for by an 
increase in magnetic field. If such compensation takes place, the period of revolu- 
tion of a charge will remain constant. 

Let us assume that the magnetic field intensity increases during the operation 
of the cyclotron. Among the thousands of millions of particles moving in the accel- 
erating chamber, there are undoubtedly some particles whose increase in mass 
due to increased velocity is exactly proportional to the increase in magnetic 
field. Hence, the period of revolution of such particles will remain unchanged. 
Calculations indicate that under such conditions other particles will also not fall 
out of synchronism. The only difference, which is quite unimportant in practice, 
is that the energy of these particles will not increase in a monotone manner, like 
the energy of the “lucky” particles whose increase in mass is completely compensat- 
ed for by the increase in magnetic field, but will fluctuate about the energy value 
of the “lucky” particles. 

The orbit radius of the “lucky” particles agrees with their energy. This is the 
reason for their “good fortune”. Now, let us consider a particle the energy of which 
is greater than that required for a given radius. Such a particle will be retarded 
owing to an excess of mass increment. On the other hand, if a particle has less ener- 
gy than required for a given radius, the mass increment will be insufficient and 
the particle will be accelerated relative to other particles at the same radius. 
Thus, since the mass of a particle increases with velocity, particles can, so to speak, 
regulate their own velocity and select voltage phases which serve to correct their 
motion. That is why this phenomenon is referred to as “phase stability”. 

It transpires, therefore, that it is possible, in principle, to increase the velocity 
of particles in a cyclotron without limit if the magnetic field intensity is gradually 
increased. In such an installation particles must be accelerated in pulses. When 
the field increases particles are accelerated, but the reverse cycle is idle. 

The above method is not the only way to achieve phase stability. Another approach 
is to slowly vary the period of the electric voltage. The principle is basically the 
same: an increase in the mass of a charged particle results in an increase in the 
period of revolution in the magnetic field; in this case, the regime of the alternat- 
ing electric field is varied so as to compensate for this increase. An accelerator in 
which the period of the electric voltage is slowly increased is known as a synchro- 
cyclotron. The path of a particle in a synchrocyclotron is a flat spiral. The farther this 
spiral extends, the greater the energy of the particle. Thus, an increase in energy 
is associated with an increase in the area of the accelerating chamber in the magnet- 
ic field. The most powerful accelerator of this type is the synchrocyclotron of the 
U.S.S.R. Academy of Sciences. This accelerator yields a beam of 680 MeV protons. 
Its magnet weighs 7,000 tons. The energy limit of a synchrocyclotron is of the 
23—01028 
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order of hundreds of MeV since a further increase in energy would result in an unthink 
able increase in magnet weight. Particle energies of thousands of millions of elet 
tron-volts (GeV) are attained by means of proton synchrotrons. 


Sec. 179. PROTON AND ELECTRON SYNCHROTRONS 


Proton synchrotrons are basically different from cyclotrons. Since a proton sy! 
chrotron accelerates particles in a single circular orbit, the volume of the magnet! 
field may be greatly reduced. The entire central region of the magnet is, so to speak: 
cut out. As a result much less steel is required for the magnet. Thus, the electro” 
magnet of the 10-GeV proton synchrotron of the U.S.S.R. Academy of Scjence 
weighs 36,000 tons, but the electromagnet of a 10-GeV synchrocyclotron woul 
weigh about 1 million tons. $3 

To accelerate particles in an orbit of constant radius, one must vary the peri¢ 
of the accelerating electric field and the intensity of the magnetic field in a vert 
definite manner. In such an installation, particles are accelerated in pulses. Eac! 
pulse is obtained by increasing the magnetic field and decreasing the period of th° 
accelerating electric voltage in a prescribed manner. a 

For a given orbit radius, a unique relationship exists between the field intensit) 
and the velocity: 


| ee ae 
v2 er 
Vie c2 
and the relationship between the period of revolution and the velocity is dete 
mined by the expression 


2nr 
Dv 


T= 


If these conditions are satisfied, a “lucky” particle will be accelerated in a mon” 
tone manner. : ; 

Since phase stability conditions occur here too, the remaining particles follow 
a path which oscillates about the circular orbit and they also take part in the 
synchronous increase in velocity. Since particles oscillate about an average sual 
cular orbit, it is necessary to make the width of the pathway for the charged Bee 
ticles rather broad. Methods are being sought which would allow us to reduce ithe 
width of this pathway. Success would lead to a reduction in the amount of stee 
required for a given accelerator and make it practical to construct accelerator* 
with even higher particle energies. { ; 

Thus far we have been discussing accelerators of heavy particles. Electron ac- 
celerators have a number of special features. 

As far back as 1941, an accelerator known as a betatron was constructed to accel 
erate electrons. Such an installation operates on the principle of a transformer. 
The winding of a magnet constitutes the primary winding and a beam of elects oe 
revolving in a circle of constant radius constitutes the secondary winding”. 1 
other words, the electrons move along a circular line of force of the rotationa 
electric field produced by an alternating magnetic flux. , ; limit 

At first glance, it appears that such acceleration may continue without in 
The increase in mass with velocity does not limit the acceleration since there - 
no need for synchronism in this phenomenon. Nevertheless, a betatron does ie 
a limit. At energies of several hundred MeV, energy losses due to radiation bee 
considerable—an accelerated electron radiates electromagnetic waves. As a resu 
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of this radiation, the electron path is transformed from a circle to an inward spiral 
and acceleration becomes impossible. Betatrons are useful when electrons with 
energies from 20 to 50 MeV are required. If greater energies are desired, electron 
synchrotrons must be used. Such accelerators were first proposed in 1946-47. 

The electron synchrotron is similar to the synchrocyclotron described above, i.e., 
it is a resonance accelerator. An accelerating electric field is added to the magnetic 
field of the betatron. The accelerating mechanism is maintained by phase stability.. 
But the fact that we are dealing with lighter particles, namely, electrons, simpli- 
fies the construction problem. This is because at energies of only 2 to 3 MeV the 
electron velocity is almost equal to the velocity of light. Hence, when the energy 
increases further, the radius of the electron path does not change. This makes: 
it possible to construct the magnet in the form of a ring as in the case of the pro- 
ton synchrotron. The radiation losses of the electron synchrotron are compensated 
for by increasing the accelerating voltage. 

At high-energy levels, radiation losses reach imposing values. In a 300-MeV 
accelerator having an orbit radius of 1 metre, an electron radiates 1,000 eV per 
revolution. In a 10-GeV electron synchrotron having an orbit radius of 20 metres, 
the energy losses per revolution would be equal to 30 MeV. 

The capacity of accelerators increases year after year 


Sec. 180. IONISED GAS 


The transformation of an atom into a positive ion, i.e., the removal of an elec- 
tron from an atom, may be achieved in a variety of ways. Collision with an elec- 
tron, another atom or a molecule, absorption of a photon—all these methods of 
transferring energy may result in the ionisation of an atom if, thereby, sufficient 
energy is transferred to overcome the binding force between the electron and the 
atom. In the case of different atoms and molecules, this energy ranges from 4 to 
25 eV (see p. 390). This means that an atom may be ionised by an electron accelerat- 
ed by a voltage of 4 to 25 volts. A particle possessing more energy can, of course 
transform as many atoms or molecules into ions as its energy reserve permits. One 
electron accelerated in a powerful accelerator is capable of creating millions of ion 
pairs. 

Tonisation of atoms involves the tearing away of electrons. Ionisation of mole- 
cules may also involve the removal of electrons, but in some cases upon ionisation 
a molecule may break up into two large ions. Thus, ionisation not only creates elec- 
trons and positive ions, but may also result in the formation of negative ions. 
However, negative ions are also obtained by another method, namely, the attaeh- 
ment of a free electron to a neutral atom. It transpires that such a process results im 
the release of energy (see p. 395). 

Tonisation processes in solid bodies will be discussed in detail in Sec. 270. Here, 
the ionisation process interests us only as a method by means of which streams of 
ions may be created. From this viewpoint, only the ionisation of gases is of inter- 
est. If we wish to obtain a stream of ions of a substance which exists under normal 
conditions in the solid or liquid state, it is necessary to resort to vaporisation. 

Let us consider the ionisation produced in a stream of gas particles. If the source 
of ionisation is removed, the positively and negatively charged particles will 
begin to recombine into neutral atoms or molecules. Since upon recombination 
two particles come together, it is clear that the rate of recombination is proportion- 
alto n®, the square of the number of ions in a unit volume. If An is the number of 
ions transformed into neutral particles per unit volume in a unit time, then An = 
= yn, where y is a coefficient of the order of 10-8 cm? sec-! for most gases under 


6 
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normal conditions. Under the continuous action of an ioniser, an equilibrium iy 
established between the ionisation and recombination processes. Assume that thy 
ioniser creates NV ion pairs per unit volume in a unit time. At first, the number of 
ions in the gas increases, but since recombination occurs more and more frequently 
(proportional to the square of the number of ion pairs present), the increase ij 
ions ceases when N = An, i.e., N = yn®. If an ionised gas fills a certain volume 
and if the motion of the gas particles is predominantly random, such a conductin 
gas consisting of neutral and charged particles is called a plasma (see below). 

The ionosphere is an important example of a highly ionised gas. The number of 
charged particles in a unit volume of the ionosphere fluctuates considerably, both 
‘daily and annually. Such fluctuations, as we know, affect radio reception. Thery 
‘are ~10% electrons and ions in a cubic centimetre of the ionosphere. The totaj 
number of particles in such a volume is ~108. Thus, the ionosphere has an: ion. 
isation of 4 per cent. In intense plasmas produced in a variety of ionic devices, 
the degree of ionisation is of the same order of magnitude. 


SS 


"Sec. 181, ELECTRIC DISCHARGES IN A GAS 


Physicists first studied elementary charged particles by passing an electrir 
current through a gas (electric discharge in a gas). A glass tube filled with gas ig 
incorporated in a circuit and the connections are made to electrodes sealed in the 
glass. Electric discharges have been studied using various gases, pressures and 
field intensities: Ny cthah  NQL QTIER)) OEE tah eas 

.Differerit gases generally behave in the same way. A difference in ionisation 
potential (see p: 390) merely means that certain critical points, to be discussed 
below, exist at other voltages and pressures.” ’ mS ‘ 

Let. us consider the phenontena, characteristic of every pas, which occur when 
the voltage applied to a gas-disclarge tube is increased. The phenomena to be de- 
scribed take place over a broad range of pressures.’ We shall merely exclude from 
our discussion such low pressures for which: the free path of the molecules becomes 
commensurable with the dimensions of the gas-discharge tube and high pressures 
for which the gas density approaches the density of liquids, i.e., where the mole 
cules do not have a free path. The reader will soon see why the free path of a 
molecule is of such great invportance. 

A low voltage is applied across the gas-dischargé tube. If there is no ioniser pre- 
sent, current does riot flow through the tube. If an ioniser is present, charged par 
ticles (ions and electrons) in the gas are urged toward the electrodes by the field. 
This phenomenon may be called indwced conduction. The rate at which charged 
particles migrate toward the electrodes depends on many factors, in particular, 
the field intensity and gas pressure. 

A random thermal motion is superimposed on the ordered motion of the ions 
and electrons, which occurs under the action of the constant electric force. The 
particles accelerated by the electric field travel only a short distance, since they 
inevitably: collide with other particles. These collisions are elastic when the ve 
locities are low. 

The mean free path of the particles is determined, in the first place, by the ga 
pressure. The higher the pressure, the shorter the free path and the lower the mea! 
velocity of the ordered motion. On the other hand, the higher the applied voltage, 
the greater the mean velocity of the ordered motion of the particles. 

As indicated in the preceding article, a specific ion concentration is establishet 
in a gas under the action of an ioniser; in the equilibrium state, the number of new 
ly formed ions per second is equal to the number of recombinations during th’ 
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same interval of time. When a voltage is applied, the equilibrium is disturbed, i.e., 
some of the ions reach the electrodes before recombination can occur. As the volt- 
age is increased, a larger and larger proportion of the ions created in a unit time. 
reach the electrodes, and the electric current through the gas increases. This ten- 
dency continues until no time at all is left for recombination, i.e., all ions created 
by the ionisers reach the electrodes. It is clear that a further increase in voltage 
cannot increase the current. The flat portion of the curve in Fig. 207 represents this 
saturation current. 

The lower the gas density, the lower the field intensity which is required to 
achieve current saturation. 

The saturation current is equal to the rate of ion charge formation in the gas- 
discharge tube. 

If the voltage is further increased, new phenomena occur. At a certain point, 
the electron velocity becomes sufficient to dislodge electrons from neutral atoms 
and molecules. For this purpose, the voltage across the tube must be high enough 
to enable an electron to accumulate sufficient r 
energy in its free path to ionise a molecule. 

When ionisation occurs as a result of impact, 
the shape of the current-voltage curve is affected, 
i.e., the current begins to rise since a voltage 
increase produces an increase in electron veloci- 
ty. This higher velocity makes it easier to 
ionise particles. A large number of ion pairs are V 
created and the current strength increases. 

In this voltage range, the passage of current Fig. 207 
through a gas is accompanied by optical pheno- 
mena, i.e., the gas glows. If particle collisions 
can result in the ionisation of atoms and molecules, all the more so can they re- 
sult in the excitation of particles, i.e., transitions to a higher energy level. In 
returning to its normal state, an atom or molecule radiates a quantum of light. 
We shall not go into this subject here, since radiation by excited atoms and mol- 
ecules will be discussed on numerous occasions below (see Chapters 28 and 29). 

If the electron energy is several times greater than the energy required to ion- 
ise a molecule, the passage of electric current through a gas is of a distinctly ava- 
lanche nature. When such an electron strikes an atom, an ion and an electron are 
created. But this new electron is also able to ionise particles. Moreover, the pri- 
mary electron still possesses sufficient energy to ionise other atoms. The process 
is cumulative—an avalanche of electric charge, instead of just primary ionisation, 
moves toward the electrodes. In each successive layer, the number of ion pairs is 
greater than in the preceding one. When the voltage is fairly high, this avalanche 
erows extremely rapidly. 

The secondary ionisers in the gas are electrons, not ions. The latter are able to 
ionise gas molecules only when the velocities are very high, i.e., greater than those 
usually prevailing. If the ions do not produce ionisation, the removal of the ex- 
ternal ioniser stops the discharge even when the number of ion pairs due to im- 
pacts is hundreds or thousands of times larger than in the primary ionisation. 
Every avalanche is initiated by a primary.electron, and since the electrons mi- 
grate toward the anode, the discharge ceases in the. absence of an external ioniser 
as soon as all the electrons arrive at the anode. 

Such strong induced discharges possess. the following property: for a given 
voltage, the strength of the electric current passing through the gas is proportional 
to the number of primary ions created per unit time by the external ioniser. The 
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ratio of the gas-amplified current to the saturation current created by the primary 
ionisation may reach a value of several thousand. This property of a discharge is 
utilised in ionisation measuring devices—proportional amplifiers (see p. 422). 

An electric discharge may become self-maintained, i.e., continue after the 
external ioniser is removed, only if the ions also become creators of charged par- 
ticles. This always occurs when the voltage is very high, i.e.—as indicated above— 
when the ions can ionise upon impact with gas molecules. In such a case, the ions 
will create more and more new electrons— 
the primary sources of avalanches. 

However, a_ self-maintained discharge 
may also occur at considerably lower volt- 
ages if the cathode of the gas-discharge 
tube takes the form of a plate. This is be- 
cause ions are capable of dislodging elect- 
rons from a cold cathode. If the ion veloc~ 
ity is sufficient for such a process, the 
condition for a self-maintained discharge 
may be formulated as follows: new elect- 
rons appearing at the cathode must, at 
the very least, replace the work of the pri- 
mary ioniser. 

Thus far we have said nothing about the 
role of pressure. At high pressures, the dis- 
charge column is compressed and thermal 
ionisation begins. When the pressure changes, 
the current density distribution changes 
and so does the luminous nature of the 
gas discharge. At normal and higher pres- 
sures, various kinds of discharges are'encoun- 


— p=0.02 mm of Hg + tered, e.g., silent, are and spark discharges. 
In the rarefied gases, glow discharges 
Fig. 208 cavercanye 


A discharge is said to be silent when 

a leakage of charge from a condenser or 

other charged body is unaccompanied by sound or luminosity. Self-maintained 

silent discharges—brush discharge and corona—may occur on spikes, thin conduc- 

tors and, in general, wherever sharp drops in potential, and, therefore, large field 
intensities, exist. 

At higher voltages, spark discharges occur, i.e., the gas breaks down. The break- 
down voltage depends almost exclusively on the gas pressure in the region between 
the electrodes, At normal pressure, the air between spherical electrodes breaks down 
when the field intensity is 30 kV/cm. Measurement of the breakdown distance may 
serve as a measure of high voltages. 

An electric arc is a special type of discharge. The current density in such a dis- 
charge is large even though the voltage between the electrodes is low. The distinctive 
feature of an are discharge, usually created between carbon electrodes, is the ex- 
traordinary high temperature attained by the electrodes. Therefore, thermionic 
emission from the cathode plays a large role in an arc. 

In the rarefied gases, a glow discharge has a characteristic form for every pressure. 
The degree of rarefaction may be determined experimentally with great accuracy 
by mere observation of the discharge form. Various types of gas discharge forms 
are shown in Fig. 208. 


— 
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Sec. 182. PLASMA 


A substance in the state of plasma. A gas can be brought in an ionised state by 
increasing its temperature. Thermal ionisation of gas begins at a temperature of 
the order of 6,000°C. The average kinetic energy of molecules (3/2 kT) becomes 
already sufficient to ensure frequent collisions among molecules which supply ener- 
gy necessary for breaking away an electron or for some other kind of ionisation, 

The degree of ionisation depends on the gas temperature and gas pressure. With 
an increase in the gas pressure ionisation decreases. 

At temperatures of the order of tens of thousands of degrees and higher a gas of 
neutral atoms and molecules contained in a certain volume develops into a new 
state (as distinguished from the gaseous, liquid, and crystalline states) which is 
called the plasma. 

It is not difficult to estimate that at temperatures of 20,000 to 30,000°C hydro- 
gen gas, for instance, whose density corresponds to a pressure of 1 mm Hg at room 
temperature will turn out to be completely ionised. Indeed, the average energy 
per degree of freedom at a temperature of 30,000°C is equal to 1/2 RT = 
= 30 keal/mol. This is essentially more than the energy of ionisation of a hydro- 
gen atom. 

Thus, thermal collisions will turn a neutral gas into a mixture of two “gases”: 
of the “gas” of protons and the “gas” of electrons. This is just the state of plasma. 

A plasma produced from other substances can have a more complicated compo- 
sition. It may contain electrons, bare nuclei, and various ions. Of course, it con- 
tains a certain amount of neutral particles. But at high temperatures this percent- 
age is too low. In the example given above one neutral atom would be for 2 x 4104 
charged protons. 

The high-temperature plasma produced by thermal ionization is an equilibrium, 
or, in other words, isothermal, plasma. Its degree of ionization is very high and it 
is therefore a very good conductor. The conductivity of high-temperature plasma 
is comparable to that of metals. 

The temperature of the surface of the sun and stars is several thousand degrees, 
and their interior is heated to millions of degrees. Hence, a considerable part of 
the matter in the universe is in the state of a high-temperature plasma. The upper 
layer of atmosphere, the so-called ionosphere, is also a plasma. 

It is, of course, impossible to obtain matter in the state of plasma under ordi- 
nary terrestrial conditions by heating some vessel because of the absence of pro- 
per refractory materials. But with the aid of specially chosen forms of magnetic 
fields even hot plasma can be kept in a limited volume. 

If all particles of a plasma freely exchange their energies, then the plasma will 
rapidly come to the state of equilibrium, i.e. the average kinetic energy of the 
electrons and ions will be the same, despite the considerable difference between 
the masses of the particles. The ions of a plasma move slower than the electrons. 
In a number of calculations they may be regarded even immovable. 

In the case of high-temperature plasma (of the order of 10° K) the rate of estab- 
lishing equilibrium among various types of particles varies from smallest portions 
of a second to several seconds. 

A gas-discharge plasma is an example of nonequilibrium plasma. The energy 
of outside sources is transferred first of all to electrons, and equalization of the 
energies of electrons and ions will occur only after a large number of collisions. 
Therefore in a gas discharge the electron temperature 7’, is much greater than the 
ion temperature 7’;. In an arc discharge 7, is of the order of many tens of thousands 
of degrees, whereas 7’; is of the order of thousands of degrees. 
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To give an idea of how particle behave in plasma, we cite the results of SIM Pi, 
calculations from the book “Elementary Plasma Physics” by Academician Ley 
Artsimovich (“Atomizdat”, Moscow). 

For the hydrogen plasma of high concentration (1014 ions per cubic centimetre) 
we obtain for a cold plasma (7 = 10* K) 


0.03 em and t=4 X 1071s, 


For a hot plasma (408K) the length and time of a free path are respectively 
equal to 
h== 3 10° em. ands v= 4 K 1074s. 


These results illustrate the collisions of electrons with ions. 

Let us now consider the problem of an electric field of plasma. It changes great), 
both in space and with time. Nevertheless, we can calculate an average field of a 
system containing an equal number of ions and electrons situated at a certaiy 
average distance / from one another. It is not difficult to grasp that due to neutra}. 
ity of the plasma the average field of the plasma (by the order of its magnitude) 
must be equal to the field of one charge at a distance / from it, i.e. E = en’?/s, where 
n is concentration. Thus, for the hydrogen plasma under consideration EF ~ 4 \ 
x 10-% x 2 x 10°~ 41 CGS unit. This field changes very rapidly. It can reverse 
its sign within the time of the order of the time of free path and at a distance equal 
to the distance between the particles. 

Neutrality is a necessary property of plasma and is realized very strictly de 
spite a chaotic motion of the electrons. At a great difference between the concen. 
trations n; and n, the electric field will immediately begin to push out the exces. 
sive particles and to attract particles of the opposite sign. Such automatism is real. 
ised with a high accuracy (preventing the slightest deviation from neutrality) 


beginning with small volumes whose radius exceeds / 7’,/n, i.e. for the plasma in 
question it exceeds 10-5 to 10-3 cm. 

Plasma is a source of electromagnetic waves with wavelengths lying in a wide 
range. As is known, deceleration of an electron generates a continuous spectrum 
of electromagnetic waves (the way in,which X-rays are produced) with frequencies 
from zero to Emax/h, where Emax is the maximum energy of electron. To estimate 
the order of the magnitude of the wavelength in deceleration radiation of plasma, 
we may put H = k7,. Then it will turn out that the deceleration radiation of a cold 
plasma is visible and infrared, whereas that of a hot plasma is X-ray. 

An important source of radiation is a recombination of a proton (ion) with an 
electron. This recombination, obviously, results in emitting a photon of energy 
equal to the bond energy of particles of opposite signs. 

In addition to radiation of the same character for different substances which are 
in a state of plasma, plasma radiates characteristic line spectra (their origin is de- 
scribed in Secs. 203 and 207), since it contains certain excited atoms and ions. 

Plasma in a magnetic field. When not in a magnetic field plasma behaves like 
an ordinary gas. The reason is that plasma is quasi-neutral: even in quite small 
(but not microscopic) volumes the total charge of the electrons and positive ions 
equals zero. Therefore, in the absence of an external magnetic field, phenomena in 
plasma are described by the ordinary equations of fluid dynamics. 

If the plasma is in a magnetic field it displays various features due to the action 
of the magnetic field on the moving charges. The branch of physics dealing with the 
behaviour of plasma and other conducting liquids (for instance, liquid metals) 
in a magnetic field is called magneto hydrodynamics, and for large Mach numbers, 
magnetogas dynamics. In the present book we cannot devote space to a detailed 
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discussion of this new and rapidly developing field. We shall consider only some ot 
its major concepts. 

(1) Suppose a certain volume of plasma is moving at a velocity v across the 
lines of induction of a field B. Then an induced emf will be set up in this volume 
just as in any conductor. If the characteristic dimension of the portion of plasma is 
1, then 6 = vBl, where € is the induced emf. The resistance of this portion of 

pl ol 1 


plasma is R =] = ae According to Ohm’s law the current induced in the 
1 


plasma is 


In accordance with Lenz’s law, the induced current interacts with the field so- 
that the force of interaction opposes the movement of the plasma. In addition to 
ordinary hydrodynamics forces, the plasma is subject to electromagnetic forces. 
as well. 

(2) Precise calculation of this interaction is associated with extremely complex 
mathematics. But the role of the various forces can be assessed by making use of 
certain dimensionless criteria similar to the Reynolds number. The magnetic 
Reynolds number Re, is the ratio of the magnetic induction of the field set up by 
the induced currents to the induction of the external magnetic field. Thus 


Bin d 
Rey, = B° 


To evaluate this quantity, we use the’ fact that B;,q = Wo ina = Boling | 
where J is a characteristic dimension of the portion of plasma, and the induced 
current is expressed by the above equation. Substituting, we have 


Bina => LpyvBl 
Rey = Loyl. 


Large magnetic Reynolds numbers are obtained either for a high electrical con- 
ductivity of the plasma, or for considerable characteristic dimensions and veloci- 
ties. The last two are frequently observed on the astronomic scale and are of signi- 
ficance in astrophysics. 

(3) At large magnetic Reynolds numbers (Rem > 1) the motion of the plasma 
in the magnetic field should set up a very strong induced magnetic field, many times 
stronger than the external magnetic field. This requires energy which is made avail- 
able only at the expense of the kinetic energy of the plasma. Consequently, the 
induced currents, interacting with the external magnetic field, oppose the mo- 
tion of the plasma across the field. 

At Rem >> 4 it may turn out that the plasma practically cannot move with re- 
spect to the field. In this case the magnetic field is said to be frozen into the plasma. 
Here any motion of the plasma is accompanied by corresponding changes in the mag- 
netic field so that the plasma does not cross its lines of induction. Inversely, if 
the external magnetic field is changed, then, at Re» > 1, the plasma moves ac- 
cordingly so as to return the freezing-in condition. This feature is resorted for 
“pinching” and heating the plasma by a rapidly increasing magnetic field. 

(4) The second characteristic criterion in magnetic hydrodynamics is the Alfven 
number Al, equal to the ratio of the energy density of the magnetic field wm = 

B 


ae to the kinetic energy of unit volume of the plasma, i.e. to the density of 
0 
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the kinetic energy w, = pv®/2. Thus 
Pa 


WR Uopv® * 
The Alfvén number can also be interpreted as the ratio of the pressure exerted by 
2 
the magnetic field pm =e to the dynamic pressure (or head) pyy, = ev?/2. 


(5) At low magnetic Reynolds numbers the plasma can move with respect to the 
field. This gives rise to magnetic forces which can be evaluated by Ampére’s law. 
(F == ilB sin a, where @ is the angle between the conductor and magnetic indug 
tion vector). Substituting into this formula the value of the induced current from 
the equation given in (1), we have 


Fy =iBl & yi, 
To assess this force it is compared either to the friction drag f = ylv or to the 


pressure drag R = pv*l?, We then obtain two new criteria: 
the Stuart number 


_. Em _. 7B " 
N fo oR =AIlx Ren 


and the Hartmann number 


Has 2 = Biy/ 2 =VNXRe 


The significance of these criteria can be understood from the following example, 
If a liquid flows along a pipe across a magnetic field the type of flow will be only 
weakly influenced by the field at low Stuart or Hartmann numbers, and the resist- 
ance to motion is due chiefly to the viscosity of the liquid. At high Hartmann oy 
Stuart numbers, the viscosity of the liquid becomes a secondary factor and the 


resistance to motion is primarily due to the interaction between the liquid and the 
magnetic field. 


* * * 


When a magnetic field is superimposed on the plasma, the trajectories of charged 
particles become directed. A free particle moves along a helix wound on the elec- 
tric vector of the magnetic field. Displacements across the force lines occur only 
under the action of collisions. At a high temperature and a strong field a charged 
particle cannot leave the area of the magnetic field. 

Under the action of the magnetic field superimposed on the plasma, the latter 
becomes compressed by electrodynamic pressure. Figure 208a shows the cross sec- 
tion of a plasma column (7 — chamber wall, 2 — vacuum, 3 —plasma). When viewed 
along the field, the electron trajectories seem to be circular. We may consider that 
these currents are added into one ring surface eurrent. 

According to Sec. 104, at such mutual position of a current and a field there 
appears a force directed inside the column. According to Sec. 119, the magnitude 
of the lateral pressure will be equal to the value of the density of electromagnetic 
energy which in our case is equal to H?/(8m) (if the field intensity inside the plasma 
is considered to be reduced to zero by the fields of ring currents). This pressure 
balances the gas pressure of the plasma which, in the absence of the field, would 
lead to immediate expansion of the plasma. 

The hopes for a long-term confinement of a hot plasma in a concentrated state 
were linked with the effect of pressure exerted by a magnetic field. The practical 
significance of such a possibility will become obvious if we get familiar with ther- 


26. Streams of Charged Particles 363 


monuclear reactions. As it is stated in Sec. 226, temperatures of the order of 
408 K, if they were realized, would lead to creation of a nuclear reactor. 


In a powerful gas discharge the electrodynamic force cs [dl, H] causes a narrow 
plasma filament torn off the walls of a discharge tube. 
The equation p = H?/(8m) can be rewritten in the following way. Suppose that 
the ion- and electron temperatures are equal to each other, then 
p= 2nkT, 


where n is the concentration of particles. Assuming that the filament has the 
shape of cylinder of radius ro, and considering that askin effect takes place, we can 
write the following formula 


for the intensity of the magnetic field on the cylinder surface. 
Denoting the number of electrons per unit length (xrin) by N, we get 


I? = 5.5 x 10“4NT; 


the formula is written for a current intensity measured in amperes. 

If the initial pressure of hydrogen is equal to 0.4 mm Hg, the radius of the tube 
to 10 cm, and the intensity of the discharge current to 5 x 405 A, then the plasma 
temperature will turn out to be equal to two million degrees. 


BONO OO NT 


Fig. 208a 


Stability Problems. Obtaining a stable plasma filament or a plasma formation of 
other shape is a complicated engineering problem which has not yet been solved. 
As a result of fluctuations random deformations of the plasma filament can take 
place. 

It seemed at first sight that it is not so difficult to create magnetic “bottles” 
without leakage. Original theories made it possible to calculate the rates of diffu- 
sion in various devices. The results of these calculations were rather optimistic, 
but the experiment registered the rates of spreading of a plasma column thousand- 
fold greater than those obtained by theoretical calculations. 

During the last two decades the theory of plasma behaviour in a magnetic field 
has been thoroughly developed, and the causes of the plasma instability have 
become much more clear. The diagrams, circuits, and patterns of plasma suggested 
by the original theory which regarded the plasma as a combination of a positively- 
and a negatively-charged liquids (magneto hydrodynamics) did not present a pre- 
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cise picture which would demonstrate all complex processes occurring in the plasm, 
To give an idea of the complications to be necessarily introduced into the theo, 
let us consider some examples of instabilities which are not taken into account by 
magneto hydrodynamics. ‘ 

In a weakly ionised discharge of the type which frequently exists in ordinary, 
fluorescent lamps, when a magnetic field is superimposed parallel to the electy;, 
field, the plasma filaments have a spiral form. Up to 1,000-gauss fields the Waly 
diffusion of plasma obeys simple rules. But stronger fields cause intense oscil] 
tion of the plasma filament resulting in anomalous diffusion. 

Why does it happen? Suppose that one portion of a spiral filament has becom, 
denser (marked with a small rectangle on the upper picture of Fig. 208b). Ths 
external electric field tends to dissipate this bunch, therefore the ion Component p¢ 
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Fig. 208b - 


this portion of the filament will be displaced to the anode, and the electron com- 
ponent to the cathode (see the left-hand picture of Fig. 208b). Since this portion 
is of the helical shape, the longitudinal displacement of the negative and positive 
components will result in the following: in the cross section of this portion of 
the filament the positive ions will turn out to be displaced with respect to the elec- 
trons (see the right-hand picture of Fig. 208b). There will occur a transverse elec- 
tric field and a corresponding current. But all events take place in the longitudi- 
nal magnetic field. Therefore, a Lorentz force will start acting perpendicular to the 
fields. If we thoroughly consider the geometry of this phenomenon, then it will 
turn out that the force acts towards the “external” side, i.e. so that the filament 
gradually spreads to touch finally the walls of the vessel. 

And here is another mechanism of instability leading to the leakage of magnetic 
bottles. Let us assume that in the plasma column there formed a filament with a 
density exceeding the average (Fig. 208¢, the upper picture). Let this region, 
formed due to fluctuation, be of length / and exist during time ¢. The events we are 
going to describe now will occur if the thermal velocity: of the ions is much less 
than //t, and the thermal velocity of the electrons is much greater than 2/t. It is 
clear that these conditions are fulfilled readily. Let us show that they lead to spread- 
ing of the plasma. 

If there is a segment of increased density, then there unavoidably appears a 
pressure gradient which will begin the process of dissipation. The electrons move 
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rapidly, and the ions are practically immovable, therefore the middle of the seg- 
ment gains a positive charge. The electric field thus obtained must eventually 
balance the pressure gradient. 

Let us now consider the cross section of this segment (Fig. 208c, the. left-hand 
picture). It is obvious, that the positive charge concentrated at its centre will be 
the source of a radial electric field. At each instant, all particles of the plasma move 


—<— Magnetic field 


Fig. 208c 


in both crossed fields, electric and magnetic. The helical motion about a line of 
magnetic force is superimposed by a Lorentz displacement across the lines of elec- 
tric field. In the projection there will appear a circular motion. 

The filament instability is due to the fact that in a nonuniform electric field 
drift velocities for ions are less than for electrons (Fig. 208c, the right-hand pic- 
ture). 

i an electron and an ion (say, proton) are in thermal equilibrium, then their 
radii of revolution about the lines of magnetic forces R, and R, will be to each 
other as 4 to 40. Indeed (see Sec. 170), 


move MeV, 
tty Rp es, 
MpVp 


But in thermal equilibrium m,v; = mvp, i.e. 


: m ye aie 
p 'R Me 
tee , hence ~2= ae 
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If the electric field superimposed on the magnetic field is uniform, then the 
radius R does not affect the drift velocity. The drift velocity is, of course, propor- 
tional to the electric field. If the electric field is inhomogeneous, then a particle 
moves nonuniformly, i.e. more rapidly within the region of a strong field and more 
slowly within the zone of a weak field. 

Let us now compare the behaviour of an electron and ion moving across the 
lines of electric force in an inhomogeneous field. Let the axis of a spiral trajectory 
be projected onto the region where the electric field is the strongest (Fig. 208d). 
The radius of the ion is forty times the radius of the electron; therefore, in the course 
of its helical motion about the line of magnetic force the ion will have to “visit” 
the zone of weak electric fields. Consequently, on the average, the electric force 
which causes drift will be smaller for the ion. 
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Let us now come back to the plasma instability due to a random formation of 

a small dense filament. We showed that in the cross section of this region there 
occurs a circular drift of particles. Now we know that the ions will be displaced 
slower. With a uniform density of plasma this circumstance would be insignificant. 
But with a nonuniform density of plasma the circular drift which turns out to be 
slow for the ions and rapid for the electrons leads to the following effect: a drift 
from the regions of high density to the areas of low density results in preferential 
displacement of electrons, whereas a drift 


in the opposite direction brings more ions 
than electrons to the regions of higher 
density. 


The plasma column is necessarily non- 
uniform in density simply because it has 
boundaries. 

Thus, the density reduces from the axis 
of the plasma column towards the walls. 
This means that the drift of the ions and 
electrons in the region under consideta- 
tion will lead to separation of the charges 
in its cross section (see Fig. 208c, right). 
One more electric field is set in which is 
shown in the left-hand picture of Fig. 208c. 

Fig. 208d This electric field together with the 

magnetic field creates a Lorentz force which 

acts in the external direction. And so, the dense fluctuation portions are automat- 

ically displaced from the axis of the plasma column towards its walls. When it 
touches a wall, the plasma gives up a part of its energy and begins to cool. 

Today, various methods of stabilising high-temperature plasma are being 
intensively investigated in some of the largest laboratories of the world. Quite a 
large degree of success has been achieved. But it is still impossible to obtain a 
plasma with a temperature 7 > 10° K, a concentration n > 102° m~8 and a time 
of confinement +> 0.1 s. 

Of interest is the fact that some of these parameters have been reached. Thus. 
in the Soviet device “Ogra-1” a plasma with 7=9 x 108 K and t = 0.4 8 has 
heen obtained but only for a low concentration: n ~ 10!4 m~%. In devices with 
focussed pinch* (in the USSR and the USA) a plasma with 7 = 2 x 10° K and 
n ee m~* has been obtained but with a short time of confinement: t = 2 
AQF sg, 

Evidently, these instabilities will be overcome in the course of time, and a 
plasma with the required parameters will be obtained. But when this will come 
about, and how, are matters that are far from being clear today. 


* A rapidly growing magnetic field “pinches” the plasma into a very narrow filament. The 
process of pinching the plasma takes place so rapidly that the resulting shock wave heats the 
plasma to a temperature over 10 million degrees, i.e. to the highest temperature ever obtained 
in the laboratory. 


CHAPTER 27 


The Wave Properties of Microparticles 


Sec. 183. DIFFRACTION OF ELECTRONS 


Fig. 209 shows X-ray and electron patterns of scattering from the same substance.. 
The close similarity of the patterns indicates that diffraction also occurs im 
the case of electrons. If the wavelength 4 is known, one may determine from a 
roentgenogram the values of the interplanar distances by means of the equation 
ni = 2d sin 0 (see p. 293). We can calculate 4 by measuring the angle 0 of all 
the rings on the electronogram and using the values of d determined from the 
roentgenogram. The same value is obtained for each ring. This shows that the 
pattern is produced by diffraction and that a specific wavelength is associated 
with a beam of electrons. 


In order to obtain such a pattern, one must place a thin film of matter in the path of an ele-- 
ctron beam. Electrons are easily absorbed by matter and will not pass through a film the thick- 
ness of which is more than about 10-° cm. Electronograms may be obtained by means of an ele- 
ctronograph, an instrument similar to an electron microscope. In fact, one may use an electron 
microscope to obtain diffraction electronograms. For this purpose, it is merely necessary to re- 
move the lens. 

Electron diffraction is used for the same purposes as X-ray diffraction, but electronography 
has a number of advantages over roentgenography. The main advantage is the short exposure 
time required. Matter scatters electrons much more effectively than X-rays. An electronogram: 
may be obtained in a period of time measured in seconds, while a roentgenogram requires at least 
several minutes. 

Since electron beams do not penetrate matter to any extent, electronography may be con- 
veniently employed to investigate the structure of surfaces. Electronography may also be used 
to study the distribution of atoms in crystals, assuming, of course, that the structure is not com- 
plex. 


Fig. 209 
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We are not so much interested in the applications of electronography ag in 
electron diffraction itself. It is of great importance to determine the wavelength 
of an electron beam. This may be done experimentally. When the accelerating 
voltage U is varied, the wavelength varies. It turns out that 4 is inversely propor 


tional to YU. Thus, when 4 is expressed in angstroms and U in volts,\ 


As far back as 1924, before the discovery of electron diffraction, Louis de Broglie 
advanced a bold hypothesis. He proposed that the concept of the dual nature 
of an electromagnetic field, its manifestation in the form of a wave of frequency 
v and wavelength A as well as in the form of particles (photons) with an energy 
EK = hy and a momentum p == = = should be broadened to include particles 
of matter. Experiments in electron diffraction confirmed this hypothesis. The 
formula for the electron wavelength 


inal weal 
is easily converted into the form Hele 
i » where const* = eo? 
by means of the {relation ae =eU orv= (Fic eu. 


_ Substituting the values of e, m and h in the CGS system of units, and conyert- 
ing U into volts, we obtain the above value for the constant. Thisfundoubtedly 
proves the correctness of de Broglie’s hypothesis. 


_ _By means of the above formula, one can obtain the following electron wavelengths for thé 
indicated values of accelerating potential: 


U (volts) 4 400 1,000 
YA) 42,25 1.22 0.39 


Since diffraction from a crystal is possible when the wavelength is of the same order as th 


period of the crystal lattice (~1 A), it is seen that electrons the energies of which are of the ord’ 
of a hundred electron volts may be diffracted from a crystal. 


Sec. 184. THE FUNDAMENTAL CONCEPTS OF QUANTUM MECHANICS 


As we have seen, an electron beam may behave asa wave having a waveleng!! 

= =. Is this behaviour typical of a large group of electrons or are wave prope” 
ties inherent in single electrons? To answer this question, let us compare the elee- 
tronograms obtained with a low and a high intensity beam of electrons. In one suc! 
experiment, the beam was of such low intensity that the average time intervé 
between two successive passages of an electron through the diffracting system ws 
30,000 times greater than the time taken by an electron to travel from the fil 
ment to the photographic plate. Nevertheless, the diffraction pattern differs in ™ 
way from another electronogram obtained with a beam the intensity of which w 
10’ times greater. Such experiments show that the wave property is inherent i 
single electrons. Thus, what was stated on pp. 324-326 with respect to a photon ! 
also valid for an electron. An electron does not behave like a projectile or pellet: 
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The behaviour of an electron cannot be described by means of Newton’s laws of 
mechanics. The field devoted to the investigation of the behaviour of microparti- 
cles is known as quantum mechanics. 

This dual behaviour is not peculiar to an electron alone. Wave behaviour is 
characteristic of all microparticles. Thus, it is possible, for example, to observe 
neutron diffraction. Diffraction of helium atoms and hydrogen molecules have 
also been observed. As will be seen below, the greater the mass of a particle the 
more do its wave properties recede into the background. But more about this lat- 
er. Let us designate by » the amplitude of the wave associated with a microparti- 
cle of mass m. This amplitude, like the amplitude of a wave of any kind, is a func- 
tion of coordinates. The function wp (z, y, 2) or “psi function” must satisfy the 
wave equation (see p. 258): 


Aap ++ sold p =0. 


‘ : Z : P . ‘ h 
Let us substitute in this equation the microparticle wayelength A = 7 express- 
m 
ing the velocity of the particle in terms of its energy. If the particle moves in a 
field with a potential energy U and has a total energy € then 


2 ‘ OTe aes 
a -=€—U and v= V 2 ily 


“ m 


Substituting in the wave equation, we obtain 


Ay +22" (6—U) p=0. 


This equation is called Schrédinger’s equation and is the fundamental law of quan- 
tum mechanics. It should be noted that we have merely performed a substitution 
in the wave equation, which by no means constitutes a derivation of the funda- 
mental law of quantum mechanics. The substitution should be viewed rather as a 
conjecture leading to the discovery of this equation. 

Much like Newton’s fundamental law of motion, the Schrédinger equation is a 
law of nature encompassing, as we shall presently see, an extensive range of pheno- 
mena*, 

This differential equation enables us, in principle, to find at all points in the 
region under consideration the amplitude 1p (z, y, 2) of the wave associated with a 
microparticle. 

How can the validity of the Schrédinger equation be verified? This may be 
done by means of a basic confirmation of the theory: the intensity of the tp-wave 
at every point in space, i.e., the quantity 1p’, is the probability density** of an 
electron at this point in space. As for the amplitude of the s-wave, it cannot be 
determined experimentally, like the field intensity vectors of an electromagnetic 
wave. 

The description of a particle by the wp-function is not to be regarded as an incom- 
plete, imperfect method of describing its motion. It would be incorrect to believe 
that it is solely due to the peculiarities of quantum mechanics that a particle has 
a probability wp? (x, y, 2) of being at a given point in space and that by means of 
a better theory the path of the particle could be determined and its location indi- 
cated with certainty. An exact description of the motion of a particle, i.e., the 
determination of its path, is not possible because the behaviour of a microparticle 


* We have simplified the picture by not considering the dependence of sp on time. The exact 
Schrédinger equation takes this dependence into account. 
** That is, the probability of finding the particle in a small volume divided by the magni- 
tude of this volume. 
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is completely different from that of a large body. A microparticle is not a particle 
in the classical sense. 

Let us again refer to the experiment with two slits which was used to illustrate 
the dual behaviour of a photon. 

Assume that a beam of electrons impinges on a screen in which two slits are 
cut. Diffraction occurs. Let us direct our attention to one point on the screen where, 
say, interference annuls the wave. If only one slit is kept open, electrons reach 
this point. If both slits are open, however, electrons do not reach this point. This 
phenomenon cannot be explained by the collective behaviour of the electrons, 

If we insist on the electron’s behaviour as a classical particle, it must be accept~ 
ed that an electron passing through one slit “knows” whether the other slit is 
open or closed, and behaves accordingly. It must be concluded that an electron is 
not a classical particle. Every electron has wave properties and the concept of an 
electron path is not fully applicable. Therefore, the question whether the electron 
passed through one slit or the other when both slits were open is meaningless. Such 
a question is meaningful only for “ordinary” particles, but not for microparticles. 

Does this mean that it is meaningless to speak of the velocity and coordinates 
of a microparticle? This question is answered by the so-called indeterminacy (or 
uncertainty) principle formulated by the German physicist Heisenberg. 


Sec, 185. THE UNCERTAINTY PRINCIPLE 


This principle indicates the limits within which the classical description of par- 
ticles applies to microparticles. 

Applicability of the Path Concept. Let us assume that we wish to determine 
the coordinate of a microparticle at some point x and are able to do this with an 
accuracy of Az. To “see” a microparticle, one must use a “microscope” in which 
the wavelength of light is sufficiently short (the shorter the wavelength the grea- 
ter the resolving power). In principle, Az may be made as small as desired. For 
this purpose, it is merely necessary to reduce the wavelength until Az is of the 
same order of magnitude as the wavelength: Az ~ i. 

However, if the wavelength is short, this means that the corresponding photon 


has a large momentum: p = -: This momentum will be transmitted to the parti- 


cle being “observed” under the microscope, i.e., when the particle is “flicked” its 
momentum changes by a Ap the order of magnitude of which ise. By decreasing 
i, we decrease Az, the uncertainty of the coordinate, but at the same time we 
increase Ap, the uncertainty of the momentum. Eliminating 4 from the following 


relations: Az A and Ap ae, we obtain the equation 
Az X Ap wh, 


the expression for the uncertainty principle. This indicates that specifying the 
path of a microparticle has physical meaning only if it is understood that the 
coordinates and momentum in a given direction have uncertainties which satisfy 
the inequality 

Az X Ap >A. 


This remarkable relation establishes the limits of applicability of classical 
physics to a microparticle. 

Substituting the product mv for the momentum p, which is justified in the case 
of velocities which are not very close to the velocity of light, we obtain the condi- 
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tion 
h 
Az x Av> _—, 
m 


a relation between the uncertainties in a coordinate and the corresponding particle 
velocity along the z-axis. The right member of the relation will vary by many or- 
ders of magnitude, depending on whether we are dealing with an electron, atom, 
molecule or tennis ball. 
For an electron 
h 


hence, the uncertainties in a coordinate and the corresponding particle velocity 
are related as follows: 
Az xX Av> 7. 


Consider an electron located within an atom, the diameter of which is 10-8 em. 
Can the motion of the electron in the atom be described as if the electron were an 
“ordinary” particle? Using the uncertainty principle, we find that Av ~ 108 cm/sec. 
Thus, we can only speak of the velocity of an atomic electron in very general 
terms. The concepts on an electron path in an atom, an electron path of transition 
from one energy state to another (see below), etc., are meaningless. In short, an 
atomic electron is quite different from an “ordinary” particle. 

Now, let us assume that an electron has entered a Wilson cloud chamber and 
that we wish to trace its path with an accuracy of the order of several tenths of a 
millimetre. If the width of the particle track is Az = 10~-? cm, then according 
to the uncertainty principle Av ~ 7 m/sec. This is the uncertainty of the lateral 
component of the velocity. Even if the electron velocity is only 1 km/sec an un- 
certainty of the indicated order is insignificant and specifying the electron path 
becomes meaningful. Similarly, we can speak of the path of an electron beam in a 
microscope and the path of electrons in an electron-beam tube without coming 
into conflict with the “classical” picture. 

The mass of protons, neutrons, atomic nuclei and atoms is thousands times 
greater than that of an electron. Therefore, the classical paths of such particles 
are of somewhat greater usefulness. Thus, for example, in the case of an a-particle, 
the mass of which is about 7,000 times greater than the mass of an electron, 


Az X Av > 1073. 


Is it meaningful to ask at what location in an atom did the path of ana-particle 
penetrating a substance pass through the atom? We wish to trace the path with 
an accuracy of 10-® cm and we have at our disposal data on the lateral component 
of the velocity the uncertainty of which is 10° cm/sec = 10 km/sec. For a fast o.-par- 
ticle (20,000 km/sec), this uncertainty is insignificant. Therefore, it is possible 
to say whether the path of the a-particle penetrating the atom passes far from the 
centre of the atom or not. 

On the other hand, it is meaningless to speak of the path protons or neutrons in 
nuclei, since the size of a nucleus is ~10-!5 em. 

For large molecules, e.g., proteins having a molecular weight of the order of 
10°, the uncertainty principle is of no significance. Here, Ax X Av > 10-7; hence 
one can reliably define the path of such a molecule in considerable detail. Even 
the random thermal motion of such a molecule, the average velocity of which is 
of the order of 1 m/sec, may be traced, and the path of its centre of gravity indi- 
cated with an accuracy of the order of 1 A. 


24% 
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Needless to say, a particle of dust, even if it is visible only under a migy 
scope, is too large for the uncertainty principle to be of practical significangs, 

The Simultaneous Measurement of Two Physical Quantities. It shoud 
not be thought that the inability to determine the path of a particle is due to a 
measuring deficiency which will eventually be overcome by physicists. The lac, 
of meaning in specifying a pair of physical quantities with ideal exactness igs a 
peculiarity of microparticles. The methods of describing the behaviour of ap 
“ordinary” particle are inapplicable to a microparticle. Only for a classical Party 
cle is it meaningful simultaneously to specify and define its coordinate and Mig? 
mentum. : 

The principle of uncertainty has broader significance than being simply a Means 
of judging whether or not the path of a particle can be determined. As an integra] 
part of the mathematical apparatus of quantum mechanics, the principle of UDCEy- 
tainty enables us to evaluate the possibilities of simultaneous measurement 
any physical quantities, not only coordinate and momentum. 

First, let us define the uncertainty principle in relation to coordinate and Mo- 
mentum. It should be recalled that a particle has three coordinates and that a 
momentum vector has three components. Instead of the one relation discussed 
above, three relations should be written, namely: 


Az® Ap, >h; Ay Apy 2} Azx Ap, >h, 


of 


The possibility of simultaneously determining (specifying) all the coordinates 
along the different axes, and all the momentum components, is also considered 
in quantum mechanics. It turns out that it is possible (meaningful) simultaneous 
ly to specify the coordinates or simultaneously specify all three momentum coMpo- 
nents. Why is this point being emphasised? It would seem that it is always Pos- 
sible simultaneously to determine the three components of any vector. Careful 
consideration indicates that this is not so. An example of a vector the three compo- 
nents of which cannot be determined simultaneously is the angular momentum 
(i.e., moment of momentum) of a particle. 

Assume that a particle rotates about an axis with an angular momentum J, 
This motion may be viewed as the resultant of three rotations about three mutual- 
ly perpendicular axes with angular momenta L,, Ly, and L,. In the case of an 
“ordinary” particle, the three components of the angular momentum may be deter- 
mined separately since the path of the particle may be traced. In the case of a 
microparticle such a determination is not possible, and simultaneous specification 
of all three components of the angular momentum is meaningless. To clarify this 
point, let us assume the converse for a moment, namely, that all three components 
of the angular momentum are known. But then the total angular momentum could 
be constructed from the three components. In that case, the plane in which the 
particle moves is determined. But if this plane is known, then we know precisely 
the coordinate of the particle along the axis of rotation and note simultaneously 
that the velocity of translatory motion along the axis of rotation is equal to zero. 
This contradicts the principle of uncertainty relating coordinate and momentum. 

Thus, it is characteristic of a microparticle that it is not possible simultane- 
ously to determine the three components of its angular momentum. What data 
relative to its rotation may be specified simultaneously? The uncertainty princi- 
ple gives the following answer: any component and the absolute value (vector length) 
of the angular momentum. There is one exception to this rule: complete absence of 
rotation may be established for a microparticle, i.e., the angular momentum vec- 
tor may equal zero; in other words, all three components equal zero simultaneous- 
ly. 
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Energy and Time Interval. On the basis of the uncertainty principle relating 
the coordinate and momentum of a particle, one may suspect that a more or less 
analogous relation which involves energy exists. Thus, in ordinary particle me- 
chanics, it was necessary to know simultaneously the position and velocity of a 
particle in order to calculate the total energy as the sum of potential and kinetic 
energy. For a microparticle this is not possible. However, the total energy of a 
particle may be found as a whole, i.e., without separation into parts, and on the 
basis of what was just said it is natural to expect that this may be done with an 
uncertainty A. If it is assumed that the uncertainty principle maintains its 
form, then from dimensionality considerations we must conclude that the uncer- 
tainty relation for energy must have the following form: 

AE Ath 
where At is the time interval. 

What is the significance of this time interval and how should the uncertainty 
relation for energy be interpreted? The time interval At is the time during which 
a microparticle possesses an energy 6 -+ Aé. The uncertainty in the energy of a 
microparticle is determined by the time during which it is in the given energy state. 
The uncertainty in energy becomes significant only when the time during which 
it is at the given energy level is measured in minute fractions of a second. 

An atomic electron remains for an indefinitely long period of time at its lowest, 
or fundamental, energy level (see below for a detailed discussion). Therefore, the 
energy of the fundamental state is fixed quite rigidly. An electron remains for a 
very short period of time at a higher level. Its energy in such a state is 6 + AE. 
Accordingly, when an atom passes from a higher energy level to a lower one, the 
radiation frequency cannot be exactly defined, i.e., it lies in the narrow band 

e 
¥ sk = . This may be observed experimentally: spectral lines are of finite width, 
which may be used to determine the so-called lifetime of a microsystem in an 
excited state. Experiments show, for example, that the width of spectral lines in 
the X-ray region is of the order of 10 eV. Thus, in such a case, the lifetime in an 
h 


excited state is of the order of Ww 10-16 sec. 


Sec. 186. THE POTENTIAL SQUARE WELL 


On page 42, we discussed potential curves, which clearly illustrate the condi- 
tions of particle motion. The simplest curve of this type is a right-angled curve, a 
so-called square well. In such a well, the potential energy has a constant value over 
a segment a (for simplicity, we restrict ourselves to the, linear case). At the edges 
of the well, the potential energy changes abruptly. If the walls are very high, the 
potential energy inside the well may be considered equal to zero (since the choice 
of origin is immaterial), and at the edges of the well equal to infinity (see 
Fig. 240). 

Assume that an electron (or some other particle)"is located in the well. Let us 
try to determine the nature of its motion for the simple one-dimensional case, i.e., 
let us assume that the electron is moving along the x-axis. If Newton’s laws of 
mechanics were applicable to an electron, such an electron would move continuous- 
ly — first toward one side of the well, where it would be elastically reflected from 
the wall, then toward the other side, etc. There is no other possibility from the 


* . . * . . . 2 . 
viewpoint of Newtonian mechanics, since for U = 0 the kinetic energy “> is 
constant. Thus, for motion in a square well, the following conclusion may be 


374 III, Structure and Properties of Matter 


drawn from the mechanics of “ordinary” particles: A particle may move in the 


2 


well with any kinetic energy > or it may remain motionless. For any given ener 
gy, the motion is uniform—first toward one side, then toward the other, i.e., the 
velocity reverses direction abruptly at the end 
of the allowed interval. 

Now, let us consider the electron motion in 
such a well from the viewpoint of quantum me 
chanics. 

The bahaviour of the electron is characterised 
by the »p-function. The square of this function 
indicates the probability of finding the electron 
at some point in the given interval. Since U = 0 
inside the well, the Schrédinger equation becomes 
simplified and may be written in the form 


dp 4m? h 
ores = U =O, where A=———, 
ie V 2mE 


dx 
Fig. 210 This equation is satisfied by the sine and cosine 
of the argument =. If the well is bounded 
by the coordinates «=0 and 2—=a, then for these values yp =O, 


since the electron does not penetrate the walls. Therefore, cos 2n-- is not 


suitable as a solution to the equation (cos Ig = date = 0) . Hence, 


ny 
p= Asin  g, 


But the wavelength 4 cannot be arbitrary, since 1p = 0 at z = a. The following 
equation must, therefore, be satisfied: 


Ba=(n+1)n 


or 
ion where n=O, 1, 2 
bd n-+4 ’ ? 2 AY vs Sie 
Thus, the wavelength may assume the values 2a; G, S ,wa-+s. [tis seen tier 


the tp-function represents the amplitude of a standing wave (see p. 98) and that 
formally this problem has much in common with that of a vibrating rod or string. 
But if the wavelength A has a discrete set of values, then the energy € of a micro- 
particle cannot be arbitrary, i.e., 
go ee 
8ma? , 
the integer n is called the quantum number. 
Thus, the Schrédinger equation leads to the quantisation of energy. A micro- 
particle in a square well has a discrete set of energy levels. The lowest energy level 


occurs for n = 0. This energy is equal to 


particle located in a square well. 
The existence of a zero-point energy is an interesting peculiarity of microparti- 
cles. In the case of “ordinary” particles, the lowest energy has a value of zero. But 


h : ; 
3nqi and is the zero-point energy of a 
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under no circumstances can microparticles cease to move. At absolute-zero temper- 
ature, a microparticle has a specific zero-point energy, the values of which differ 
considerably depending on the nature of the force field in which the particle is 
located. 


Example. Assume that a= 4 A (a characteristic value for an atomic region). Then, the zero- 
point energy of an electron in the square well is 
ah h? (6.6 x 10-27)2 
Oo Bma® 8X 9.1 x 10-28 (10-8)? 


=0.6 x 10-19 erg=37 eV. 
If a = 1 om (a free electron in a piece of metal), ) = 0.6 X 10-6 erg = 37 X 10-1 eV. 
The velocity of an electron at a given energy level may be calculated by means 


of the wavelength: v =—=.. But in such a case, the electron motion cannot be 


described by the equations of classical mechanics. It is not possible to indicate 


v(2) va) 


Fig. 211 


where the electron is located at one or another instant of time. However, the 
quantity w*, i.e., the probability density of the electron at one or another point 
in space, may be determined from the equation 


ap, = A? sin® ae x= A* sin? = (m--1) x. 


It should be noted that to each energy level there corresponds a proper (of same 
number n) wave function (also called characteristic function or eigenfunction). 

Fig. 241 shows the p-function and 1p?-function for the first four energy levels of 
an electron located in a square well. Quantum mechanics leads to the conclusion 
that an electron does not appear with equal frequency at different points in the 
region. If the electron energy is a minimum, i.e., the electron is located at the 
lowest level (n = 0), the particle is most often encountered at the centre of the 
“well”; if the electron is located in the state corresponding to n = 4, it is never 
encountered at the centre of the allowed segment, etc. The 3, curves indicate the 
frequency with which the electron appears at various points in the region. 

Now, let us summarise. On the basis of quantum mechanics, the following con- 
clusions may be drawn regarding the motion of a microparticle in a square well. 
Only motion corresponding to a discrete set of energy values, 60, 61, 62...-, 
is possible. The particle cannot be stationary since even the lowest energy level 
corresponds to motion with a certain velocity. Data on the nature of particle mo- 
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tion for a given energy are provided by the 1p”-function. Knowing 1p” (x), one ma 
determine at what points in the region the microparticle appears often, and y 
what points rarely. 

It remains to be determined under what conditions an “ordinary”, i.e. class; 
cal, description of particle behaviour is valid. 

Imagine that an oxygen molecule is enclosed in a box the dimensions of whic), 
are scores of times greater than the dimensions of the molecule. Assume that the 
molecule has the average energy, at room temperature, of a molecule of OXYRen 
gas, i.e., 10718 erg. Using the values a = 100 A, m = 5.4 X 107-8 g and 6 J 
= 10-'* erg, one may determine the quantum level of the microparticle. The 
result is 2 — 1,000. Two conclusions may be drawn. First, the »p?, curve has such 
a large number of alternating maxima and minima that the probability densit 7 
of the particle is approximately the same for all points in the box. Secondly, neigh- 
bouring energy levels are very close. 

Both characteristics which follow from the fundamental equation of quantuy 
mechanics have disappeared: the probability distribution of the particle is prag- 
tically indistinguishable from a smooth curve and the energy levels are so cloge 
that energy discreteness is imperceptible. In such a case, quantum mechanics yield. 
approximately the same results as particle mechanics. This is true whenever the 
particle energy corresponds to a large quantum number. We have illustrated ay 
important principle of quantum mechanics: when the quantum number is large, 
the results of quantum mechanics coincide with those of the mechanics of “ord 
nary” particles. This means that when n is large the particle-path concept ang 
other characteristics of ordinary particles are applicable to microparticles as well, 


Sec. 187. SIGNIFICANCE OF THE SOLUTION OF THE SCHRODINGER EQUATION 


We have devoted a relatively large amount of space to the motion of a particle 
in a square well. On the basis of this simple example, we were able to illustrate 
the basic features of the quantum-mechanical method of considering problems, 
If an electron or other particle is able to execute motion in a limited region, the 
characteristic features of the solution of the Schrédinger equation are preserved, 
no matter what the form of the potential curve in this region. In all cases, the po- 
tential well may be intersected by a number of horizontal lines—possible energy 
levels. In principle, the Schrédinger equation enables us to calculate these energy 
values if the form of the potential well is given. The lowest level gives the zero- 
point energy of a particle in a given potential well. 

For each energy level of number n, quantum mechanics establishes a set of wave 
functions Wrz, y, 2). The quantity w?, (x, y, z) gives the probability of finding 
a particle at a given point in the region if the energy of the particle is €,. Since 
the particle manages to be at all points in the region more than once during the 
time of measurement, ap(a, y, z) may be viewed as the density of the “particle 
cloud”. The electron cloud surrounding an atomic nucleus resembles a photograph 
of the atom taken with long time-exposure. The wp-function gives the amplitude of 
the wave associated with the particle. In the case of an electron in a square well, 
the tp-function consists of standing waves and to every level there corresponds a 
characteristic wavelength i. ‘ 

This is not the situation in the general case. The standing “waves” corresponding 
to a given state (given n) will appear very strange: their wavelengths ) = 

h 


= V im (6 —0) will differ at different points in the region, depending on the 
nature of the potential “curve” U (z, y, z). For more or less complex cases, there 
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is only slight similarity between the ip-function and the amplitude of a standing 
wave (in the usual sense of the term). 

Theoretical and experimental evidence indicate that in a number of cases sever- 
al ap,-functions may correspond to a single €,, energy value. This occurs if at one 
energy a particle may have states which differ with respect to another physical 
quantity, e.g., angular momentum. The forms of the tp? clouds of such a state— 
called a degenerate state—may differ radically from one another. 

The problem of particle motion in a given type of potential well is solved when 
the energy levels are found and the characteristic p-functions are calculated for 
all levels. If the solution of the Schrédinger equation is known, the result of one 
or another measurement performed on the given particle may he predicted. 


Sec. 188. TUNNELLING THROUGH A BARRIER 


We shall now discuss a peculiar effect which may occur in the case of a micro- 
particle, but not in the case of an ordinary particle. This is the tunnel effect, i.e., 
the “leakage” of a particle through a poten- 
tial barrier. 

Imagine that inside the region in which a 
particle moves, there is a potential barrier of 
height U and width d (Fig. 212). If the ener- 
gy of the particle is €< U, an ordinary 
particle could be either in front of the barri- 
er or beyond the barrier. The particle cannot 
pass through the barrier, since this would re- 
quire that the particle have a negative kinetic 
energy and an imaginary velocity, which is 
absurd. Matters stand differently with respect 
to microparticles. The uncertainty principle 
does not permit us simultaneously to ascribe 
to a microparticle exact values of velocity and coordinate, and hence of ki- 
netic and potential energy. That is why a particle having a total energy & 
may pass through the barrier. 

The conditions for such passage may be determined as follows. Coordinate and 
momentum uncertainties are connected by the relation Av Ap © h. Momentum 

2 
uncertainty is uniquely related to kinetic energy uncertainty since K =+. 
If AK is a quantity of the order of U — €, where € is the particle energy and 
U is the height of the barrier, a particle to the left of the barrier (see the figure) 
has a coordinate uncertainty 


h \h 
A oS 7 
me V 2m (U—-6) 


If the barrier width d is less than Az, the particle mayjbe located on the other side 
of the barrier. The particle tunnels its way, so to speak, through the barrier at the 


total energy level 6. 
Thus, the condition for tunnelling is 


dV 2m(U—6)<h, ie., £ Yim (U—é)<1. 


It may be! easily shown by numerical examples that the phenomenon is of sig- 
nificance only for microparticles. 
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For U— € = 10 eV~ 10-4" erg, m~ 10-27 g (electron mass) and d ~, 10-8 em, 
+ V 2m(U — 6) = 0.2 <4, i.e., tunnelling is possible. 
For a 1-g spherule lying next to a match box (U — 6 = 3,000 ergs and d= 2 cm), 


+ V 2m (U0 — €) = 2.5 X 1028 > 4. It is evident that the spherule cannot “tunnel” through 
the match box. 


The probability of leakage through a barrier may be calculated. It turns out that 
this probability is proportional to 
- a V T= ea 
The tunnel effect could be predicted on the basis of the Schrédiner equation. 
The solution of this equation shows that even at points where U > € the »- 
function has values differing from zero. Thus, there is a certain probability— 
inversely proportional to the magnitude of V — —that an electron is located 


in a region where in the language of “ordinary” particles it possesses negative 
kinetic energy. 


CHAPTER 28 


Atomic Structure 


Sec. 189, ENERGY LEVELS OF A HYDROGEN ATOM 


A hydrogen atom has one electron which “rotates” in a nuclear field. One would 
think that the problem is simple. But even for this most simple atom, the solution 
of the Schrédinger equation is very cumbersome and, therefore, will not be repro- 
duced here. However, we shall give the results of the calculations and discuss them 
in considerable detail. 

An electric force of Coulomb attraction acts between the electron and the nu- 
cleus. The potential energy of an electron in a nuclear field is VU = <=, where 


e is the charge of an electron (the same as the charge of a proton) and r = 
=V2+y? + 2 is'the distance between the electron and the nucleus. The Schré- 
dinger equation has the form , 


. 82m e , 


Such an atom constitutes a peculiar kind of potential well and is illustrated in 
Fig. 213. This is a well without a bottom and with devergent sides. The sides of 
the well are hyperbolas and the axis r = 0 is one of the asymptotes. The electron 
inside the atom has a negative potential energy* since the minimum value of po- 
tential energy tends to infinity when r— 0 and the maximum value is equal to 
zero. 

Fig. 214 shows the energy levels obtained from the solution of the Schrodinger 
equation. An important feature of the solution is the drawing together of the 
levels as the quantum number 7 increases. Transitions between levels will be 
discussed below. The scales of values, which are proportional to energy, are given 
in the units adopted in spectroscopy: volts and reciprocal centimetres. ‘The energy 
level formula may be written in the form 


2m0?me* 
En= Rene ° 
ne 
For historical reasons, it is customary to write this formula in the form 


é, ae cRh 


n2 ? 


where R = Patne = 109,740 cm-! is the Rydberg constant. \ 


Thus, it transpires that the total energy as well as the potential energy of the 
atomic electron is negative. The atomic electron may be located at any one of n 
levels. The greater the value of n, the higher the energy level, and the greater the 
energy possessed by the electron. The electron of a free hydrogen atom on which 
no force acts is at the lowest energy level: 6, = — cRh. 


* It may be asked: why has the origin of potential energy been chosen in such a manner that 
the electron energy is negative? The advantage of such a choice is not difficult to see. For differ- 
ent atoms, the potential energy has the same value only when r—> oo. It is natural to set this 
common value equal to zero. 


380 III, Structure and Properties of Matter 


If an energy greater in magnitude than cRh is transmitted to the atom the 
electron leaves the bounds of the potential well, i.e., the atom becomes ionised. 
The energy ch is called the ionisation energy. 

It is customary to characterise the work of tearing away an electron from an 
atom by the ionisation potential. For a hydrogen atom, 

cRh 3x 10! »~ 109,740 % 6.6 x 10°27 


Vion = e 4.8% 40710 = 4.9 % 107-2 CGS units = 13.5 V. 


The reason for the above designation is the following. Let us assume that the 
electron is torn away from the hydrogen atom by the action of a beam of electrons. 
Volt 
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Fig. 243 Fig. 244 


To ionise a hydrogen atom, one must accelerate electrons, which act as projec- 
tiles, to an energy of at least eV = cRh. Therefore, V is the potential difference 
through which an electron must be accelerated in order to produce ionisation of 
collision with a hydrogen atom. 

If the energy imparted to a hydrogen atom is less than cRh, a transition of the 
atom occurs to one of the n levels*. Such an atom is said to be in an excited state. 

An atom stays in an excited state for a small fraction of a second and then pas- 
ses to a lower level with the emission of a photon in accordance with the equation 

hymn = Em— En = CRA (- Sj . 

* In the case of a hydrogen atom, which has one electron, the phrases “the atom is at an 

energy level n” and “the electron is at an energy level n” have the same meaning. 
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If hydrogen atoms are excited by different kinds of collisions, they are raised 
to different energy levels and return to the ground state by “skipping” over levels 
(see Fig. 214). Therefore, a large concentration of hydrogen atoms will radiate 
photons of every possible vn, frequency. A characteristic line spectrum of emission 
arises. 

By calculating for a given n the v,, frequencies corresponding to the numbers 
m—=n+1,n-+ 2, ..., we obtain a series of frequencies of lines in the hydrogen 


i 


spectrum. The existence of such series was known long before quantum mechanics 
was developed. The series corresponding to n = 2 is known as the Balmer series. 
By substituting m = 3, 4, 5, 6, 7 and 8, respectively, in the formula, Jet us calcu- 
late the wavelengths of six of the lines in this series: A, = 6,562.80 A; A, = 
= 4,861.38 A; A; = 4,340.51 A; Ag = 4,101.78 A; A, = 3,970.44 A; and Ag = 
== 3,889.09 A. It is apparent that the separation between lines decreases as m 
increases, which is in accordance with experimental results (see Fig. 215). Experi- 
mental and calculated values do not differ by more than 0.05 A. 


Fig. 245 


Sec. 190. QUANTUM NUMBERS 


The solution of the Schrédinger equation enables us to determine all of a hydro- 
gen atom’s energy levels, €,, as well as all of its wave functions. In the ground 
state, an electron is characterised only by the function »p,. As for the excited 
states, they are degenerate to the square of n, to use the terminology of quantum 
mechanics. This means that there are four 1p-functions corresponding to the energy 
€,, nine corresponding to 63, etc. Hach of these states may actually exist. 

How do the n? states having the same quantum number n differ from one another? 
Quantum mechanics provides the answer to this question. States with one and 
the same energy value @, may differ with respect to the magnitude of the elec- 
tron’s angular momentum as well as the value of the angular momentum’s projec- 
tion on a certain selected axis. 

The solution of the Schrédinger equation for a hydrogen atom shows that the 
electron’s angular momentum has a discrete series of values given by the formula 


L=Vil+) ze, 


where 1 may assume any integral value from 0 to n — 1 when the electron is at 
the n-th level. 
Moreover, the Schrédinger equation shows that relative to the selected direction 
z the angular momentum £ must be oriented in such a manner that 
h 


L,=m——. 
F ‘2 Qa’ 


where m is an integer that may assume any value from — / to -1, including zero. 
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It should be recalled that according to the uncertainty principle Z and L, give 
us all that we can possibly know about the angular momentum; in other words,. 
‘it is meaningful to specify simultaneously only these two quantities. 

Thus, the state of an electron in an atom is characterised by three quantum 
numbers: n, J and m. The number nv is called the principal quantum number, l 
the azimuthal quantum number, and m the magnetic quantum number. 

The states with 1 = 0, 1, 2, 3, ... are designated by the letters s, p, d, f, ..., 
respectively. The principal quantum number precedes one of the above letters. 
For example, the 3p state is the state with n = 3 and 1=— 1. 

Let us list all of the possible states for n = 1, 2 and 3: 


n | l Designation of the state m 
ee eee 
4 0 1s 0 
2 0 2s 0 
1 2p —1, 0,1 
3 0 3s (0) 
4 3p =H Os. 4 
2 3d —2,:—1, 0, 1, 2 


The energy transitions of a hydrogen atom are determined exclusively by the 
values of the principal quantum number n. In order for the J and m numbers to- 
play a part, the degeneracy must be “removed”, i.e., the energy of states with a 
different angular momentum must be changed. In the case of hydrogen atoms, 
this may be done by placing the atoms 
in a magnetic field. In other cases, de- 
generacy is removed by electron in- 
teraction (see below). 


> 


4774 


Sec. 191, THE ELECTRON CLOUD OF s AND p 
STATES 


The state characterised by the three 
numbers n, J and m is described by the 
wave function 1p, 7, m- The character- 
istic form of the electron cloud cor- 
responding to this state is determined 
by the function 4p; 1, m- Let us consid- 
er the form of the 1p-functions of a 
hydrogen atom which characterise its 
various excitation states. 

Fig. 246 Consider the s states. Since 1 = 0, m 

is also equal to zero. Hence, for every 

there is only one %p-function. The equation | = 0 means that the electron has no 

angular momentum. This requires, of course, that there be no favoured directions 

of motion, i.e., the electron cloud must have spherical symmetry. Such is the 

result obtained from the Schroédinger equation: the functions Wigs Wax Waxy, Obbss 
have spherical symmetry. 

Fig. 216 shows curves of radial density distribution of the electron cloud or, 
what amounts to the same, the probability density distribution of the electron. 
The quantity 4sr*sp?, which gives the radial density, is plotted along the ordinate. 
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It is evident that 4sr*p? dr represents the number of electrons* contained in a 
spherical shell the inner and outer radii of which are r and r + dr, respectively. 
The radial density curves show that in the 1s state there is one electron density 
maximum, which for a hydrogen atom is located at a distance of 0.53 A from the 
nucleus. In the 2s state, there are two density maxima; the electron will be within 
the second maximum most of the 
time. Finally, in the 3s state, there are 
three density maxima; here, the elec- 
tron will be within the third maxi- 
mum most of the time. 

As the principal quantum number 
n increases, the electron cloud  be- 
comes dissipated. 

The p-state functions look entirely 

different. There are three values of m, 
namely, 0, —1 and +4, correspond- Fig. 217 
ing to l=1. The electron-cloud 
configurations are illustrated in Fig. 
217. For m= 0, the major axis of the “figure eight” is oriented along the 
selected direction; for m= -41, the major axis is perpendicular to the 
selected direction. It is evident that the m = +1 states may be meaningfully 
distinguished only when both are present. The figure gives some indication of the 
symmetry of the electron cloud. It is the same for all states. A change in the prin- 
cipal quantum number merely results in a change in the nature of the radial drop 
in density: the greater the value of n, the more extended the curve. 

We shall not discuss states with large values of 1. Their electron clouds are more 
complex. 


Sec. 192, PAULI'S EXCLUSION PRINCIPLE 


Atoms are arranged in the Mendeleyev, periodic table in accordance with the 
number of electrons contained in them. Thus, helium has two electrons, lithium 
three and beryllium four. On the basis of the Schrédinger equation, what can be- 
said about the structure of atoms? 

At first glance the problem may appear hopeless. Even in the case of helium, 
strict adherence to procedure would involve solving the Schrédinger equation for 
a wave function with six variables, tp (21, Y1, 2;, 22, Yo, 22), the square of which 
gives us the probability of finding the first electron at point z,, y,, z, when the 
second electron is at point 2», Ya, 2. The potential energy to be substituted in 
the equation is 


where r, and r, are the distances of the electrons from the nucleus (the nuclear 
charge of helium is 2e) and rj. is the distance between electrons. An exact solu- 
tion of such a problem is quite impossible. 

It would be extremely desirable to deal separately with each atomic electron 
and describe each such electron by its wave function wp (z, y, z). But how can this 
be done? Evidently, it is necessary to consider the motion of one electron in the 


* A fractional number of electrons should not disturb us, for this is only a manner of speech. 
Strictly speaking, 4str%4}* dr is the probability of an electron being inside a spherical shell of 
dr thickness. 
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field of the nucleus and the remaining electrons. It may be assumed that this 
effective field has spherical symmetry. Therefore, the description of the properties 
of such an electron will not differ from that of the electron of a hydrogen atom. 

To be sure, the problem is still quite difficult: for different electrons these effec- 
tive fields differ and, moreover, all must be determined simultaneously since each 
depends on the states of the remaining electrons. Such an effective field is said to be 
self-consistent. This approach to the problem of a multi-electron atom enables us 
to apply, to a large extent, the description of the properties of a hydrogen atom’s 
electron to the behaviour of an electron of a complex atom. 

The state of each electron will be characterised by the same quantum numbers 
as in the case of hydrogen. However, in the case of a multi-electron atom, degener- 
acy is removed by electron interaction, and levels with different 1 and m values 
will have different energies. 

The Schrédinger equation enables us to determine the energy levels that are 
possible, but does not indicate the energy of the atomic electrons. One might 
think that all the electrons of an atom occupy the lowest energy level. In any 
case, such would be the behaviour of “ordinary” particles. But experiments com- 
pletely refute such a supposition. The “arrangement” of electrons in accordance with 
energy levels is governed by the Pauli exclusion principle. The first conjecture that 
such a principle exists was based on a study of the Mendeleyev periodic table. 

As was indicated above, it follows from the Schrédinger equation that (21 + 
++ 1) states exist for a given n and Jl. It was also indicated that this in turn yields 
n* different 1p-functions for a single value of n. The first values of n? are 1, 4 and 
9. Let us examine the Mendeleyev periodic table. Helium, neon and argon, which 
complete the first three periods of the table, contain 2, 8 and 48, i.e., 2n?, elec- 
trons, respectively. This is by no means accidental. [t is an expression of a pro- 
found law according to which only two electrons can have the same ap-function, 
In other words, an energy level cannot be occupied by more than two electrons. 
This general law of nature, to which we shall return in Sec. 194, is called the 
Pauli exclusion principle. 

By means of this principle, we can “arrange” the electrons of a complex atom 
in accordance with quantum numbers and, therefore, in accordance with energy 
levels and values of angular momentum. A helium atom has two electrons, which 
“may occupy the single 1s level: The third electron of lithium must be located at 
the next level, i.e., the 2s level. A beryllium atom has four electrons, which occu- 
py the ts and 2s levels. The fifth electron of boron is at the 2p level. At this level, 
there are six places for electrons, which are all filled when neon is reached. But 
let us postpone consideration of the relation of the Mendeleyev periodic law to 
the electron structure of an atom until Sec. 4196. 

Do two electrons occupying a level which is characterised by the same three 
quantum numbers differ in any way? It turns out that two such electrons differ 


with respect to the orientation of their internal angular momentum (“spin” orienta- 
tion). 


Sec. 193. DEFLECTION OF AN ATOMIC BEAM IN A MAGNETIC FIELD 


In the preceding articles, the angular momentum of an electron due to its motion 
about a nucleus was discussed in considerable detail. The presence of such angular 
momentum may be demonstrated since an atom acquires a magnetic moment as a 
result of. the motion of its electron. 

Let us employ classical concepts and assume that the electron revolves in a 
circle of radius r. Since current is equal to the charge transferred in a unit time, 
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the equivalent current of such a revolving electron is [ = ne, where n is the num- 
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ber of revolutions per second. On the other hand, n = ae where v is the veloci- 
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and the magnetic moment of the revolving electron (see p. 198) is 


M =i18 px mur = Leon. 
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“L, the angular momentum of an electron, is equal to mur. Hence 
? a ’ 1 


@ 
M = s5— L. 
2me ~~ 
This relationship between the angular momentum. and the magnetic moment 
of an electron moving about a nucleus, obtained by means of the above simple 
calculations, has been experimentally confirmed for all atomic electrons. 


Fig. 248 


Thus, atoms for which L =40 possess magnetic moments, and it may be demon- 
strated in a suitable experiment that such atoms behave like small magnets. 
Fig. 218 illustrates such an experiment in which a parallel beam of atoms passes 
through a nonuniform magnetic field. 

Air is carefully pumped out of a long tube. At the left end, an atomic gas is 
created. Atoms in the left compartment can get out through small apertures in 
the screens. Since there are two apertures, only atoms moving along the axis of 
the apparatus will remain in the beam. This parallel beam of atoms passes through 
a nonuniform magnetic field. As was indicated on p. 217, in such a field the force 
acting on a body which has a magnetic moment M is 
f= i glee 
/ - dy : 


dH’ . . i ‘ : : _ ; 
where a 8 the field gradient in the direction perpendicular to the atomic beam 


and M, is the projection, of the magnetic moment on the direction line of the 
gradient. If the magnetic moment is perpendicular to the field, no force acts on 
the body, but if the moment is directed along the field, the body is attracted to 
either the north or south pole, depending on the direction in which M is pointed. 
Uf the atomic beam contains atoms having different magnetic moments, or differ- 
ently oriented magnetic moments, the beam of atoms will spread out: atoms trav- 
el in different directions and different forces f act on them. The beam is allowed 
to impinge on a plate until enough atoms hit the plate to be perceptible. 
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The above experiment has been of great importance in the development of basic 
atomic theory. It is still of importance as a method of determining the magnetic 
moments of atomic nuclei. 


Sec. 194, ELECTRON SPIN 


By means of experiments with atomic beams, one can measure M and, there- 
fore, L. One of the important deductions of quantum mechanics pertains to the 
quantisation of angular momentum ZL: the total momentum ZL can assume only a 
discrete set of values, namely, 


where / is the azimuthal quantum number. ‘herefore, the magnetic moments of 
atoms also can assume only a discrete set of values: 
eh a aa 14 AP Prea 
M= Vii+ 1) V U4). 
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The coefficient in this formula, 


eh 
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u = = ().927 «x 10°-2° erg/Gs, 
is called the Bohr magneton. 

In experiments with atomic beams, the external magnetic field is directed per- 
pendicular to the atomic beam. The projections of L on this perpendicular line 
can also have only a discrete set of values: 


h 
Ly = IN on 
hence, i 
z= My 


where m is the magnetic quantum number. It is seen that the values of MW, must 
be equal to a whole number of Bohr magnetons. 

M,may be determined directly from experiments with atomic beams. What 
should be the result of experiments with beams of atoms? We may expect the fol- 
lowing picture. Hydrogen, helium, lithium and beryllium have only s-electrons. 
Since L = 0 for these atoms, such a beam does not split up in a magnetic field. 
When p-electrons are present, the beam may be expected to split up into three 
distinct components: an undeviated central] component for m = 0, and two compo- 
nents arranged symmetrically to the right and left for m = +41. For d-electrons, 
we should obtain five beam components corresponding to the five possible values 
of the quantum number m, etc. 

These predictions are realised to the following extent: in certain cases a beam 
of atoms does not split up, while in others it splits up into distinct components. 
Thus, it is evident that some atoms have no magnetic moment; if an atom has a 
magnetic moment, it is quantised. 

As regards the results obtained for specific atoms, they point to a completely 
new fact, namely, that an electron has an internal magnetic moment. 

Such is the conclusion to be drawn from an experiment with a beam of hydrogen 
atoms: a beam of hydrogen atoms splits up into two symmetrical components, 
which correspond to the deflections of atoms with magnetic moments +p. There 
is no undeviated central component. This fact may be explained by the following 
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hypothesis, which is supported by other data: an electron has a magnetic moment 
and there are only two possible orientations of this moment in space, namely, the 
projections --w on the direction line of the external field. 

The magnetic moment of an electron due to its motion about a nucleus is 
uniquely related, as we have just seen, to the angular momentum of the electron 
motion about the nucleus. It also transpires that the internal magnetic moment 
of an electron is related to its internal angular momentum, or spin. 

As far back as 1925, before the above experiments which show that an electron 
has an internal magnetic moment were performed, Goudsmit and¥Uhlenbeck sug- 
gested that an electron has a spin. These physicists showed that such a hypothe- 
sis—the existence of. an electron spin, i.e., an internal angular momentum—re- 
moves insurmountable difficulties in deciphering spectra. At first, it was proposed 
that spin is a consequence of the rotation of an electron about its own axis (whence 
the origin of the term “spin”). But this interpretation is incorrect. Electron spin 
is a primary characteristic and is not reducible to something simpler. 

What is the relationship between the internal angular momentum (spin) and 
the internal magnetic mon ent of an electron? The experiment with a beam of hy- 
drogen atoms leads to the conclusion that M ,, the projection of the internal mag- 
netic moment of an electron, may assume only two values, namely, -ep. It may 
be assumed that ,, the projection of the spin, may also assume only two values. 

If the formula 


OY om Sash | 
L=Vi(i- = 


is applied to the internal angular momentum of an electron, one finds that the 
pumber / has a single value. Thus, as quantum mechanics indicates, the values 


l= 0,4, 2, ... correspond to 1, 3, 5, ..., and in general (21 +- 1) states, respec- 
tively. To obtain two spin states, which the experimental results show to be the 
case (21-1 = 2), one must assume that las. 

The absolute value of an electron’s internal angular momentum (spin) 
has the single possible value L = a As for the projection of spin,lassuming 
as before that the differences in the possible values of L, must be multiples of 
ae we see that it can assume only two values, namely, +e and te. 
Thus, (Ler)ep = 8 X a , Where s is a new quantum number (spin number) that 
can assume only two values, namely, +. 


It was stated earlier that the hydrogen experiment led to deflections correspond- 
ing to a magnetic moment of one magneton, and that M, = w. Since the quantum 


. 4 , 
number:s is equal to —, the relation 


Z 
M=-——L 
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turns out to be incorrect for the internal motion of an electron. Agreement with 
experimental results is obtained if 
M 
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Thus, 7a the ratio of magnetic moment to angular momentum for electron 


motion about a nucleus, is one half of the analogous ratio for internal motion of 
an electron. 
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The existence of electron spin enables us to formulate the Pauli exclusion prin- 
ciple more clearly. There can be no more than two electrons in a state having quan- 
tum numbers n, land m. Such electrons differ only with respect to spin projection. 
Experiments show that the spin projections of two such electrons cannot be the 
same. The Pauli exclusion principle may now be formulated as follows: there 
can be only one electron in a state characterised by four quantum numbers n, 1, m 
and s. In other words, if there are two electrons in an 7, l, m state, their spin di- 
rections are opposite to each other. 


Sec, 195. MAGNETIC MOMENTS OF ATOMS 


The electron spin hypothesis makes it possible to interpret the results of ex peri- 
ments with atomic beams. The measurement of magnetic moment is one of the 
most important methods of determining the electron state of atoms. Let us consid- 
er the first: few elements of the Mendeleyev periodic table. 

We have already studied the hydrogen atom. What happens to a beam of helium 
atoms? Such a beam does not split up. This is as it should be. This atom has two 

electrons in the 2s state. The Pauli exclusion princi- 


Boron ple requires that their spins, and hence their magnetic 
——»—» £ moments, be oppositely directed; the total magnetic 

m=) F moment is equal to zero. 
ae ee : Ina lithium atom, the magnetic moment must be 


determined by the third electron since the actions of 
the spins of the first two electrons in the 1s state an- 


i 
nae j : aire pie 
ae er a nul each other. The third lithium, electron is in the 2s 
“ -t state. Therefore, like in the case of hydrogen, the mag- 
netic moment can be determined only by the spin. The 
splitting up of a lithium beam into two components 
3 shows that this analysis is correct. Like in the case of 
Ee eee 
By ; 2 hydrogen, one component corresponds to a spin pro- 
_——_ . * . . 
ac 2 jection Zz and the other to a spin projec- 
i 1 
: tion —-=>. 
Fig. 219 


A beryllium atom has four electrons—two in the 1s 
state and two in the 2s state. Since the spins of the 
electrons in each pair are oppositely directed, they annul each other and yield 
a total moment of zero. Therefore, a beam of beryllium atoms does not split up 
into components. 

However, a beam of boron atoms splits up into four components. How can this 
be explained? It is evident that the magnetic moment is produced only by the 
fifth electron, which is in the 2p state. This state may be realised with three val- 
ues of the magnetic quantum number, namely, 4, 0 and —1. Thus, the orbital 
magnetic moment may have three values, including zero. The values of the spin 
magnetic moment must be added to those of the orbital magnetic moment. How 
is this done? Fig. 249 shows all the possible mutual orientations of the moments. 


f ‘ ‘ ‘ 3 3 4 
It is seen that four combinations of angular momentum are possible: an 
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The splitting up of a beam of carbon atoms is even more complex: seven lines, 
including one which is not deflected, with the following values of angular mo- 


mentum: 3, 2, 1, 0, —t, —2 and —3. 
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Sec. 196. THE MENDELEYEV PERIODIC LAW 


The regularities of the Mendeleyev periodic system become understandable 
when viewed in the light of available data on the electron structure of atoms. 

The basic rules of distribution of electrons in an atom according to quantum 
numbers are derived from the Pauli exclusion principle. But if we were governed 
by this information alone, only the electrons of the first eighteen atoms (through 
argon) would be assigned correct quantum numbers. This may be explained as 
follows. Electrons fill the energy states of an atom in consecutive order. In a hydro- 
gen atom, the energy levels are degenerate, the energy being determined by only 
one quantum number. In multi-electron atoms, degeneracy is removed as a result 
of interaction and the energy of an electron in an atom depends on all the quan- 
tum numbers. It goes without saying that in a hydrogen atom an electron at a 
level for which n == 3 has less energy than an electron at a level for which n = 4. 
This is not necessarily so in multi-electron atoms when the azimuthal quantum 
number is large. Thus, in a number of cases, the “natural” consecutive order of 
quantum numbers does not correspond to the order in which the energy states of 
an atom are filled. 

It is customary to group the electrons of an atom into shells, whereby electrons 
having the same principal quantum number are said to belong to the same shell. 
The shells are usually designated by the following letters: 

AG ge Ly IN 5 ed 
which correspond to n = 1, 2, 3, 4, ..., respectively. 

The electron cloud of an atom is described in the main by the distribution of 
electrons according to quantum numbers or shells. This distribution is represent- 
ed by formulas which indicate by a superscript the number of electrons having 
the same n and /. For example: 


silicon — 1s? 2s? 2p% 352 3p4; , 


calcium — 41s? 2s? 2p 35% 3p% 4s? 


To determine to what extent a shell is complete, one should remember that 
the maximum number of electrons in the subshells s, p, d, f, ... is 2, 6, 10, 14, 
.., respectively. These values are obtained from the formula 2 (21 + 1). 

Returning to the Mendeleyev table, let us see where the order of distribution of 
electrons according to quantum numbers is violated. The first such violation 
occurs for potassium. The last electron is in the 4s level rather than in the 3d 
level. Calcium, the next element in the table, receives another 4s electron. Then, 
beginning with scandium, the 24st element, the 3d level is built up. But when 
we reach chromium, the 24th element in the table, a new anomaly arises. The 
order of distribution of quantum levels according to energies has changed. It be- 
comes unfavourable from the energy viewpoint to have two electrons in the 4s 
level. The configuration of chromium is therefore 3s73p%3d*4s. 

We shall not discuss the remaining anomalies. The electron configurations for 
all elements may be found in any physics or chemistry handbook. The main point 
is the following: the distributions of electrons according to quantum numbers, 
which are explained by purely physical methods of investigation (spectral analy- 
sis and the measurement of magnetic moments), aid us in understanding the 
chemical properties of the various elements. 
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Sec. 197. IONISATION POTENTIALS 


One of the methods used to study the electron configuration of an atom is to 
measure its ionisation energy, i.e., the energy that must be expended in removing 
an electron from the atom. Since the energy of an electron in an atom is negative 
and is reckoned from zero (the energy of an electron removed from an atom), the 
ionisation energy is simply equal to the energy level occupied by the electron in 
the atom. It is customary to refer this energy to the electron charge and express 
it in volts. For example, we say that the ionisation potential of a hydrogen atom 
is equal to 13.53 volts. This means that to free an electron one must perform work 
equal to that of moving an electron through a potential difference of 13.53 volts. 
Fig. 214 shows the significance of this value. 

In the case of a multi-electron atom, one may find a series of ionisation poten- 
tials which characterise the levels of the first, second, third, ete., electrons, caleu- 
lating from the position of the least bound electron. In this sense, one speaks of 
the first, second, etce., ionisation potential of a given atom. 
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There exist many methods of measuring ionisation potentials. For this purpose, 
gases or vapours are placed in an electric field. A stream of electrons emitted by 
a heated filament ionises the gas. As long as the energy of a primary electron is 
insufficient to dislodge an atomic electron, the electric current passing through 
the gas does not change. When the energy of the primary electrons becomes suffi- 
ciently great to dislodge electrons from the atomic gas, a considerable number of 
positively charged ions will be present in the region and a sharp inerease in the 
electric current occurs. By gradually increasing the voltage applied to the appara- 
tus, one can determine very accurately the instant when this increase in electric 
current begins. This critical value of voltage gives the magnitude of the ionisation 
potential. The values of the first ionisation potentials of most chemical elements 
are graphically illustrated in Fig. 220. 

It is easily seen that the periodicity of this property completely conforms with 
that of the periodic table. It is most difficult to dislodge an electron from a helium 
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atom and atoms of the other noble gases. This is precisely the reason for their 
chemical inertness. The univalent alkali metals have the lowest potentials. This, 
too, is completely understandable to the chemist, who is familiar with the excep- 
tional ability of such substances to enter into reactions. 

The values of the first and successive ionisation potentials are related to the 
valency of the atoms. Atoms of the alkali elements are univalent because one elec- 
tron, which is on the outer ring of the atoms of these substances, is more weakly 
bound than the rest of the electrons. The first potentials of a caesium atom, for 
example, have the following values: 3.9, 27, 46 and 62 volts. It is seen that the 
differences between the energies necessary to dislodge the first and succeeding 
electrons are quite large. 


Sec. 198. ATOMIC SPECTRA IN THE OPTICAL REGION 


Atomic absorption spectra as well as emission spectra may be obtained, but only 
the latter are of basic importance. Atomic spectra of emission in the optical region 
may be obtained by spectroscopic investigation of the radiation produced by gas- 
es and the vapours of bodies which are solid at normal temperatures. 

In order for atoms to radiate, they must be excited, i.e., made to pass from a 
lower energy level to a higher one. When atoms return to lower energy levels, an 
emission spectrum is produced. For every transition, there is a corresponding 
line in the spectrum. 

Atoms may be excited by various means. One method consists in the use of a 
gas discharge. The voltage applied to a gas-discharge tube accelerates the charged 
particles in the gas. These particles collide with neutral atoms, to which energy 
is transmitted by impact. Another method, which is used in the spectral analysis 
of metals, consists in the creation of arcs or sparks between two electrodes made 
of the material under investigation. Very high temperatures are produced in an 
are or spark, resulting in the vaporisation of the substance in the region of the 
discharge. The atoms are excited as the result of collisions. 

An atomic emission spectrum consists of a very large number of sharp lines. The 
radiation frequency corresponding to a given line satisfies the equation hv», = 

- E,, — E,. Thus, by measuring the frequencies of radiated light, we can deter- 
mine the differences in the energy levels of a given atom. One can reliably inter- 
pret atomic spectra, i.e., determine energy level patterns, from the values of ra- 
diation frequencies. Handbooks provide data on the spectral lines and energy 
levels of the chemical elements. 

It should not be supposed that a spectrum contains lines corresponding to all 
transitions from any one level to any other. Experiments have confirmed, and a 
theoretical basis has been provided for, the fact that certain selection rules exist. 
Certain transitions are forbidden, i.e., they do not exist. 

One cannot predict, of course, to which lower energy state an excited atom will 
pass, and what will be the frequency of the radiated spectral line. But not all 
transitions occur with equal probability. In principle, the probability of transition 
from one level to another may be theoretically calculated. The magnitude of this 
probability determines, in the main, the intensity of the corresponding spectral 
line. 

Atomic spectra are affected by external fields. If the substance under investiga- 
tion is located in an electric or magnetic field, a number of its spectral lines split 
up into several components. The energy of a system having a magnetic moment 
M and located in an external magnetic field H is given by the expression UJ = 
= — MH (see p. 208). States which have the same quantum numbers n and 1 may 
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differ from each other with respect to the projection of the magnetic moment on 
the direction line of the magnetic field. Therefore, the application of a magnetic 
field removes the degeneracy of energy levels and atomic electrons having different 
magnetic quantum numbers will have different energies. 

‘Investigations of atomic spectra of emission in the optical region are of great 
practical importance. Such a method of spectral analysis constitutes a very sensi- 
tive means of determining the chemical composition (up to 107! g) of substances, 
primarily alloys, and in a number of cases is more sensitive than chemical analysis. 

Optical frequencies usually arise with relatively weak excitation of an atom, 
i.e., when outer, valence electrons are transferred to a higher level. But.even a 
very “high” electron can produce a broad spectrum. It would appear that the 
radiation frequency has no lower limit. Thus, the energy level diagram shows 
that as n increases the levels come closer together (Fig. 214 shows the levels and 
transitions for hydrogen, but in principle the patterns are the same for other 
atoms). This means that transitions corresponding to very low frequencies (long 
wavelengths) occur. However, experiments show that spectra produced by outer 
electrons, even though they extend into the infrared region, do not include lines 
of very long wavelength. [t must be concluded that the probability of a transition 
to some energy level such as the 21st is not large, and the probability of a transi- 
tion from the 24st to the 20th, for which a photon of low v would be radiated, is 
quite negligible. 

In the direction of high frequencies (short wavelengths), the frequency is limit- 
ed by the ionisation potential. With respect to the “highest” electron, the poten- 
tial of helium is the greatest and that of caesium the lowest, viz., 24V and 4V, 
respectively. This corresponds to radiation frequencies of 6 « 10%° Hz (A = 
= 500A) and 10!5 Hz (A = 3,000 A), respectively. Thus, only a high-level elec- 
tron can bring us into the region of very short ultraviolet wavelengths, which, rela- 
tive to characteristic X-ray radiation, may also be called a region of very long 
wavelengths. 

It is quite understandable that electrons of inner shells can be raised to high 
levels with strong excitation. In such a case, the characteristic spectrum includes 
X-rays. 


Sec. 199, ATOMIC X-RAY SPECTRA 


In multi-electron atoms, the ionisation potentials of low levels reach high val- 
ues. The excitation of such atoms may, therefore, result in the radiation of X- 
rays (wavelengths of the order of 0.1-10 A.) An energy of the order of 104 eV must 
be imparted to an atom in order to produce X-ray radiation. This may be achieved 
in gas-discharge tubes by applying a voltage of tens of thousands of volts. 

One may calculate the value of the temperature at which an atom begins to 
radiate X-rays due to thermal collisions with other atoms. If the average kinetic 
energy per degree of freedom is to be of the order of 10* eV, the temperature must 
be of the order of 10° K. Such high temperatures are achieved in solar and celes- 
tial atomic explosions (see p. 449). The X-ray radiation of the Sun may be deter- 
mined by means of instruments placed in artificial Earth satellites. 

A practical method of obtaining X-rays is by the bombardment of a solid (the 
anti-cathode of an X-ray tube) with a stream of electrons. Electrons impinging on 
the anti-cathode are abruptly braked. As a result, a continuous spectrum of X~- 
rays is obtained. The electron energy, which has been increased to a value 61 
by acceleration in an electric field, decreases to a value €, as the result of brak- 
ing. The energy difference €, — 6, = hw is released in the form of radiation. 
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€ may assume any value from 6, to zero. Hence the radiation frequencies lie 
6| 
my 
radiation is transformed into heat. Only about one-hundredth of the energy of 
the electron beam is transformed into X-ray energy. Evidently, the continuous 
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the values of the constants, we obtain 
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where is expressed in angstroms and V in kilovolts. Beginning at a very definite 
wavelength, the continuous X-ray spectrum increases in intensity with increas- 
ing wavelength, reaches a maximum several score angstroms from the short-wave- 
length limit, and then slowly decreases in intensity. 

Investigations show that sharp lines, having a characteristic form for every 

element, are superimposed on the continuous spectrum. A characteristic X-ray 
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spectrum arises owing to the fact that some of the electrons which impinge on the 
anti-cathode penetrate the atoms and dislodge inner electrons, i.e., electrons in 
the K, L, etc., shells. An X-ray quantum is produced when a high-level electron 
passes over to a vacated low-level position. The set of spectral lines due to elec- 
tron transitions to the K level is called the K series, to the L level the L series, 
etc. If the voltage applied to an X-ray tube is increased, the series will appear in 
consecutive order because, as the energy of the electrons impinging on the anti- 
cathode is increased, more and more low-energy levels will be consecutively vacat- 
ed and made available for transitions. The K series will be the last to appear. 

The general scheme of electron X-ray transitions is shown in Fig. 221, where 
heavy dots indicate initial levels. The most intense lines are marked on the dia- 
eram. However, some transitions are missing since they are forbidden by the 
selection rules. This pertains, for example, to transitions with the same value of 
azimuthal quantum number. 
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Since the configuration of completed lower shells is the same for all atoms, X- 
ray spectra diagrams of different atoms are very similar to each other. All spectra 
contain typical sequences of lines, which are systematically shifted along the 
wavelength scale in accordance with the atomic number of the elements. For exam- 
ple, all elements produce a strong « doublet (K,, and K,,) and a weaker B dou- 
blet. Quite often these doublets are unresolved. In such a case, one speaks of the 
w line and f line of a given element’s X series. These doublets are of a “spin” na- 
ture. 
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Fig. 222 shows that a characteristic spectrum is gradually shifted into the short- 
wavelength region with increasing atomic number of the element giving rise to 
this spectrum. This law was discovered by Moseley. Its physical basis is the steady 
increase of the interaction force between an electron and a nucleus with increas- 

.ing nuclear charge. The formula expressing this law will not be presented, but 
the systematic displacement of the lines’ is clearly evident from the figure. 


CHAPTER 29 


Molecules 


Sec, 200. CHEMICAL BONDS 


A molecule is a stable configuration of atoms. Every atom in a molecule oc- 
cupies a stable position. The displacement of an atom in any direction results in an 
increase in the potential energy of the molecule. When an atom approaches a 
neighbouring atom there is a force of repulsion, and when it recedes a force of 
attraction. Every atom of a molecule, and the molecule as a whole, is in a potential 
well. 
The form of the potential curve of an atom or molecule is quite evident (see 
Fig, 223). Since it is not possible to reduce the distance between atoms to zero 
the curve of potential energy as a function of their separation rises sharply as this 
distance decreases. In the direction of increasing separation, the curve rises from 
the equilibrium position, i.e., the bottom of the well, much 
less sharply. Variations are possible: the potential energy at 
ereat distances may be more or less than at the bottom of 
the well and the well may have or may not have a clearly 
defined wall. The energy of a molecule may be more or less 
than the sum of the energies of its atoms. Accordingly, rs 
when atoms are combined in a molecule, heat is either re- 
leased or absorbed (see p. 430). ¥ 

An atom in a potential well is bound to its neighbours. 
What is the reason for this bond? Do various types of 
bonds exist? Tonic and homopolar bonds are two ideal clas- r 
sifieations of chemical bonds. In the overwhelming major- 
ity of cases of interest in chemistry, one of these two types 
of bonds, or an intermediate case in which both ideal types 
coexist, occurs. 

If an atom can transfer one or several electrons to an- x 
other atom electrostatic attraction will occur between the 
jons which are formed. This is what is meant by an ionic Fig. 223 
bond. At a certain interatomic separation which is char- ; 
acteristic of this pair of ions, the forces of electrostatic attraction are coun- 
terbalanced by the repulsion of the electron clouds of the atoms. 

If an atom is to transfer an electron to another atom, it is necessary that this 
process be advantageous from the energy viewpoint. In such a case, the simple 
tendency to pass over to the lowest energy level will result in the transfer of an 
electron. 

It was shown on p. 380 that an electron can be torn away from a neutral atom 
by an expenditure of energy equal to the product of an electron charge and the 
ionisation potential of the atom. Thus, the formation of a positive ion is always 
associated with an expenditure of work. On the other hand, the formation of a 
negative ion, i.e., the attachment of an electron to a neutral atom, is associated 
with a release of energy. To be sure, this applies only to the first electron. The 
attachment of a second electron to a singly charged negative atomic ion requires 
an expenditure of work to overcome the electrostatic repulsion. 

An ionic bond ean exist if the energy of tearing away an electron, i.e., the work 
of creating a positive ion, is less than the sum of the energy released in the forma- 


U 
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tion of negative ions and the energy due to electrostatic attraction between the 
ions. 

The alkali metals, in which the last electron is just beginning to form a new 
shell, have the lowest ionisation potentials. In the alkaline earth metals, each 
atom has two loosely bound electrons. It is evident that the formation of 
ion from a neutral atom requires the least work when the electrons to be 
are just beginning to form a new shell. 

On the other hand, it turns out that the most energy is released when an elec- 
tron becomes attached to a halogen atom, in which the outer shell is one electron 
short of being complete. Therefore, in a large number of cases, an ionic bond is 
formed when a transfer of electrons resulting in the creation (in the formed ions) 
of closed electron shells, characteristic of atoms of the noble gases, occurs. In 
this way, the physical significance of potential wells in such molecules as NaCl 
and MgCl, may be easily explained. 

However, this explanation is not valid in all cases. For example, diatomic mole- 
cules of hydrogen, oxygen, elc., are not covered by this explanation. It cannot 
be assumed that in uniting one of these atoms is transformed into a negative ion 
and the other into a positive ion. Theoretical arguments need not be mustered. 
The physical properties of molecules formed of ions indicate whether an ionic 
bond exists or not. Specifically, ionic compounds dissociate and form electro- 
lytes. A large class of organic molecules do not behave in this manner, Therefore, 
for such substances, an ionic model is clearly not applicable. 

How can one explain the bond between atoms of such molecules? We must 
determine whether or not a gain in energy occurs when, say, two hydrogen atoms 
unite to form a molecule. 

Such a gain does take place, and the conditions for 
quantum mechanics. As was stated on p. 379, the electron of a hydrogen atom be- 
haves, in the main, like an electron ina potential well. The zero energy level of an 
electron in a potential well is determined by the dimensions of the well (see p. 374), 
i.e., the smaller its dimensions the greater the zero-point energy. Thus, any expan- 
sion of the region in which the electron could move results in a decrease in energy. 

Now, imagine that two hydrogen atoms, which have one electron each, come 
into contact with each other. Since the Pauli exclusion principle allows two elec- 
trons to be in one state, the regions in which the electrons exist may merge and 
create a potential well of increased dimensions. This can occur only for two elec- 
trons having opposite spins. 

If a third atom approaches the hydrogen molecule which has formed, the argu- 
mentation used above is no longer applicable. The third electron cannot merge 
its region of motion with that of the electrons in the hydrogen molecule since this 
is not allowed by the Pauli exclusion principle: the vacant sites of the hydrogen 
molecule are occupied by two electrons of opposite spin. 

Thus, the second type of bond, a so-called homopolar bond, is provided by a 
pair of electrons of opposite spin. In the ease of an ionic bond there is a transfer 
of electrons from one atom to another, but here the bond is achieved by joint ac- 
tion of the electrons, i.e., it is as if a common region of motion has been created. 
An expansion of the region in which an electron may move results in a decrease 
in energy and this is the reason for the formation of a potential well. This bond— 
the merging of the electronic clouds of electrons having opposite spins—is the 
main type of bond in organic molecules. 

Each atom is capable of forming a limited number of homopolar bonds. Two 
electrons of opposite spin, having a common “living space” in the form of the 
overlapping clouds of their wave functions, take part in the creation of each bond. 
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As we know, s electrons have spherically symmetrical «p-functions, but the sp- 
functions of p, d and f electrons extend in specific directions. Therefore, a homopo- 
lar bond between any two electrons, except s electrons, will be a directed bond. If 
a bond has formed between two atoms, the electronic clouds of these atoms as- 
sume a definite orientation relative to the first bond line. Thus, only certain specific 
angles are formed between bond lines emanating from these.atoms. The values of 
such normal bond angles may be derived from quantum mechanics for all atoms. 

To a certain extent, both types of bonds are ideal. We frequently encounter 
cases in which the physical and chemical properties of a molecule make it neces- 
sary to adopt an intermediate bond mechanism. In an ionic bond an electron is 
completely transferred from one atom to another and in a homopolar bond each 
electron belongs equally to both bound atoms, but in intermediate cases the elec- 
trons implementing a bond may spend more time near one of the atoms than the 
other. Such a model reflects, for example, the existence of an ionic bond in which 
the bond electrons belong most of the time to a negative ion and the existence of 
a homopolar bond in which the bond electrons spend almost the same amount of 
time with each of the bound atoms. Intermediate bonds of any percentage of 
“ionocity” are possible. 


Sec. 201. GEOMETRIES OF MOLECULES 


A vast amount of data on spacings between the centres of atoms in molecules 
and erystals has been accumulated. Most of this data has been obtained by dif- 
fraction methods. If we do not insist on a very high degree of accuracy, it turns 
out that it is possible to represent molecules by models which give the shape and 
dimensions of the molecules. 

Models of molecules of the NaCl type, in which the atoms are joined by an ionic 
bond, are particularly simple. Each ion may be represented by a sphere having a 
definite radius. The dimensions of a number of ions are given in the following 
table: 


lon | Lit | Nat | Ke | Cst* | P= | Ccl- | Br- | ie 


fon radius, A 0.60 


2.16 


0.95 | 1.33 | 1.69 | 1.36 | 1.84 | 1.95 


By means of such a table, we can determine the spacing between the centres of 
ions in any salt. For example, in NaCl it is equal to 0.95 + 1.84 = 2.76 A. 

But what is the significance of the assertion that an ion may be represented by 
a sphere? To show that such a representation is justified, we must determine how 
closely to a molecule (say NaCl) another ion (sodium or chlorine) may approach. 
This is possible since experiments indicate that both fused and solid salts consist 
of ions. It turns out that a second and a third ion approach a given ion just as 
closely as the first. Moreover, ions the charges of which have the same sign may 
also approach each other to a distance equal to the sum of the ion radii. Thus, ions 
behave like spheres. 

An important conclusion regarding ionic molecules may be: drawn from these 
geometric facts. Let us assume that a group of molecules are gathered closely 
around one of the molecules. The arrangement of ions is shown in Fig. 224. Since 
complete equality exists in interatomic spacings, it is no longer possible to say 
with which chlorine neighbour of a given sodium ion, or with which sodium neigh- 
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bour of a given chlorine ion, a molecule is formed. The concept of a molecule has 
lost its meaning. ’ 

We must conclude from the geometric arrangement of atom centres that in a 
concentrated state, i.e., in a liquid or solid, where the atoms are linked by ionic 
bonds, molecules do not exist as distinct formations. The concept of a molecule 
turns out*to be inapplicable. 

But what is the situation in the case of a gas? Upon vaporisation, a pair of 
ions of opposite charge, the net electric charge of which is equal to zero, is most 
easily torn away from a liquid. Therefore, basically, molecules of the Natl 
type are to be found in vapours. However, in addition to molecules, ions are also 
vaporised from a liquid. 

The situation is entirely different in the case of molecules having homopolar, 
i.e., covalent, bonds. An analysis of interatomic spacings encountered in mole- 
cules shows that spacings between atom centres may be calculated by means of so- 
called atomic radii. The values of such radii in angstroms for the most often en- 
countered atoms are as follows: 


C= C= C= H— O- O = O= 
0.774 0.665 - 0.602 0.30 0.66 0.55 0.50 


Atomic radii decrease with increasing multiplicity of the valent bond. The table 
shows that the separation between two bound carbon atoms, C—C, is 1.54 A, the 
separation in C—H is 1.07 A, ete. 

In constructing a model of a molecule, we also 
have at our disposal certain elementary data on 
bond angles. The existence of normal bond angles is 
understandable from considerations of symmetry 
and is in agreement with certain qualitative quan- 
tum mechanical reasoning discussed in the preced- 
ing article. Thus, the normal bond angle of la car- 
bon atom that is linked to four atoms is a tetra- 
hedral angle (109°28’). In the case of an aromatic 
carbon atom, as well as other carbon atoms that 
are linked to three atoms, the normal bond angle 
is equal to 120°. Finally, the characteristic bond angle 
= of a carbon atom that is linked to two atoms is 180°. 

"he normal bond angles of oxygen, sulphur and nitrogen atoms which are linked 
to two atoms in the case of oxygen and sulphur and to three atoms in the case 
of nitrogen are equal to 90°. The nitrogen atom in the nitro group NO, has a nor- 
mal bond angle of 120°. 

In a number of cases, bond angles deviate considerably from the “normal”. 
Tn certain cyclic compounds of the cyclobutane type, the angles are equal to 
JO" rather than 109°28’. Such deviations are due to spatial obstacles. However, 
before discussing this, we must clarify a third geometric characteristic of a mole- 
cule, namely, its intermolecular radius. 

Investigations of molecular arrangements in crystals have shown that each atom 
may be assigned an intermolecular radius, such that on the average neighbouring 
molecules will touch each other. Thus, for example, the intermolecular radius of 
hydrogen is 1.17 A, oxygen—1.36 A, nitrogen—1.57 A, etc. This does not mean, 
however, that the’distances between atoms of the same molecule which are not 
linked by/valent bonds are determined by these values. The dimensions and the 
form of a molecule are determined by interaction between the forces establishing 
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equilibrium distances between atoms which are not linked by valent bonds and 
the forces establishing normal bond angles. Since the bond forces between atoms 
are an order of magnitude greater than the other forces, the interatomic distances 
do not change and the configuration of the molecule is determined by competition 
between the elasticity of a bond angle and the compressibility of the intermolecu- 
lar sphere of an atom. 

Here is a simple, but graphic example. Experiments show that the bond angle 
in a molecule of water is equal to 105°. The distance between hydrogen atoms is 
4.54 A. Therefore, considerable compression of the intermolecular spheres of the 


Fig. 225 


hydrogen atoms occurs. This compression (2 1.147 — 1.54 = 0.8 4) is bal- 
anced by the elasticity of the bond angle, the normal value of which is equal to 
90°. Thus, the forces which compress the hydrogen atoms by 0.8 A are equal to 
the forces which change the angle from 90° to 105°. Such a simple mechanism ex- 
plains the difference between the structure of a hydrogen sulphide molecule and 
that of a water molecule. Since the length of the hydrogen-sulphur bond is consid- 
erably longer than that of the hydrogen-oxygen bond, the hydrogen-atoms of the 
former molecule are considerably less “crowded”. It turns out that in hydrogen 
sulphide the distance between hydrogen atoms is equal to 1.99 A and the bond 
angle is equal to 92°. The compression of hydrogen atoms by 0.35 A is balanced 
by a change of only 2° in the bond angle. Many organic molecules may be used to 
illustrate the validity of this mechanism. 
Fig. 225 shows the structure of a chlorobenzene molecule. To the left is a carbon 
H . 
| 
atom; in the centre, the beginning of the build up, viz., a C group, and 
ri 
G 


C 
to the right, a model of the molecule. 


Sec, 202. THE ELECTRONIC CLOUD OF A MOLECULE 


Electron motion in a’ molecule, just as in an atom, is described by a wave func- 
tion. Strictly speaking, the w-function is a function of 3n coordinates, where n is 
the number of electrons in the molecule. Then, 1p? will give the probability of any 
electron distribution, i.e., the “electron density”. 5 
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It has been noted already that the solution of the Schrédinger equation for 
multi-electron atoms is very complex. In the case of molecules, the difficulties 
are, of course, even greater. Only approximate, semiempirical methods of calcula- 
tion are applicable here. In this connection, physical methods of determining elec- 
tron density are of particular importance. However, even when such methods are 
used, the results are quite limited. 

The time-averaged electron density of a molecule is determined by means of 
X-ray structural analysis (the electron density gives the probability that the elec- 
trons are at a given location). As a result of the vibrations of atoms inside a mole- 
cule, and of the molecule as a whole, a photograph of an electronic cloud is smeared. 
Figure 167 (p. 296) shows a cross-section of the electron density pattern of an 
anthracene molecule. The coarseness of the method may be gauged from the fact 
that the hydrogen atoms of the molecule are not apparent in all cases. The method 
used in plotting the pattern is similar to that used in the construction of topograph- 
ical maps. Electron peaks and valleys are indicated by lines connecting points 
with the same electron density. Each atom is represented by an electron density 
“hill”. Superposition of the bell-shaped density functions of two atoms along a 
bond line results in the formation of a “bridge” between the atoms. Unfortunate- 
ly, the accuracy of the method is too poor to enable us to determine the nature of 
the chemical bond by measuring the height of this bridge. Its height is indistin- 
guishable from the sum of the density functions of two free atoms. But the specific 
nature of the chemical bond should probably be manifested in an additional in- 
crease in electron density (as compared with free electrons). Such electronic cloud 
patterns are, therefore, merely interesting illustrations of molecular structure. 

If the electron density with respect to the atomic nuclei of a molecule were 
known, we would be able to calculate the dipole moment of the molecule. For 
this purpose, it would be necessary to determine the centres of “gravity” of the 
positive and negative charges. The dipole moment has not yet been determined in 
this manner, although comparison of neutronographic (neutrons scattered on 
nuclei) and roentgenographic data could be used to solve such a problem. Howev- 
er, the dipole moment of a molecule can be reliably measured (see p. 519) and it is 
then possible to solve the converse problem, namely, determine the centre of 
“oravity” of negative charge by means of the dipole moment. 

It would seem that in purely ionic molecules we encounter the extreme case 
in which the centre of gravity of an electronic cloud coincides with the centre of 
an anion. The dipole moment of KCl, for example, could then be predicted in the 
following manner. If one electron is taken from a potassium atom and transferred 
to a chlorine atom, one “extra” positive charge will be separated from one “extra” 
negative charge by the distance between the potassium and chlorine centres, i.¢., 
1.81 + 1.33 = 3.14 A. Hence, the dipole moment will be equal to 3.14 * 4.8 X 
~ 10-18 = 15 CGS units. But experiments yield a value of 6.8 CGS units. This 
means that even in the case of such a classical ionic bond the potassium electron 
does not go over completely to the anion. On the other hand, the other extreme 
case*is fully realised. Evidently, symmetrical molecules such as H., O2 and ben- 
zene cannot have a dipole moment: the centres of gravity of the electronic cloud 
and the nuclei coinside. 

One other property of an electronic cloud should be mentioned, namely, its 
ability to be displaced relative to a nucleus. Electronic clouds may be displaced 
relative to nuclei by means of an electric field. Since nuclei are much heavier than 
electrons, it may be assumed that the nuclei remain fixed. The displacement of 
the electronic cloud of a molecule may be described by the displacement of its 
centre of’gravity. When the centre of gravity of negative charge is displaced rela- 
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tive to the centre of gravity of positive charge by a distance x, the molecule ac- 
quires an induced dipole moment p= Nex, where N is the‘number of electrons in 
the molecule. The induced dipole moment increases linearly with the field, i.e., 
p = BE. It is customary to describe the displacement of the centre of gravity of 
an electronic cloud by f, the magnitude of the polarisability of the molecule. The 
quantity B has the dimensions of volume. The greater the volume of the molecule, 
the greater the value of 6 (see Chapter 35). 


Sec, 203. ENERGY LEVELS OF MOLECULES 


The energy of an atom changes only by one means: a change occurs in its elee- 
tron motion, i.e., an electron passes into another quantum state. The energy of a 
molecule may also change in this manner, but by other means as well. For exam- 
ple, the atoms of a molecule vibrate relative to one another. The vibrational ener- 
gy is an integral part of the energy of a mole- 
cule and also may assume only a discrete set je 
of values. Furthermore, a molecule rotates j 
as a whole. The rotational energy is also quan Jno ¥ 
tised and a change in the state of a mole- 
cule may result in a change in rotational en- i=d 
ergy. Therefore, the energy state of a molecule f oe 
is described by indicating the state of its J*? 
electronic cloud (electron level), the state of J=3 
its vibrational motion (vibrational level) and [=2——__—_—— 
the state of its rotational motion |(rotational j-g &4——— ey 
level). We deal with three kinds of informa- 
tion—analogous, so to speak, to a house num- 
ber, floor number and apartment number. ee Se : 

But which is analogous to a floor number 7=0 uno * 
and which to an apartment number? Which 
energy levels are separated by large intervals 
and which by small ones? The answers to j=3 
these questions are contained in the energy J=2 
level diagram shown in Fig. 226, which is j=0 “sot 
based on experimental results and theory. 
Two electronic levels, e’ and e”, are shown in 
this figure. Associated with each electronic : 
level is a group of vibrational levels designat- ore 
ed by afset of v values, and associated with J 
each vibrational level is a group of rotation- a 
al levels designated by a set of j/ values. J=0 

Clearly, the intervals between rotational lev- j=3 
els are Jess than between vibrational levels, J=2 
and those between vibrational levels are less fed s : 
than between electronic levels. fru at 

Let us assume that a molecule may have Fig. 226 
electronic levels at 100, 200, 300, ... energy 
units, vibrational levels at 10, 20, 30, ... units, and rotational levels at 
1, 2, 3, ... units. In such a case, a molecule at the second electronic level, first 
vibrational level and third rotational level will have an energy of 243 units. 
26—01028 


U=3 


elt 
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Thus, the energy of a molecule may be given in the form* 
W = Wey a W vin + Wrot 


The frequency of radiated or absorbed light may always be determined from the 
difference in energy between two levels, i.e., 


1 J 
VS h (AW e1 fe AW vib = AW vot) 


It would be interesting to examine transitions involving a change in only one 
“kind” of energy. Practically, this is possible only for rotational transitions and 
it is easily seen why this is so. 

Let us investigate the absorption of electromagnetic waves by a group of mole- 
cules. Beginning with the longest wavelengths, i.e., smallest packets of energy 
hy, we find that the molecules do not absorb energy as long as the magnitude of a 
quantum of energy is less than the difference between two neighbouring levels. 
By gradually increasing the frequency, we eventually obtain quanta of energy 
that are capable of raising molecules from one “rotational” level to another. Hxpe- 
riments show that this occurs in the microwave region (at the end of the radio 
band) or, in other words, in the far infrared spectrum. It is found that wavelengths 
of the order of 0.4-4 mm are absorbed by molecules. Thus, a pure rotational spec- 
trum may be obtained. 

By further increasing the frequency, we enable the rotational spectrum to become 
more developed, but nothing new occurs until the quanta of energy impinging 
on the substance are of sufficiently high frequency to make molecules pass from 
one vibrational level to another. It is clear, however, that a pure vibrational spec- 
trum, i.e., a series of transitions for which the number of the rotational level does 
not change, is never obtained. Transitions from one vibrational level to another 
involve various rotational levels. For example, a transition from the zero (lowest) 
vibrational level to the first may be accomplished by molecules from the fourth 
rotational level to the third, the third to the second, etc. Thus, there arises a vib- 
ration-rotational speetrum, which may be observed in infrared light (3-50 um). 
Clearly, all transitions from one vibrational level to another are close to one anoth- 
er and yield a group of very close lines in the spectrum. For low resolution, these 
lines merge into one band. Each band corresponds to a definite vibrational tran- 
sition. 

By increasing the frequency still further, we finally reach a new spectral region, 
which is characteristic of a molecule. This oecurs in the optical and ultraviolet 
portion of the spectrum where the energy of a quantum suffices for the transition 
of a molecule from one electronic level to another. Here, of course, neither pure 
electronic transitions nor pure electronic-vibrational transitions are possible. 
Electronic-rotational transitions, involving a change in “house”, “floor” and “apart- 
ment”, occur. Since a vibration-rotational transition gives rise to a band, the 
spectrum in the optical region is “striped”, i.e., it consists of a system of bands. 

Now, let us discuss the various types of molecular spectra in detail. 


Sec. 204. THE ROTATIONAL SPECTRUM OF MOLECULES 


Free rotation of molecules oceurs only in gaseous state. Therefore, basic data on 
rotational energy levels are obtained by studying gas spectra. Investigation of 
these spectra by optical means is very difficult. Much more suitable for this pur- 


* For one more summand of the energy of a molecule and energy absorption related with it 
see Sec. 215. 
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pose is a radio-spectroscopic procedure that has been developed during recent 
years. A generator of electromagnetic waves transmits radiation through a wave- 
guide* which is partially filled with the gas under investigation. After passing 
through the gas, the electromagnetic waves arrive at a receiver which measures 
their intensity. This measurement m ay be performed over a large range of frequen- 
cies. The width of the band of frequencies generated by radio methods may be 
made so narrow that the resolving power becomes hundreds of thousands of times 
(!) greater than in the case of optical methods. Optical methods enable us to 
distinguish lines separated by 0.4 em~!, but by radio methods we can distinguish, 
fines separated by 10-®em~1**, By means of this high resolving power, we are able 
to solve a number of interesting problems which are discussed below. A rotational 
spectrum arises as a result of the quantisation of a molecule’s kinetic energy of 
rotation: 


where 7 is the moment of inertia of the molecule. This is the form of the expres- 
sion for the energy of a diatomic molecule. This energy is described by a single 
moment of inertia taken about an axis perpendicular to the line joining the atoms 
and which passes through the centre of inertia. As was indicated earlier, 
in the general case the rotation is described by three moments of inertia taken 
about three main axes. 

Briefly, let us consider the rotational spectra of diatomic molecules. 

First, it should be emphasised that not all molecules, including diatomic mole- 
cules, will yield a rotational spectrum of radiation or absorption. As has been 
explained already (see p. 243) every radiator or absorber of electromagnetic waves 
is a kind of oscillator, i.e., an elementary dipole. If the atomic motion of a mole- 
cule or the motion of a molecule as.a whole is not accompanied by a change in 
dipole moment, such motion cannot result in the radiation or absorption of elec- 
tromagnetic waves. 

When a molecule radiates or absorbs energy, its dipole moment p varies perio- 
dically as the oscillation frequency. The dipole moment oscillates about an aver- 
age value, corresponding to the equilibrium position of the atoms. It may be shown 
dp \ 
ar | pa? 
i.e., the maximum rate of change of the dipole moment with respect to interatom- 
ic spacing. All symmetrical molecules the atoms of which are joined by homopo- 
lar bonds have a constant zero value of p. Therefore, they do not give rise to rota- 
tional spectra. Such molecules include, for example, all diatomic molecules of 
the same atoms (Hz, Ov, No, etc.). 

Let us consider the rotational spectrum of a diatomic polar molecule, i.e., a 
molecule possessing a dipole moment. The rotational energy of such a molecule 


that the intensity of the spectral lines is proportional to the derivative ( 


; > Iq? ; . ; 

Te AIC =} here w is the angular velocity of rotation and J the molecule’s 
moment of inertia: 

‘ MyMg r2 


T= my? + mer = A 


my-+- Ms 


where r; and rz are the distances to the centre of inertia and r =r; + ro. The 
value of o is determined from the fact that according to a rule of quantum mechan- 


* A waveguide is a metallic duct of rectangular or circular cross-section through which 
centimetre radio waves may be propagated with practically no losses. 

** In spectroscopy, in addition to wavelength units, it is customary to use a reciprocal wave- 
Jength unit (wave number), i.e., the number of waves per centimetre. 
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ics (p. 382) the rotational momentum, T@, may assume only the discrete set of 
values 

h aie oS 

sViGe) 
where j = 0,1, 2,... is the quantum number designating the rotational levels. 
Therefore, the angular velocities of rotation of a molecule may assume only the 
following set of values: 


vacecoee 
oy=a 7 ViGi+4): 
henee 
7 0? 2 ee 
Kyo = $= ey UF NI. 
Beginning with a zero energy of rotation, the energy of successive levels in- 
creases in accordance with a square law. 
Energy transitions are subject to a simple selection rule, i.e., only transitions 
between neighbouring levels are allowed (Fig. 227). 
The radiation or absorption frequency in the rotational spectrum of a diatomic 
molecule is given by 
veg (j=0,1,2,...) 
for a transition between the j and j — 4 levels. In this simple case, the rotational 
spectrum consists of a system of equally spaced lines. 
For different gas temperatures, the average energy of rotation of a molecule 
differs. In accordance with Boltzmann's law, the most probable energy is given 
by -- kT (two rotational degrees of freedom—see 
p. 145) Thus, the number of the energy level at which a 
molecule is most frequently located may be easily calcu- 
lated. For example, in the case of a molecule of a hyd- 
rochloric acid vapour (J = 2.64 x 10-* gcm?), at tem- 
peratures of 300, 600 and 1,200 K, we obtain 7 = 4, 6 
and 8, respectively. 
Since transitions are possible only between neigh- 
bouring levels, a series of equally spaced frequencies 
Fig. 227 will be grouped about the line of “average” j-value. The 
line intensity decreases as its distance from this j-value in- 
creases, since the number of molecules in the corresponding energy state decreases. 
Rotational spectra enable us to determine interatomic distances in simple 
molecules to a very high degree of accuracy (much greater accuracy than by dif- 
fraction methods). Thus, if the number of atoms in a molecule is not large, the 
distances between atoms may be determined if the moment of inertia and the 
masses of the atoms are known. For a diatomic molecule, 


MMe 


PS 2 where m—=—— 
: my-+ im, ° 


m 
In the case of a hydrochloric acid molecule: 
my = 4.67 % 10-24 g, mq, = 35 X 1.67 x 10-24 -g, 
The separation between the H and Cl atoms in an HCl molecule is 


2.641 ~ 10-49 x 36 x 1.67 x 10-24 
i= iv 35 x es 10-48 -== 1.63 x 10-8 cm. 


This value agrees closely with values obtained by other means. 
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Sec. 205. INFRARED VIBRATION-ROTATIONAL SPECTRA 


This type of spectrum may be observed in a wavelength band extending from 2-3 
to several score microns. For brevity, the vibration-rotational absorption spectrum 
is referred to as the “infrared spectrum”. In the case of solids, where there is no 
molecular rotation, a pure vibrational spectrum is obtained. In the case of liquids, 
where rotation is impeded, the rotational structure of the band is smeared. 

Diatomie Molecules. Let us disregard rotation for the present and consider 
vibrational energy levels. ja 

The vibration of a diatomic molecule may be visualised by means of a simple 
model consisting of two spheres joined by a spring. In such a system, the natural 
frequency of oscillations is given by 


where k is the stiffness coefficient determining the binding force and m is the mass 
of an atom when the atoms in the molecule are the same; when the masses differ, 
A j : myMg : Ke la piss 
mis the reduced mass, which is equal to egies (we leave the proof of this to the 
Ni a 
reader). Quantum mechanics shows that the energy of an oscillator is given by 
the formula 


\ 


Ges (v =| hy. 


Here, =v is the zero-point energy of the oscillator, i.e., the oscillation energy 


at absolute zero, and v = 0, 1, 2, --- is the oscillation quantum number. More- 
over, it is shown in quantum mechanics that in the case of harmonic oscillators 
energy transitions may occur only between 
neighbouring levels. In the case of nonhar- 
monic oscillators transitions skipping one lev- 
el or more occur, but these are weaker than 
the main transitions. Harmonic oscillations 
occur under the action of a restoring force 
—kx. The potential energy of such oscillations 
is fea 
2 
bolic. 
Fig. 228 shows a potential curve (and an 
inscribed parabola) for a diatomic molecule. 
The horizontal lines represent energy levels Fig. 228 
based on theoretical calculations. For low val- 
ues of energy, the deviation of the potential curve from a_ parabola is 
negligible. Such a molecule may be expected to obey the harmonic oscilla- 
tor law as long as the vibrational energy is much less than the dissociation energy 
of the molecule. Under such conditions, the vibrational levels may be considered 
to be equally spaced, and since only transitions between neighbouring levels are 
allowed, the diatomic molecule will possess a single transition frequency. If there 
is no molecular rotation, the entire spectrum will consist of a single line. Actually, 
in addition to the main frequency v, the spectrum contains the “overtone” frequen- 
cies 2v, 3v, etc. (as the separation between levels decreases, the proportional 
trend of the overtone frequencies is lost). However, the overtones are weak and 
in very many cases we have a right to speak of a single vibration frequency. 


_i.e., the shape of the curve} is’ para- 
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The presence of molecular rotation will transform such a spectral line into 
a band. If a molecule vibrates and rotates simultaneously, its energy is determined 
by the two quantum numbers v and j: 


¢ 4 Vig Si 
é ae (v+ a, hv yin +37 i (j oh 1s 


The frequencies obtained now fall into two groups, one less than and one more 
than the vibration frequency Vyip- These groups are known as branches and are 
designated by the letters R and P. Taking into account the selection rules discussed 
above, we obtain the following frequency formula: 


: h ; ‘ ¢ ) 
ve Voit = Fyay / (j=1, 2, see)s 


The plus sign corresponds to transitions to higher rotational levels and the minus 
sign to lower rotational levels. 

This is shown in Fig. 229, which illustrates the spectral band of HCl. The point O 
corresponds to v,;,, and the vertieal lines to the right and to the left indicate 
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Fig. 229 Fig. 230 


the obtained frequencies. The height of a line is proportional to the intensity at 
the given frequency. When the resolution is high, each line appears distinct. On the 
other hand, when the resolution is low, the lines merge into a band the intensity 
dependence of which is given by the envelope of the spectral lines. In Fig. 230, 
we see a diagram of the energy transitions which produce this band. It should 
be noted that a pure vibrational transition (from j’ = 0 to j” = 0) is forbidden 
and as a result there is a gap in the middle of the band. There is an absorption 
maximum to the right as well as to the left of the vibration frequency. For the 
reason discussed in the preceding article, the absorption maxima occur for the 
j-values which are most frequently encountered at the given temperature. There- 
fore, as the temperature increases, the shape of the spectral band changes as shown 
in the diagram. 

Vibrations of a Polyatomic Molecule. A polyatomic molecule may execute 
a large number of vibrational motions. This number is equal to the number of 
vibrational degrees of freedom of the molecule and may be calculated as follows. 
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A molecule consisting of N atoms has 3N degrees of freedom. Three of them are 
associated with the coordinates of the molecule’s centre of mass. In the general 
case, the number of rotational degrees of freedom is also equal to three. But linear 
molecules have only two rotational degrees of freedom since rotation about a line 
passing through the centres of the atoms is physically meaningless. Thus, the 
number of vibrational degrees of freedom and, hence, the number of vibration 
frequencies is equal to 3N — 6 or 3N — 5. If the dipole moment of the molecule 
does not change for a given vibration, the corresponding frequency will not be 
manifested. (We shall return to the problem of so-called inactive vibrations later.) 
Be that as it may, the number of vibration frequencies and, hence, the number of 
bands in the infrared spectrum, is strictly determined by the number of atoms 
in the molecule and by its symmetry. 

In the absence of molecular rotation, i.e., in the case of solids, an infrared 
absorption spectrum consists of lines which correspond to vibrational transitions. 
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Fig. 234 Fig. 232 


Since, perforce, thick layers are used in such an investigation, there is considerable 
absorption under normal conditions and the lines merge into a band. In liquids, 
molecular rotation is retarded and the rotational structure of such a band will 
be smeared, i.e., individual lines can no longer be detected. 

Now, let us consider the physical meaning of vibrations in a polyatomic mole- 
cule. Actually, what kind of vibrations occur? In the case of a diatomic molecule 
the situation was clear, i.e., we were dealing with vibrations along a bond line. 
What quantities vibrate harmonically in polyatomic molecules? 

For any molecular vibration, the deviations of atoms from their equilibrium 
positions may be described by displacements along a bond and by the distortion 
of bond angles. The instantaneous configuration of a vibrating molecule may be 
completely described by (83N — 6) g; coordinates (using the word coordinate in 
its broad sense). For an arbitrary choice of the q; coordinates, their values will 
not obey a simple vibration law. The law of change with respect to time of each qi 
can be represented by a complex, albeit periodic, curve. However, it turns out 
that it is possible to describe a vibrating molecule by (3N — 6) Q; numbers which 
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vary harmonically with frequencies v;. These Q; “coordinates” are called normal 
coordinates and the frequencies v; are called normal vibration frequencies. 

The fact that it is possible to introduce normal coordinates means that the 
periodic curves of change of any gq; coordinates may be resolved into spectra of . 
normal vibration frequencies. We can always assume that a vibration spectrum 
consists of normal vibration frequencies. 

What is the nature of Q; coordinates? Are they obtained only for a particular 
choice of coordinate system? The answer to the latter question is no. First and 
foremost, normal coordinates are linear combinations of gi displacements. There- 
fore, a normal coordinate describes the vibration of a molecule as 4 whole. Exam« 
ples of normal vibrations are illustrated in Figs. 234 and 232 for CO, and H,O 
molecules. The actual vibration of a molecule is the resultant of the indicated 
motions. 

The normal vibration frequencies of a molecule can be determined from. its. 
spectrum. These can then be used to obtain a clear picture of the molecular vibra~ 
tions. 

The characteristic nature of many vibration frequencies is of great practical 
importance. Careful study has shown that basically in certain normal vibrations 
only one interatomic spacing or one bond angle varies. If a molecule preserves 
that bond, such a frequency varies little in a group of related compounds. This 
fact is utilised in chemistry. 

The vibration frequencies of a molecule are measured not only by means of 
infrared absorption spectra but by means of Raman spectra as well. As will be 
seen below, these two methods effectively supplement each other. 


Sec. 206. RAMAN SCATTERING OF LIGHT 


Raman scattering refers to the particular case of the scattering of light of fre- 
quency v by a substance when, in addition to the strong scattering of light of 
constant frequency v, there appears a series of lines of lower and higher frequencies. 

Usually, observations are made at right angles to the incident light. A mercury 
lamp provides the required radiation. The spectrum of this radiation contains. 
several intense lines, the most important of which 
is a blue line corresponding to a wavelength of 
4,358 A. By means of a spectrograph, fone can ob- 
/ tain a photograph of the scattered radiation spec- 
L trum. Such a photograph is shown in Fig. 233. 

—— ‘The main characteristic of such a spectrum is 


_ 


Ate i; the following. About each excited line there ap- 
pear identical groups of considerably weaker 
lines. These satellites are usually spaced symmet- 

Fig. 233 


rically to the right and to the left, but they may 
differ in intensity. This phenomenon was disco- 
vered independently by Raman in India and Landsberg and Mandelstam in the 
Soviet Union. Raman’s work, however, was published first*. Hence, such spec- 
tra are called Raman scattering spectra. 

The spectral pattern can be explained as follows. Basically, a photon hy is 
scattered by a molecule elastically, i.e., the frequency remains constant. However, 
in addition to such scattering, it is also possible to have scattering with some loss. 
of energy; such energy may be expended in the transition of a molecule from one 


* Raman sent a telegram about his discovery to the British journal Nature. 
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level to another. Let us assume that a photon hv has lost an amount of energy equal 
to that required to raise a molecule from the zero vibrational level to the first 
level. The energy loss is @,—, — €@v=»9 = AVviy- Therefore, the scattered photon 
has an energy h(v — v,;y). An associated line or “satellite” appears in the spec- 
trum on the side of lower frequencies. 

The lower frequencies, v — Vpip, are called Stokes lines and the higher frequen- 
cies anti-Stokes lines. Scattering with a frequency greater than v occurs when a pho- 
ton hits an excited molecule. In such a case, the photon is scattered, but it simul-- 
taneously gains the “extra” energy due to the transition of the molecule to a lower 
level. Lf the excited molecule was at the first vibrational level, the photon increases 
its energy by Av,;, and the frequency v + v,;, appears in the spectrum. 

This scattering mechanism excellently explains the difference between the 
intens'ties of the red and violet lines. At room temperature, most molecules are 


‘ ‘ 4 4 ‘ 
at the zero level with an energy =/v,;»)- A smaller number of molecules are at 


; ‘ ‘ 3 ‘ Led F 
the first excited {evel with an energy Shv,:,- Therefore, it is clear that the inten- 


sity of the violet lines must be less. Moreover, at low temperatures the violet 
lines practically disappear. The ratio of the intensities of the violet lines to the 
red lines is proportional to the ratio of the number of atoms in the first state to 
the number in the zero state. According to the Boltzmann law, 
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This formula agrees excellently with experimental results. 

Thus, the displaced lines of a Raman spectrum are shifted by amounts equal 
(in energy units) to the difference between the energy levels of the given molecule. 

We have discussed the case of two vibrational levels, but it is clear that the 
discussion is valid for all energy transitions—pure rotational, vibration-rotational, 
etc. The satellite lines closest to the niain scattering line correspond to the lowest 
energy transitions. The rotational spectrum is located considerably closer to 
the main line than the vibration-rotational spectrum. 

In the case of absorption spectra, the selection rules for the oscillation quantum 
number are the same as those for Raman scattering, but the selection rules for the: 
rotationalf®quantum number are different. Transitions are allowed for which 


Av = +4 and Aj=0, +2. 


Thus, the vibration-rotational band consists of a pure vibrational line displaced 
from the excited line by v,;, and a series of lines displaced from the excited line 
by Voth = 2Vrot and Voib ae 2V 01 

Raman spectra are usually obtained by scattering from liquids. The lines 
Vein + 2V,>94 appear smeared, but the lines of the pure vibration spectrum are 
distinct. 

Ramanspectra have an important advantage over infrared spectra. The measure- 
ments are transferred, so to speak, to the visible region. The frequencies which 
were measured directly in the infrared spectrum are determined as the difference: 
between the main line and the Raman line with approximately the same accuracy. 

It would seem that one could dispense with the infrared spectrum. However, 
this is not always the case. In certain respects, the infrared and Raman spectra 
supplement each other. 
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What is the difference between the process of wave radiation from a molecule 
and the process of scattering from a molecule? In both cases a moleculesends wave- 
lets into space, i.e., in both cases a molecule behaves during radiation like a dipole. 
However, in the first case a molecule behaves like a dipole in the absence of an 
external lield, while in the second it behaves like a dipole when acted upon by the 
fieldsof an incident wave. Thus, radiation or absorption will occur when changes 
in the state of a molecule (vibration, rotation, etc.) are accompanied by changes 
in the induced dipole moment, i.e., in the polarisability 8. Theoretical calculations 
indicate that such a change should occur when the configuration of the molecule 
passes through equilibrium. 

Lines will occur in an infrared spectrum for vibrations which satisfy the condi- 
tion 
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—_ ( 
( Tr ) ron, FO" 


Raman lines will occur for vibrations which satisfy the condition 
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Quite often these conditions exclude each other. Therefore a certain vibration 
may be active in the infrared spectrum but inactive in the Raman spectrum, and 
viee versa. 

A CO, molecule may serve as an example. One of such a molecule’s three vibra- 
tions—the linearly symmetrical vibration—leaves the dipole moment unaltered 
and equal to zero. That vibration is inactive in the infrared spectrum. In the 
Raman spectrum, on the other hand, only that vibration will be active; the other 
two will be absent. In the case of an anti-symmetrical vibration, one may reason 
as follows: in both extreme positions, the deformation of the electron cloud, and 
hence the polarisability is the same. During vibration the polarisability changes 
in the same manner in both half-periods, and at the equilibrium position passes 
through a minimum or maximum, but this does not mean that 


( +) fasti 0. 


We shall not discuss these regularities any further. They have been studied 
in detail and the results are available in tabular form. Such tables enable us to 
determine from the symmetry of a molecule the number of vibration frequencies 
in its infrared and Raman spectra. The converse is also true, namely, the sym- 
metry of a molecule can be determined from the number of lines in its spectra. 


Sec, 207, ABSORPTION SPECTRA 


Let us consider absorption spectra in which the transitions are in the visible 
and ultraviolet regions. The magnitude of a photon of the incident light will be 
of the same order of magnitude as the difference between the electronic levels of 
amolecule. Electron transitions become possible. However, as has been indicated 
already, electron transitions are accompanied by changes in vibrational and 
rotational energy. Therefore, a very broad band is associated with every such 
transition. Moreover, under normal experimental conditions this band is contin- 
uous, i.e., its “vibration-rotational” structure is not discernible. Each electron 
transition band contains numerous narrow vibration-rotational transition bands, 
whereby all changes of the oscillation quantum numbers are possible. 
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The properties of a molecule in an excited electronic state differ from its pro- 
perties when it is at a zero electronic level. When a molecule becomes excited, 
the system of vibrational and rotational levels and hence the vibration frequen- 
cies, ice., the differences between the vibrational levels, change. Also, the shape 
of the potential curve and the equilibrium spacings between atoms change. 

Absorption curves in the visible and ultraviolet regions are sufficiently charac- 
teristic to be used in identifying substances. 

The dependence of the absorption of light on the thickness of a layer of sub- 
stance may be expressed as follows (cf. p. 89): 


Pet penh*, 


where J, is the intensity of the incident beam, T the intensity of the transmitted 
beam, x the thickness of the layer, and w the absorption coefficient for light. 
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Fig. 234 


The value of the absorption coefficient depends on the wavelength of the incident 
light. A curve of } as a function of wavelength is sometimes called an absorption 


0 
curve. Usually, however, this term refers to a curve of as a function of A or v. 
The relation for the absorption of light in solutions may be written in the form 


= -hN . — y= EC 
P=fpe-?™ or [=I eset, 


where | is the distance traversed by the beam in the substance and kN and e 
are expressions for the absorption coefficient of the solution. It is quite reasonable 
to assume that the absorption coefficient is proportional to the concentration of 
the substance, which may be expressed as the number of molecules NV per unit 
volume or the number of moles of substance c per litre of solution. In the case of 
solutions, the term “absorption curve” usually refers to a curve showing the de- 
pendence of the coefficient k or ¢ on A. 

Examples of absorption curves in the visible and ultraviolet spectrum are 
shown in Fig. 234. Curve 7 is for Congo red, 2—for aniline, 3—for phenol and 
4—for benzene. 
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Sec, 208. MAGNETIC RESONANCE * 


‘Let a substance containing particles of spin s and magnetic moment M be placed 
in a constant magnetic field of intensity H. The potential energy of such a particle 
is equal to the scalar product MH = M,H. According to the general law of quan- 
tum mechanics, this energy can attain only a discrete set of values corresponding 
to 2s +-1 possible orientations of spin and magnetic moment in space. 

Flow can we detect the resulting system of energy levels? As usual, it is determined 
by the energy transitions. The selection rules allow transitions between neigh- 
bouring levels only if the difference between their s values is equal to one. Let, 
for instance, in one state 


M,= gus, 
and in another 


M, = gp (s — 1). 
Hence, the difference in energy is 

é, — 6, = guH. 
The energy levels will be equally spaced. 


To the computed difference in levels there corresponds the frequency of a radiated 
or absorbed quantum of energy equal to 


g 
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lu 

; H. 

For an electron 

v= 2.8 x 1097, 

and for a proton 
vy = 3.46 x 10°77. 


We see that for each value of H there isa corresponding characteristic frequency 
known as the magnetic resonance frequency. For the realisable range of field inten- 
sities, these frequencies lie in the radio band: in the case of nuclei, in the short 
and ultrashort wavelength region; and in the case of electrons, in the centimetre 
wavelength region. 

Experiments and theory show that in practice it is not possible to detect the 
radiations corresponding to these frequencies. But it is possible to successfully 
observe resonance absorption of electromagnetic waves of corresponding wave- 
length. For this purpose, the substance is placed in a coil connected to a high- 
frequency generator and the coil is then located in a constant magnetic field. 
The resonance may be “trapped” by varying the field intensity while the frequency 
is kept constant, or by changing the frequency while H remains unchanged. Magnet- 
ic resonance is extremely selective. The width of the absorption peak is of the 
order of 0.4 MHz at 460 MHz. 

The method of magnetic resonance is widely used in studying various sub- 
stances. Detection of electronic as well as nuclear resonance is of great interest. The 
presence of electrons having uncompensated spins indicates to the chemist that 
so-called free radicals are present and enables him to determine the character of 
chemical bonds. Nuclear resonance makes it possible to determine the chemical 
composition of a substance. But the following important fact should be noted. 
The magnetic resonance effect is so sensitive as to enable the detection of the 
superposition of the electron shell field of an atom on the external field. It turns 
out that the nature of this “supplementary” field depends on the properties of 


* Prior to studying this and next sections, read Section 244. 
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the chemical bond between a given atom and the rest of atoms. Thus, the resonance 
frequencies of a given atom slightly vary depending on its chemical bond. This 
phenomenon 1s known as chemical shift. 

Figure 235 represents an oscillogram of the absorption spectrum of a chemical 
compound. It illustrates magnetic resonance for fluorine nuclei. We see four peaks, 
one of which is three times as high as the other three. In the molecule whose struc- 
tural formula is shown in the figure, four “different” fluorine atoms are to be seen. 
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Fig. 235 


There are three times as many fluorine atoms in the CF, group as each of the other 
three “chemically different” fluorine atoms in the molecule. Chemi cal displacement 
has separated the nuclear resonances of the fluorine atoms and made it possible 
to determine the structural formula of this compound. 

Thus, the phenomenon of nuclear resonance provides us with a new method 
of chemical analysis. Instead of obtaining only a gross chemical formula (in our 
example, the total number of fluorine atoms relative to, say, hydrogen atoms), 
we can now obtain a detailed picture of a chemical formula, i.e. the proportions 
of differently bound atoms of a single kind. 


Sec, 209. QUADRUPOLE RESONANCE 


The above discussed scheme of molecular energy levels lacks certain detail. 
[t turns out that each rotational level has an infrastructure. Between the electron 
shell of a molecule and the atomic nuclei there may exist yet another interac- 
tion: an atomic nucleus may possess an electric quadrupole moment and depending 
on the orientation of the atomic nucleus relative to the electronic shell the molecule 
may possess different values of energy. The magnitudes of the energy associated 
with this interaction are quite small and the corresponding energy levels are 
grouped around the rotational levels. Thus, in order to characterise a molecule, 
one must specify its quadrupole energy level in addition to its electronic, vibra- 
tional, and rotational levels. 

Quadrupole interaction does not always exist. If it does, the rotational transi- 
tions discussed above are in fact rotational-quadrupole transitions. Pure quadru- 
pole transitions, i.e., transitions between separate quadrupole levels, may be 
observed. Moreover, rotational-quadrupole transitions may be resolved. Both 
problems can be solved by radio-spectroscopic methods. Pure quadrupole transi- 
tions lie in the range of 4-800 MHz, i.e., in the short-wavelength band. Rotational- 
quadrupole transitions may be detected by studying the absorption of microwaves 
(millimetre waves) in gases. 

Pure quadrupole transitions are of primary interest. They can be observed 
in solids and in certain liquids. 

The following formula gives the energy of interaction between an atomic nuc- 


leus and the electronic cloud of a molecule for the case of an axially symmetrical 
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field (such a field exists in all linear molecules): 


¢ 3m? — s (s-- 41) 
€ = eQq 4s (2s-—1) 


where Q is the quadrupole moment of the nucleus and qq = or is the second de- 
rivative of the electric potential along the axis of symmetry of the field. This effect 
does not occur in the case of nuclei having a spin of 0 or 1/2. Also, no interaction 
occurs when the electron cloud surrounding a nucleus is spherically symmetrical. 

There is a limited number of levels. If the selection rules are taken into consider- 
ation, one finds that the number of possible transitions becomes quite small. For 
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instance, one line occurs when s= 1 and s =-+, two lines when s = =, and 
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three lines when s = a 


A quadrupole absorption spectrum can be observed using a generator whose 
frequency is continuously varied in the wavelength interval under investigation. 
The resolving power of radiospectroscopic methods is very high. In the case of 
a spectral line of the order of 30 MHz, the width of the line is equal to several 
hundred cycles per second. 

The electric quadrupole moment Q of the nucleus is a constant of an atomic 
nucleus. It describes the deviation from spherical symmetry of the distribution 
of electric charge in a nucleus. The value of Q in square centimetres can be deter- 

2 
mined experimentally from thejabove formula if q = ad is known and the quadru- 
pole frequencies can be measured. The deviation from spherical symmetry of 
the distribution of electric charge in a nucleus can be determined to a first approx- 
imation by representing the nucleus as an ellipsoid of revolution. If the nucleus 
is elongated in the spin direction, then Q > 0, and vice versa. 

An ellipsoidal nucleus tends to become oriented in a very definite manner in 
the field of an electron shell. The main energy level corresponds to an arrange- 
ment in which the axis of symmetry of the field and the axis of the ellipsoid coin- 
cide. Due to the discreteness of energy, in excited states the axis of the ellipsoid 
can assume only several selected orientations with respect to the axis of symmetry 
of the field. The energies of these quantum states are just computed by the above 
formula. An electromagnetic wave impinging on a molecule is absorbed if the 
magnitude of the photon corresponds to the energy of transition from one orienta- 
tion of the ellipsoid to another. 

The study of quadrupole spectra began quite recently. They are of great scien- 
tific interest since such spectra enable us to’measure frequencies with extremely 
high accuracy and the quadrupole frequency responses to very small changes 
in the electric field of the molecule of which the nucleus is acomponent as well 
as of neighbouring molecules. 

Suffice it to say that quadrupole frequencies will differ noticeably in crystalline 
varieties of one and the same substance. Thus, a nucleus reacts not only to changes 
in the field due to close electrons, but also to changes in the field due to electrons 
situated far away. 


Example. The electric quadrupole moment of a nucleus of Cl% is Q= —0.07 % 40-24 em?. 

Quadrupole resonance occurs in Cl, at a frequency of v = 54.47 MHz. For a nucleus of C185, the 
p 
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spin sisequal to >-. This means that the quantum number m attains the following values: 
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guantum hv is absorbed, only one transition is possible: from the level corresponding to 


|m| = > to the level corresponding to | m | =. 
The resonance condition is: 
ie 4 \itige BP Bs ah 3X2. Bog B., 
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\ 3 3 3 3 3 ie 


Measuring the resonance frequency v and knowing !rom other data the value of the quadrupole 
moment Q of a Cl® nucleus, we find the gradient of the electric field created by electrons at the: 
centre of a Cl nucleus in a Cl, molecule: 

OE Qhv 2X 6.6 x 10-27 x 54.5 x 10° 
Oz eQ 4,8 40-1 x 0.07 x 10-24 


Y 


= 2.14 x 108 CGS units. 


Sec. 210. GAS LASERS 


Lasers (for Light Amplification by Stimulated Emission of Radiation) or stim- 
ulated radiation oscillators represent non-equilibrium (unbalanced) systems. 
with inverse population of energy levels intended for obtaining powerful light 
fluxes. 

The particles of an atomic or a molecular gas which is in a state of thermal 
equilibrium are distributed among the energy levels in accordance with the Boltz- 
mann law, i.e., the number of particles located on a higher energy level J’, is 
eE»-Fx)/kT times less than the number of more stable particles with the energy /). 
In the normal state, energy levels are populated in such a way that the higher 
a level is, the less the number of particles it contains. 

But this is true for a gas which is not supplied with energy. But if a gas discharge 
takes place, then the situation is changed. The particle distribution may not 
only disobey the Boltzmann law, but also the case of inversion of the normal 
population distribution is possible. This means that the upper energy levels turn 
out to be more populated than the lower levels. If such a situation is achieved 
by energy supply (by what is called pumping), a laser design becomes possible. 

It is clear why population inversion is a necessary condition for creating a laser. 
First of all, we are not interested in spontaneous radiation. As it was mentioned 
above, spontaneous radiation is nondirectional and incoherent. Hence, the topic 
of discussion is stimulated (or induced) emission of radiation. Since the probabi- 
lities of a transition of a particle hit by a photon upward and downward are equal, 
amplification by stimulated emission of radiation becomes possible only if the 
upper energy level has a greater concentration of atoms than the lower one has. 

The situation is illustrated by the diagram given in Fig. 236. Inan unexcited 
state the particles of the lasing medium are located mainly on the lower energy 
level (Fig. 237). When pumping begins, the desired population inversion takes 
place (Fig. 238). A certain particle spontaneously emits a photon which is capable 
of stimulating the emission of other particles. This activity of the photon is con- 
tinued until it is absorbed by a particle found on the lower energy level (Fig. 239). 

It is possible to realize lasers operating under pulse conditions: by pumping, 
the particles are brought to the upper energy level, and then, during a very short 
interval of time, this reserve of energy is completely given up in the form of 
stimulated emission of radiation. 

Gas lasers operate in a continuous duty. To make it possible, we must have 
available a system of particles which possess the following peculiarities. The: 
pumping must transfer the particles from the ground state to the upper laser’ 
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level. Laser emission consists in the transition of particles from the upper laser 
level to the lower one. From the’ lower laser level the system transfers to the 
zround state through spontaneous emission. 

~ {t is clear from what was said that excitation must not transfer the particles 
to the lower level. Besides, the lower level must quickly get freed, i.e., the lifetime 
in this state must be essentially less than the lifetime on the upper laser level. 
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The transition of a particle from the lower level to the ground state does not 
contribute to the laser emission. This is an inevitable loss and it can be lessened 
only by one method, that is by selecting systems in which the difference between 
the energies of the upper and lower levels is great as compared with ‘the difference 
in the energies of the lower and ground levels. 

The ratio of the energy of an emitted photon to the energy of excitation is known 
as the absolute maximum efficiency of a laser. Of course, it is much less than actual 
efficiency. since the pumping energy is inevitably spent not only on raising a par- 
ticle to the desired upper level. 

In one and the same gas there may exist several possible upper and lower laser 
levels. The conditions favourable for producing photons of a certain energy, 
i.e. for separating out two levels as the upper and the lower laser levels are obtained 
27~01028 
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by designing the laser like a resonating hollow. If it represents a gas-discharge 
tube with mirrors fitted at the base of the column, then by means of a micrometer 
screw the desired photons are selected by varying the length of the column. Since 
waves are reflected from the mirrors several times, favourable conditions are 
established only for the light the integral number of wavelengths of which is 
exactly equal to the length of the column. Gas lasers in which energy is pumped 
by means of an electric discharge were designed almost for all the elements. Laser 
emission was obtained with wavelength from 0.2 to 133 um. 

Widely used are lasers whose medium is a mixture of neon and helium. In most 
cases, a near-infrared light is ereated with wavelength of 1.13 wm. 

Gas mixtures are used in lasers for the following reason: in some cases, usiDg 
a gas discharge, it is simpler to excite particle A which will transfer the excitation 
to particle B than directly excite particle B. , 

We shall describe here in more or less detail the operation prineiple of the most 
powerful modern lasers, and namely, the laser operating on carbon dioxide gas. 

The main idea of utilising molecular gases consists in the possibility to essen~ 
tially increase maximum efficiency, using the vibrational levels of the ground 
electronic state as the upper and lower laser levels. A comparison in this respect 
to an atomic and molecular lasers is given by the diagram of Fig. 237. 

Various vibrations of the molecule CO, were discussed in one of the previous 
sections (see Fig. 231). Any vibrational state is characterised by three quantum 
numbers v1.03, Vv, referring to a symmetrical vibration (a), ve to vibration (c), 
and vz to a linear asymmetrical vibration (b). 

First of all, the researcher must find out the lifetimes of a molecule in different 
states. These lifetimes may differ by several orders. Further, the probabilities 
of transitions on this or that level under the action of electron knocks are ex~ 
tremely essential. 

It turns out that, from all viewpoints, level 0041 is suitable as the upper laser 
level and 100 or 020 as the lower level. From these levels a molecule transfers 
to level 010, and then returns to the ground state. The diagram of these transi- 
tions is shown in Fig. 238; for the sake of obviousness, the vibrational levels are 
not shown. As is seen from the diagram, the laser has a high maximum efficiency 
of 40 and 45 percent for radiations of 10.6 wm and 9.6 wm. 

Both absolute and practical efficiencies of this system are high, since the gas- 
discharge electrons transfer the molecules mainly on levels 00v;. A remarkably 
convenient circumstance is that excitations on any level 00v, are equally suitable. 
Recall that the vibrational levels are equidistant. Therefore a collision of mole- 
cules in states 00v, and 000 yields molecules in states OO(v, — 1) and 004. That 
is, in the final run, there occur desired molecules situated on the upper laser level. 

Despite the fact that excitations to any of the levels yield a positive contribu- 
tion to the laser operation, nevertheless, the electrons spend a greater energy on 
ion excitations of molecules. Excitation becomes considerably more selective 
when nitrogen molecules are added to CO,. 

Nitrogen has a vibrational level for v = 1 of the ground electronic state with 
an energy value equal to energy 001 of the molecule CO,. This excited state has 
quite a long life, and the nitrogen molecule descends to the zero level mainly 
in one way, by giving up its energy to the molecule CO, in state 000 (see the dia- 
gram of Fig. 238). The equidistant vibrational levels of nitrogen make all of its 
vibrational states (of the ground electronic level) effective. 

Considerations like those described above are not quite rigorous since too many 
factors affect the practical efficiency of a laser. However, they demonstrate the 
methodology of searching for lasing media. In the final run, everything is solved 
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by experience. If, say, the lower laser level is freed too slow, then it is advisable 
to add other gases. The search for such admixtures is mainly of an empiric charac- 
ter, but the results may turn out to be very significant. For instance, at a gas 
pressure of 1 mm Hg the molecules CO, without contaminants undergo about 
100 level-liberating collisions per second. In the presence of helium and water the 
corresponding figures are 4,000 and 100,000, respectively. 

Until now, nothing was said about the effect of the rotational strueture of vibra- 
tional levels on the power of a CO, laser. If the transitions among all the rotational 
sublevels took part in emission of the laser, then the emission would not be strictly 
monochromatie. By making use of one delicate effect we are going to describe 
we may succeed in making the laser operate on transition between certain sublev- 
els. The 20th level of the P-branch of the transition (004)-(100) is usually used, 
which gives a pencil of photons with a wavelength of 10.5915 um. 

At a room temperature the average kinetic energy of the molecule CO, is equal 
to 0.025 eV. The distance between vibrational levels is greater than this magnitude, 
and the distance between rotational levels is less than this value. That is why 
the transitions of molecules due to thermal collisions from one rotational level 
to another occur much more frequently (40 million per second) than the transitions 
between vibrational levels (4000 transitions per second). Accordingly, the lifetime 
of the vibrational state is equal to 10-*s, and that of the rotational state to 1077 s. 
Thus, inside rotational “stories” of each vibrational level there succeeds to set 
in Boltzmann distribution corresponding to thermal equilibrium. 

Under these conditions, it is sufficient to set the column for a certain transition 
to make it predominant. Indeed, suppose we choose the transition P (22), i.e. the 
transition from the 21st rotational sublevel (001) to the 22nd sublevel (100). As the 
21st sublevel becomes deserted, it is gradually occupied by other molecules coming 
from other rotational sublevels, and, thus, the Boltzmann distribution is maintained. 
This is how a transition put in favourable conditions wins the competition with 
other possible transitions. 

This characteristic property of the O.-laser determines its great merits, making 
it highly monochromatic and enabling the operator to vary, though in a limited 
range (9-41 ym), the wavelength of stimulated radiation, 

A long lifetime of vibrational states makes it possible to switch the CO.-laser 
to pulse conditions. For this purpose, one of the two stationary mirrors are replaced 
by a rotating mirror. The laser is set in operation each time the rotating mirror 
occupies the proper position relative to the fixed mirror, 

Rated at a constant power of 50 W, under pulse conditions the device is capable 
of yielding 50 kW by flashes of duration 150 ns at a rate of 400 flashes per second. 

The CO,-laser is usually manufactured in the shape of a tube 2 m long through 
which a gas flux is passed. Its diagram is shown in Fig. 239, 

The possibilities of the described laser are almost fantastic. Its coherent infrared 
radiation focused at an area of 0.004 cm? yields an intensity of 10° W/cm? under 
constant conditions and 10° W/cm? under pulse conditions. The keen laser ray 
capable of propagating over great distances burns through wood in no time and 
penetrates through steel during some seconds. 

The laser ray can create fields of the order of 10° V/em which radically change 
the properties of a substance. 

The creation of lasers gave rise to a number of entirely new physical and engi- 
neering researchers. Of great interest is a study of interaction of light with a wave- 
length of 10-41 um’ with semiconductors which are transparent for this range of 
spectrum. Some applications of lasers were dealt with in the previous sections of 
the present book. 
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CHAPTER 30 


The Atomic Nucleus 


Sec. 211. EXPERIMENTAL METHODS OF NUCLEAR PHYSICS 


investigation of the atomic nucleus is inseparably connected with the study of 
spontaneous or induced decay of atomic nuclei and nuclear particles. By studying 
the fragments of a disintegrated atomic nucleus and tracing the fate of these 
particles, we get the possibility of drawing certain conclusions about the structure 
of the nucleus and about the nuclear forces. 

The spontaneous decay of nuclei, that is natural radioactivity, was the first 
to be studied in detail. Concurrently, physicists began to study cosmic rays— 
radiation coming to us from outer space and possessing extraordinary penetrating 
power. In interacting with matter, cosmic particles behave like projectiles. For 
a long time, cosmic ray investigations were the primary means of studying trans- 
formations of elementary particles and to a certain extent of studying the atomic 
nucleus. At present, investigators concentrate on studying the disintegration of 
the atomic nucleus due to the bombardment by fluxes of particles created in ac- 
celerators. 

The experimental methods to be discussed below are applicable to the study of 
cosmic rays and particles occurring as a result of the nuclear bombardment of 
one or another target. 

Track Chambers. The Wilson cloud chamber was the first device enabling the 
researcher to see a particle track. 

When a fast particle passes through a chamber containing supersaturated vapour 
and creates ions along its path, a track is left that is very similar to the “tail” 
occasionally seen in the sky after a plane has passed. This track is produced by 
condensation of the vapour. The ions along the path of the particle are centres 
of vapour condensation; as a result the track is easily detected. The track of the 
particle can be observed directly or photographed. 

The state of the vapour in the chamber can be controlled by varying the volume 
of the chamber. This is achieved by means of a piston. Rapid adiabatic expansion 
brings the vapour to a state of supersaturation. 

If a track chamber is placed in a magnetic field, the velocity of a particle in the 
chamber may be determined from the curvature of its path if the ratio e/m is 
known or, conversely, e/m may be determined if the velocity is known (see the 
formula on p. 339). 

The Wilson cloud chamber is not used any longer in modern researches. Since 
it is filled with gas, collisions occur rarely. The chamber “cleaning” time is too 
long: photographs may be taken only’after an interval of 20 seconds. Lastly, 
tracks live a life of the order of one second—the fact which may lead to a displace- 
ment of pictures. 

In 1950 a new design was suggested—a bubble chamber which, today, plays an 
important role in elementary-particle physics. This chamber is filled with over- 
heated liquid. A charged particle creates ions which become surrounded with 
bubbles, and the latter make the particle track visible. In such a chamber we can 
produce up to ten photographs per second. The main shortcoming of the chamber 
is the lack of possibility to control its switching on. Therefore, thousands of pho- 
tographs are often needed to select one which illustrates the phenomenon under 


investigation. 
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Of high importance are so-called spark chambers based ou a different operating 
principle. If a high voltage is applied to a plane capacitor, then an electric spark 
will be seen jumping between the plates. If the gap contains ions, then sparking 
will occur at a lower voltage. Thus, an ionising particle flying between the plates 
creates a spark, 

In a spark chamber, a particle itself “switches on” high voltage for a millionth 
of a second. But the advantages concerning the possibility of switching on at 
a proper instant are weakened by the following drawbacks: the observer sees 
only the particles forming an angle of not more than 45° with the plates, the track 
is very short and not all secondary phenomena have time enough to display them- 
selves. 

Not long ago, Soviet investigators suggested a new type of the track chamber 
(a so-called streamer chamber), which has already found wide application. The 
block diagram of such a chamber is shown in Fig. 240. A particle entering the 
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space between the plates arranged al a greater distance apart than in a spark 
chamber is detected by a counter. An electronic logical device incorporated in 
this chamber distinguishes the primary events and chooses one which is of interest 
for the investigator. At this- instant, high voltage is fed to the plates for a short 
period of time. The ions created along the path of particle motion form streamers 
which are then photographed. The path of a moving particle is indicated by these 
streamers. If a photograph is taken along the direction indicated by the streamers, 
then the particle path looks like a dashed line. 

The success of operation of a streamer chamber depends on a correct correlation 
of the formation of an electron avalanche from a primary ion with the parameters 
of a high-voltage pulse. In a mixture of 90 per cent of neon and 10 per cent of 
helium, with the plates 30 em apart, good results are obtained at a voltage of 
600.000 V and pulse duration of 107! s. In this case, a pulse must be applied not 
later than in 107° s after the primary act of ionisation. 

A track chamber of this type represents a complex expensive installation which 
resembles the Wilson cloud chamber not more than a modern particle accelerator 
does an electron tube. 

lonisation Counters and Jonisation Chambers. An ionisation device used in 
radiation investigations usually represents a cylindrical capacitor filled with gas. 
The cylindrical plate constitutes one electrode and a thin filament fitted along 
the axis of the cylinder the other (Fig. 241). The voltage to be applied to the capa- 
citor and the pressure of the gas in the counter must be chosen in a special way, 
depending on the nature of the problem to be solved. In a widely used modi- 
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fication of such a device, called the Geiger counter, a voltage equal to the break- 
down voltage is applied both to the cylinder and to the filament. When an ionising 
particle enters such a counter through the wall or insulator, there passes through 
the capacitor a pulse of current which continues to flow until the primary electrons 
and the created electrons and ions of the self-maintained discharge reach the positive 
plate of the eapacitor. This current pulse can be amplified by ordinary radio- 
engineering means and the passage of the particle through the counter may be 
determined by a click or light flash, or by means of a digital counter. 

Such a device can be used to count the amount of particles entering the instru- 
ment. This requires that the current pulse due to one particle cease by the time 
the next particle enters the counter. If the operating 
conditions of the counter are chosen not in a proper 
way, the counter begins to “choke” and count incor- 
rectly. The resolving power of an ionisation counter is 
limited, but still sufficiently high, namely, up to 
10,000 particles per second. 

We may reduce the voltage so as to obtain such 
operating conditions under which the current pulse 
passing through the capacitor may be made propor- 
tional to the number of created ions (a proportional 
counter). For this purpose, it is necessary to operate 
in a region where the gas discharge is not self-main- 
tained. Primary electrons moving in the electric field 
of the capacitor accumulate energy, whereupon ionisa- 
tion by collision commences and new ions and elec- 

trons are produced. The first n pairs of ions produced 

a / by a particle entering the counter are transformed into 

Fig. 241 kn pairs of ions. : When the operating conditions are 

such that the discharge is not self-maintained, the 

amplification factor k is constant. Thus, a propor- 

tional counter not only indicates that a particle has passed through the 
counter, but also measures the ionising power of the particle. 

Just like in the above described Geiger counter, discharge in a proportional 
counter ceases when no more ionisation takes place. The distinguishing feature 
of a Geiger counter consists in that a particle entering it behaves like a trigger 
mechanism, and the breakdown time is independent of the primary ionisation. 

Since a proportional counter is sensitive to the ionising power of a particle, the 
operating conditions of the counter can be chosen so that only certain kinds of 
particles are recorded by the instrument. 

[f the operating conditions of the instrument correspond to the saturation 
current (which can be achieved by reducing the voltage), the current flowing 
through the counter becomes a measure of the radiation energy absorbed in the 
instrument per unit time. In such a case the device is called an ionisation chamber. 
The amplification factor & is then equal to unity. The advantage of an ionisation 
chamber consists in its high stability of operation. The design of an ionisation 
chamber varies considerably from case to case. Chamber filling, wall material, 
and number and shape of electrodes usually vary depending on the purpose of the 
research. [onisation chambers vary in size from about a eubic millimetre to several 
hundred cubic metres. Under the action of a constant source of ionisation, currents 
ranging from 1077 to 10-7 A are produced in ionisation chambers. 

Scintillation Counters. The method of counting elementary particles by the 
flashes of fluorescent substance (scintillations) was first used by Ernest Rutherford 
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in his classical investigations of the structure of the atomic nucleus. Modern 
instruments bear little resemblance to the simple device used by Rutherford. 

A particle impinging on a phosphor* may produce a flash of light. There exist 
a large number of organic and inorganic substances which are capable of trans- - 
forming the energy of charged particles and photons into luminous energy. The 
duration of afterglow in many phosphors is very short—of the order of a thousand 
millionth of a second. This makes it possible to design scintillation counters 
with high counting rates. The light yield of a number of phosphors is proportional 
to the energy of the particles. This enables us to construct counters intended for 
the estimation of the energy of particles. 

In miodern counters phosphors are combined with photomultipliers having 
ordinary photocathodes that are sensitive to visible light. The electric current 
obtained in a photomultiplier is amplified and fed to a counting device. 

The most widely used organic phosphors include anthracene, stilbene, and 
terphenyl. These chemical compounds belong to the class of so-called aromatic 
compounds which contain rings of six carbon atoms. For use as scintillators, these 
substances must be obtained in the form of monocrystals. Since large crystals 
are rather difficult to grow and since crystals of organic compounds are very frag- 
ile, the use of plastic scintillators, i.e. solid solutions of organic phosphors in 
transparent plastics such as polystyrene and other such high-polymer materials, 
is of considerable interest. Of the inorganic phosphors use is made of halides 
of alkali metals, zinc sulphide, and tungstates of alkaline earth metals. 

Cherenkov Counters. As far back as 1934, Cherenkov showed that when a charged 
fast particle moves in a perfectly pure liquid or solid dielectric a peculiar lumines- 
cence occurs. This luminescence basically differs from fluorescence, which is 
related to energy transitions in atoms of the substance, and from bremsstrahlung 
of the continuous X-ray spectrum type. Cherenkov radiation occurs when a charged 
particle moves with a velocity exceeding the phase velocity of the propagation 
of light in the dielectric. The basic feature of this radiation consists in that it 
propagates along a conical surface in the propagation direction of the particle. 
The angle of the cone is determined by the formula 

‘ cos J== e 


where 6 is the angle between the generatrix of the cone and the direction of motion 
of the particle, V is the velocity of the particle, and v is the velocity of light in 
the medium. Thus, for a medium with a given refractive index n, there exists 


a critical velocity, V = v = = » below which no radiation occurs. At this critical 


velocity, the radiation is parallel to tne direction of motion of the particle. For 
a particle moving with a velocity very close to the velocity of light (v = c), the 
angle of radiation 9 = arccos 1/n has a maximum value. In the case of cyclo- 
hexane, n = 1.437 and 0 = 46°. 

Theoretical calculations and experiments show that the Cherenkov radiation 
spectrum is found mainly in the visible region. 

Cherenkov radiation is a phenomenon similar to the formation of a bow wave 
by a moving ship. In such a case the velocity of the ship is greater than that of the 
waves on the water surface. Figure 242 illustrates how the Cherenkov radiation 
is formed. A charged particle moves along the axial line and the electromagnetic 
wave following the particle temporarily polarises the medium at points of the 


+ . ¢ _ 
* Phosphors is the name given to a large class of substances which, generally speaking, have 
nothing in common with the chemical element phosphorus. 
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particle path. All these points become sources of spherical waves. There exists 
only oné angle for which these spherical waves coincide in phase and form a single 
front. 

Consider two points on the path of the charged particle (Fig. 243). Two spherical 
waves have been created by them: one at the instant ¢ and the other at the instant 
t+ t. Obviously, t is the time required for the particle to cover the distance 
between these two points. In order for these two waves to be propagated at an angle 
® in*the same phase, the time of travel of the first beam must be greater than 
the time of travel of the second by t. The path covered by the particle during 
the time t is equal to Vt, while the distance traversed by the wave during the 
same time is equal to vt. Hence we obtain the above given formula: cos 0 = = 

Today, Cherenkov radiation is widely used as a means of registering elementary 
particles. Counters based on this phenomenon are known as Cherenkov counters. 


Fig. 242 Fig. 243 


Like scintillation counters, they contain a luminescent material, photomulti- 
pliers, and amplifiers of photoelectric current. Various types of Cherenkov coun- 
ters have been designed. 

These counters have numerous merits and among them are a high counting 
rate and the ability to determine the charges of particles moving with velocities 
very close to the velocity of light (it should be mentioned that the light yield 
sharply depends on the particle charge). Only with the aid of Cherenkov counters 
it is possible to solve such important problems as the direct determination of the 
velocity of a charged particle, the determination of the direction in which 
a high-speed particle moves, etc. 

Arrangement of Counters. To study transformation and interaction processes 
of elementary particles, one must be able to detect the emergence of a particle 
at a particular place and trace its subsequent path. Various arrangements of 
standard counting circuits are utilised in solving such problems. For example, two 
or more counters may be electrically connected in such a way that a count occurs 
only when a discharge begins in all the counters at exactly the same time. This 
may serve to indicate that a certain particle has passed through all the counters. 
This type of connection of counters is known as a “coincidence” pattern. 

‘Nuclear-Emulsion Method. As is known, a gelatinous film containing micro- 
crystals of silver bromide may serve as the photosensitive layer of a photoplate. 
Basically, the photographic process consists in the ionisation of these crystals, 
resulting in the reduction of the silver bromide. This process occurs not only under 
the action of light, but also may be caused by charged particles. A concealed 
track is formed in the emulsion when a charged particle passes through it. This 
track may be seen after the photoplate is developed. Photoemulsion tracks tell 
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us a great deal about the particles producing them. Strongly ionising particles. 
turn out to leave heavy tracks. Moreover, since the ionisation produced depends: 
on the charge and the velocity of the 

particle, considerable information may oe : 
be obtained by simply examining the ay ' 
appearance of the track. Free path of; S os 
a particle in the photoemulsion is an- 
other source of valuable information. 
By measuring the length of the track, 
one can determine the energy of the 
particle. 

Ordinary photoplates, having thin 
layers of emulsion, are hardly suitable 
for nuclear investigations. Such plates 
would register only the particles which 
move strictly along the plate. 

Mysovskii and Zhdanoyv in the So- 
viet Union, and several years later 
Powell in Great Britain, introduced 
the use of photoplates having | an 
emulsion layer 4mm thick (one han- 
dred times greater than the emulsion 
thickness in ordinary plates). The com- 
plex transformations occurring in the | 
course of particle disintegration pro- | 
cess are registered in a clear visual 
form in the photographic method. 

Figure 244 shows a typical photo- 
graph obtained by this method. Nu- 
clear transformations have occurred at 
points P and S. 

In a recent modification of this 
method, an emulsion chamber of con- 
siderable volume is used as the me- 
dium for registering the particle 
track. 

Methods of Analysing Observa- 
tions. Using the above described in- 
struments and techniques, a research- 
er is able to determine the most 
important constants of an elementary 
particle, namely, velocity, energy, 
electric charge, and mass. All these 
parameters can be determined with a 
sufficiently high accuracy. Moreover, 
if a particle flux is available, it is 
possible to determine the spin and magnetic moment of an elementary particle. 
This is done by means of a magnetic field used to divide the flux. ; 

It should be remembered that only charged particles can be observed directly. 
Our knowledge of neutral particles and photons is obtained indirectly, i.e. by 
studying how these invisible particles aflect the charged particles. Nevertheless,. 
our knowledge of invisible particles is highly reliable. 


Fig. 244 
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The laws of conservation of momentum and energy are widély applied in the 
“investigation of elementary particle transformations. Since we are dealing with 

fast particles, possible changes in mass must be taken into consideration in apply- 
ing the law of conservation of energy. 

Suppose “forked” particle tracks are seen in a photograph. This signifies that 
the first particle has been transformed into two particles—the second and the 
third. Then, the following relations must be fulfilled. Firstly, the momentum of 
the first particle must be equal to the vector sum of the momenta of the created 
particles: 


Pi = Po Ps. 
Secondly, kinetic energies of the particles must be related as follows 
Ki = K, + K, + AG, 


where A€ — c? Am (the! increment Am being the difference in mass between 
my -+- ms, and mj). 

Nuclear physics experiments show that the laws of conservation are strictly 
obeyed in all elementary particle transformations. Hence, we may use these laws 
to explain the properties of neutral particles, which do not leave tracks in a photo- 
graphic emulsion and do not ionise a gas. When an investigator observes two 
diverging tracks on a photoplate, he knows that at the branching point a neutral 
particle transformation has occurred. By determining the momentum, energy, 
and mass of the formed particles, he may reliably ascertain the values of the para- 
meters of the neutral particle. This is how the neutron was discovered and how 
neutrinos and neutral mesons are studied (see below) 


Sec. 212. NUCLEAR PARTICLES 


Atomic nuclei are ‘built’ of protons and neutrons. The basic characteristics of 
a proton, like any other elementary particle, are its charge, mass, spin, and magnet- 
ic moment. A proton has a positive elementary electric charge, i.e., its charge 
is equal in magnitude, but opposite in sign, to the charge of an electron. Its mass 
is equal to 1.6725 x 10-** g, which is 1,836 times greater than the mass of an 


electron. [t has a spin of 2 and a magnetic moment of 1.44 x 10-23 CGS unit. 


A neutron has a somewhat greater mass than a proton, i.e., its mass is equal 


to 1.6748 ~ 10-** g. Its spin is also ak, The magnetic moment of a neutron is 
anti-parallel to the spin and equal to 0.966 ~« 10-23 CGS unit. 

* A neutron carries no electric charge and does not leave a track in a Wilson 
cloud chamber or on a photoplate. The properties of a neutron are mainly investi- 
gated by studying collisions between neutrons and various nuclei. Knowing the 
mass and velocity of a nucleus hit by a neutron, one can determine the neutron 


velocity Vpeu; and its mass M,.,;. Indeed, according to the laws of elastic impact 
‘(see Sec. 16), we get 
2M neut 


Vaud = Fe One 
nucl rR: ER neut» 


where JV,,,4; and Vyjey,; are unknown quantities. By studying collisions between 
neutrons and various nuclei, one can roughly determine M,,.,,; if it is assumed that 
the initial velocity v,.,, is the same in different collisions. A precise value for 


Meu: may be determined from the values of the mass defect of nuclear reactions 
(see below). 
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The spin and magnetic moment of neutrons have been directly determined from 
very interesting measurements on a stream of neutrons passing through magnetised 
iron. However, we are not going to describe these measurements. 


Sec. 213. MASS AND ENERGY OF AN ATOMIC NUCLEUS 


The number of protons Z in the nucleus of a given element determines the chemi- 
cal properties of the element, and the position of an atom in the Mendeleyev 
periodic table is determined precisely by the number of its protons Z. 

A chemical element may have several isotopes, which differ from one another 
by the number of neutrons in the nucleus. An isotope of agiven element is charac- 
terised by its mass number M which is equal to the total number of protons and 
neutrons in its nucleus*. Thus, the number of neutrons in a nucleus is equal to 
M — Z. 

Chemically simple natural substances are a mixture of isotopes. The isotopic 
composition of a natural substance usually remains unchanged and, therefore, 
characteristic of a given chemical element. Frequently, one.of the isotopes of the 
mixture predominates. For instance, hydrogen is encountered in nature in the 
form of ordinary hydrogen H* and deuterium H? = D, the percentage of the form- 
er being 99.98% and that of the latter 0.02%. The percentage of the isotope O' 
in natural oxygen is 99.76%. In natural uranium the percentage of the main 
isotope U?%8 amounts to 99.28%. 


Let us denote the mass of the isotope GY of carbon by Wo, The magnitude a Mo 


is called an atomic mass unit. It is customary to express the atomic weight A of 
isotopes and elements in such relative units. 

It is determined by precise measurements that the atomic mass unit is equal 
to a mass of 1.6604 ~ 107-%4g. The absolute value of the mass of any isotope A (in 
srams) is found by the formula 

Ma, = 1.6604 x 10-*4 A, 


The mass of a proton is 1,836 times greater than the mass of an electron. There- 
fore, the mass of an atom and the mass of its nucleus are almost equal. However, 
in a number of cases, particularly for light atoms, this difference may be deter- 
mined by means of precise measuring techniques and should be taken into account. 
It is obvious that between the mass of an atom My, and the mass of its nucleus 
M,, there exists the following relation 


My = Ma — Zm. 


In atomic mass units, m=—5.486 x 10°"*. Thus, the difference between My 
and My, is of the order of several hundredths of per cent of these masses (for 
heavy atoms—of the order of several thousandths of a per cent). 

The relative atomic weight of an isotope is close to its mass number, but 
is not equal to it. In other words, it is approximately equal to the mass 
number. For example, the mass of H*! is equal to 1.00807, of D2 -to 2.01463, 
of Ne?® to 19.9972, etc. 


* The nucleis of an isotope of a given chemical element is denoted by the symbol of the ele- 
ment. The mass number is indicated by a superscript to the right. A subscript to the left is fre- 
quently used to indicate the atomic number Z ol the element, but this is not necessary since the 
chemical symbol determines Z. For instance, the three isotopes of oxygen may be denoted in two 
possible ways: O!, O17, O18 or ,O', ,0!7, 018. The nuclei of these isotopes contain 8, 9 and 40 
neutrons (17 — Z), respectively. 

** This value is obtained by dividing the mass of an electron in grams by 1.6604 1074 g. 
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The following important conclusion may be drawn from a careful study of 
a table of isotope masses: the mass of a nucleus is less than the sum of the masses 
of its constituent particles. For instance, the mass of a neutron is 1.00888 and the 
mass Of a proton is 1.00807; hence the sum of the masses of two neutrons and two 
protons is equal to 4.0339. But we know that the mass of a helium atom. 
consisting of two neutrons and two protons, is not equal to this number, being 
equal to 4.0038. Thus, the mass of a helium nucleus is 0.0304 of an atomic mags 
unit less than the sum of the masses of the constituent particles of the nucleus. 
This value is a thousand times larger than the accuracy of measurements. 

This difference between the sum of the masses of the constituent particles of 
the nucleus and the mass of the nucleus is an important example of mass defect. 
Every nucleus has a specific mass defect. 

One of the most important conclusions of the theory of relativity is the prin- 
ciple of the equivalence of mass and energy (see Sec. 160). This principle states 
that if a system acquires or loses a quantity of energy A€, the mass of the system 


per panleart (Me 


Average binding energy 


increases or decreases, respectively, by Am = A€/c®. The mass defect of a nucleus 
is easily explained with the aid of this principle, i.e. it is a measure of the binding 
energy of the nuclear particles. 

Let us explain what is implied by this statement. In chemistry and physies, 
binding energy is understood to mean the energy required to completely break 
a bond. If a nucleus could be divided. into its constituent elementary particles, 
the mass of the system would increase by the value of the mass defect Am. From 
the viewpoint of Kinstein’s law, this means that the nucleus has been given an 
energy A€é = c? Am, which is just equal to the binding energy. Hence, we find 
that a change in mass of one atomic mass unit is equivalent to a change in energy 
of 1.6604 x 10-74 x 9 x 107° erg == 1.496 x 10-8 erg = 931.8 MeV (1 eV = 
= 1.602 x 10-” erg and 1 MeV = 10° eV). Using these values and knowing 
the magnitudes of the mass defect, we can easily calculate the binding energy 
of an atomic nucleus. 

Figure 245 shows a curve of binding energy per nuclear particle, i.e. ce? Am/M,. 
as a function of mass number. It is seen that the binding energy per nuclear particle 
first rises rapidly, although not quite uniformly, then remains at approximately 
8 MeV and finally drops slightly for the last elements in the Mendeleyey periodic 
table. The following conclusion may be drawn from the fact that the energy remains 
constant at 8 MeV over a large portion of the curve: since the binding energy per 
particle is independent of the total number of particles in a nucleus, interaction 
in a nucleus must occur only between particles that are very close to each other. 
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Hence it follows that nuclear forces between particles become effective only when 
one particle approaches another very closely (see below). 

[t is instructive to compare the 8 MeV value with the chemical binding energies 
of molecules. The latter are usually equal to several electron volts per atom. Hence, 
the energy required to break up a nucleus is several million times greater than 
the energy required to break up a molecule into atoms. 

Nuclear forces will be considered in greater detail below. It is already clear 
from the above examples, however, that these forces reach tremendous values 
when a nucleus breaks up. It is also obvious that nuclear forces constitute a new 
kind of force, since they can bind together particles the electric charges of which 
are of the same sign. Nuclear forces are not reducible to electrical forces. 


Sec. 214. SPIN AND MAGNETIC MOMENT OF A NUCLEUS 


Nucleons, the components of a nucleus, have a spin and, hence, a magnetic 
moment. Thus, the presence of spin is not peculiar to an electron alone. Elemen- 
tary particles may have spin, and a visual interpretation of this fact is not only 
unnecessary, but incorrect. We have already indicated that the model of a par- 
ticle rotating about its axis is completely without basis since the spin of a par- 
ticle cannot be interpreted classically. 

The angular momentum of any particle and, hence, of an atomic nucleus can 
be represented by the formula 

h 


V s(s-+1) XO 


and the projection of the spin on the selected direction line may attain 2s -+ 4 val- 
ues within the interval of s to —s. Usually, it is not the above expression which 
is called spin, but the number s determining this expression. 

In aecordance with the laws of quantum mechanics, the difference 2s between 
the largest and smallest values of spin must equal a whole number or zero. There- 
3 


; . : j 1 
fore the’ spin of a particle may equal 0, 5,1, >,... 


. ; : : me! 
Neutrons and protons, just like electrons, have a spin of >. 


Fixamining tables of spin values for various atomic nuclei, we observe a number 
of interesting regularities. First of all, nuclei consisting of an even number of 
protons and an even number of neutrons (for instance, He, CG, O') have zero 
spin. Evidently, the number of nucleons equal to a multiple of four generally 
plays an important role. In many cases, but by no means in all, the spin of an 
atomic nucleus can be determined in the following manner: the number closest 
to M which yields a whole number when divided by four is subtracted from M 

: ee 1 Fog : ead bal 
and the result is multiplied by =. For example, Li® has a spin equal to 2 X z= 
ys 3 3 
=1, Lii'—+>, BY—4, and ee ae 

There are no exceptions to the following, rather obvious, rule: the spin of a nu- 

cleus for which M is even is equal to a whole number or zero, and the spin of a nu- 


cleus for which M is odd is}equal to an odd multiple of sd 


The spin of an atomic nucleus is determined from the hyperfine structure of, 
its optical spectrum. Even though the energy levels split to a very small extent, 
the differences in levels may be measured very accurately. Splitting occurs due 
to the fact that different mutual orientations of electron spin and nuclear spin 
correspond to different energies. 
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Available data on nuclear spins indicate that the Pauli exclusion principle is 
applicable to the protons and neutrons of a nucleus. Two identical particles cay 
-be located at a single energy level only if their spins are anti-parallel. Since a prov 
ton differs from a neutron, two protons and two neutrons may be located at a single 
level. This compact group of four particles, having a total spin of zero, will be 
recognised as the nucleus of a helium atom (a-particle). 

If a particle has a spin, it also has a magnetic moment. The angular momen. 
tum L must be directly proportional to the magnetic moment M, but the magnetic 
moment may be either parallel or anti-parallel to the spin. 

If the spin of a particle (simple or complex) is s, then its magnetic moment may 
be written in the form 

M = gus, 


. eh . : 
where w is an elementary magneton equal to knme? ™ is the mass of the particle, 
and g is a dimensionless factor. This equation is the generalised form of the rela~ 
tion given in Sec. 194 for the case of an electron. For such a particle 5s = > and g 


must be set equal to 2 in order to obtain agreement with available experimental 
data. 

Different particles (elementary as well as complex) have different values of g. 
For instance, the g-factor of a neutron is equal to 3.8206, and that of a proton is 
equal to 5.5791. 

The value of an elementary magneton depends on the mass of the particle. 
However, it is customary to use only two magneton values: the Bohr magneton 
for light particles and the nuclear magneton (calculated for the case of a proton) 


for heavy particles, whereby Un = Tagg Bone: The above indicated values 


of the g-factor are calculated for wy. 
A theory of g-factors and magnetic moments which relates these properties of 
a nucleus to its structure does not exist. 


Sec. 215. NUCLEON INTERACTION FORCES 


Our basic knowledge of nuclear forces can be obtained by studying the scatter- 
ing of particles. It was concluded from Rutherford’s first experiments in the scat- 
tering of a-particles that nuclear forces have a very small range. Rutherford’s 
results could be explained quantitatively by assuming that the deflection of 
a-particles is the result of electric repulsion between charged particles having 
the same sign. The experimental resutts agreed with the results of theoretical 
calculations even when an «-particle passed extremely closely to the scattering 
nucleus. This means that it suffices to separate two nuclear particles by a very 
small distance in order for the effective forces to consist only of electric forces; 
the nuclear forces will then be no longer effective. 

More direct evidence can be obtained from the scattering of neutrons by protons. 
For this purpose a neutron beam is passed through gaseous hydrogen. Experi- 
ments show that only a small fraction of the neutrons collide with nuclei of hydro- 
gen atoms. The angular distribution of scattered neutrons is uniform. This result 
differs basically from that of a-particle scattering, i.e. scattering due to electric 
interactions. In such scattering, deflection always occurs, but the deflection is 
small when an @-particle passes far from a nueleus and large when such a particle 
passes close to a nucleus. It can be concluded from the patterns obtained in the 
scattering of neutrons by protons that the effective range of nuclear forces is very 


——— 
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amall. A value of the order of 2 ¥ 107'8 cm is reliably deduced from such experi- 
ments. 

This is also the value obtained for the effective range from the scattering of 
protons by protons. In this case the experiments and calculations are rather intri- 
cate, since it is necessary to “deduct” that portion of the scattering which is due: 
to purely electric interaction. However, the deduction required can be determined 
using data from observations at high energies and large angles. Unfortunately, 
direct experiments in the scattering of neutrons by neutrons are not possible, but 
considerable indirect evidence indicates that in this case too nuclear forces have- 
the same properties. For example, let us compare the binding energies of tritium 
(hydrogen isotope of mass 3) and the helium isotope of equal mass. In the first 
case a nucleus consists of two neutrons and one proton and in the second of two. 
protons and one neutron. It turns out 
that the binding energy of this helium 30 
jsotope is higher than that of tritium by 
an amount exactly equal to the electric 
jnteraction between two protons. 

All these experiments and reasonings 
Jead to a conclusion that the nuclear 
forees acting between nucleons are in- 
dependent of the electric charges of the 
interacting particles. 

From experiments in the scattering of 
nucleons one can also conclude that the 
interaction is of an exchange nature. The 
term ‘exchange’ is used to indicate that 
the colliding particles interchange pro- 
perties, i.e., a proton is transformed into 
a neutron and vice versa. Experimental- 
ly, this has been shown to occur in the Fig. 246 
scattering by protons of a beam of neu- 
trons having very high energies (scores of 
times greater than the potential energy of interaction between protons and neu- 
trons). One would expect that in such an-.experiment most neutrons pass through: 
hydrogen without scattering, but in fact the forward scattered beam consists 
of equal numbers of neutrons and protons. 

The problem of nuclear forces is considerably complicated by the fact that such 
forces depend on nuclear spin orientations. The latter cause nuclear forces to lose 
their central nature, i.e., the forces do not act along the lines joining the centres. 
of particles. 

Nevertheless, by averaging this dependence, we may characterise nuclear 
forces by interaction potential of the same type as was discussed for molecules. 
Figure 246 shows such a curve for two nucleons, the interaction energies are plotted 
in MeV and the distances in fermis (1 fermi = 10-'* cm). At a distance of 4 fermis. 
the nuclear forces cease their action. A dashed line in the graph is given to com- 
pare nuclear interaction with electrostatic interaction which represents an electro- 
static potential of two opposite charges each equal to 3.3 charges of an electron.. 
At a distance of 2 fermis the interaction energies are equal to each other. Certainly,. 
there is no analogy between the two curves. ; 

Such curves are plotted from experimental data obtained for different nuclei. 
The ordinates and abscissas of potential wells vary within small ranges (5 tm 
20 eV, several fermis). 
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Sec. 216. NUCLEONS IN A NUCLEUS 


There is no doubt that nucleons are very closely spaced in a nucleus. In reason- 
ably close agreement with a number of experimental findings is the following 
formula for the “radius” of a nucleus: 


R= M, 


where WV is the mass number, and & = 1.5 » 107-8 em. The formula has been 
derived for heavy nuclei, but it is undoubtedly valid for light nuclei as well. 
Since the nuclear radius is proportional to the cube root of the number of particles 
in a nucleus, the volume is proportional to the first power of this number. Therefore 
it must be assumed that, at least to a rough approximation, the packing density 
of nucleons in a nucleus is uniform, 

Since nucleons are of a wave nature, one cannot, of course, construct a geometric 
model of an atomic nucleus and determine the path of nucleons in a nucleus. 

As an approximation, each nucleon can be pictured as moving in the field of 
all the others. Such a nucleon will have a system of energy levels which can be 
filled consecutively in going from light nuclei to heavier ones. Like in the case 
of electrons, the lowest level cannot have an angular momentum. In accordance 
with the Pauli exclusion principle, at this lowest level we can have two neutrons 
and two protons (the particles of each pair having opposite spins), i.e., an a-par- 
ticle. An analogous analysis of heavier nuclei shows that stable groups of particles 
will also be located at other levels. The shell model of a nucleus has proved very 
useful in determining a number of nuclear properties and in explaining the preva- 
lence of various isotopes. 

In examining the composition of atomic nuclei, as we proceed from light particles 
to heavier ones, we pay attention to the following fact: the number of neutrons 
in an atomic nucleus increases more rapidly than the number of protons. For 
instance, the nucleus of the lead atom (which is a very stable element) contains 
82 protons and 126 neutrons. This increase in the number of neutrons is explained 
by the need to counterbalance the increased electric repulsion of the protons. 

On the other hand, the lack of equality between protons and neutrons causes 
a disadvantageous effect. Indeed, when this equality existed, the low-energy 
levels could be filled with a maximum number of particles, since, according to the 
Pauli exclusion principle, two neutrons and two protons can exist in one state. 
However, if this occurred, the electric repulsion would increase too much and 
the total energy would not be a minimum. Evidently, an actual case represents 
a compromise solution between these two tendencies. Beta-decay phenomena, 
which occur so frequently in radioactive elements, represent the selection of the 
optimum situation in the indicated sense. If there are too many protons or neutrons 
in a nucleus, the situation is corrected by the emission of an electron or a positron. 


Sec. 217, SPECTRA OF ATOMIC NUCLEI 


From the viewpoint of quantum mechanics, any assembly of interacting particles 
can be characterised by a ‘hierarchy’ of energy levels. An atomic nucleus may 
occupy the lowest level (as it is the case with all stable elements under ordinary 
terrestrial conditions), but it may also jump to an excited level on undergoing 
collisions with other particles. A nucleus can reside in an excited energy leve 
only for a short period of time, then it jumps to a lower energy state, which is 
accompanied by a release of extra energy. 
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The nuclei of radioactive atoms are usually either in an excited state, or jump 
into an excited state on emitting an a-particle (see below). 

The energy differences between the levels in nuclei are of the order of hundreds 
of thousand electron volts (as compared to several electron volts in the ease of 
atoms). This is why, under ordinary conditions, nuclei are quite inactive. Energy 
transitions occurring in nuclei are studied in detail by bombarding them in ac- 
celerators designed to operate at millions of electron volts. 

Figure 247 shows energy level systems of two nuclei: ;B!! and ,C!. The energy 
levels are sharply defined and measured with a high accuracy. Energy values are 
given in the figure. 

A pair of nuclei with equal total number of nucleons and in which the number 
of neutrons (protons) in one nucleus is equal to the number of protons (neutrons) 


Energy, MeV 


Energy, MeV 


Fig. 247 Fig. 248 


in the other is called a “mirror” pair. Obviously, the difference in nuclei is reduced 
to electrostatic energy which is not high. The level patterns turn out to be very 
close to each other; this once again illustrates the generality of nucleon interaction. 

At each excited state a nucleus possesses a certain combination of properties. 
To different energy levels there correspond, generally speaking, different spins, 
parities, and isospins. Isospins are defined as numbers which number the levels 
in each isospin multiplet. This quantum number will be discussed below when 
we consider nucleon spectra. Parity is a particle property associated with its 
28--91028 
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helical symmetry (see Sec. 234). Two variants (a left-handed screw and a right- 
handed screw) are designated by the signs ~-, and —.,, respectively. 

Passing over to a lower level, an atomic nucleus may release its energy in two 
different ways: (4) by emitting a photon, i.e., in the same way which is the only 
possible in the case of atom radiation. Since the energy difference #,—- FE, is very 
great, there appear “hard” photons which are usually called gamma rays; (2) by 
emitting a so-called pair of leptons. This pair usually consists either of an electron 
and an antineutrino, or a positron and a neutrino (cf. Sec. 233). 

A level transition pattern for a nucleus consisting of twelve nucleons is shown 
in Fig. 248, where the numbers indicate spins of states, and the signs (plus or 
minus) denote parity. The figure represents energy levels of three nuclei. These 
three nuclei should not be considered separately, but just as a single system with 
all possible transitions. The vertical (broken) lines show gamma transitions; the 
horizontal continuous lines indicate the transitions accompanied by emitting 
a pair of leptons. The lines drawn from left to right downward correspond to emis- 
sion of an electron and an antineutrino and those drawn from right to left down- 
ward to emission of a positron and neutrino. According to the law of conservation 
of a charge, during the emission of a pair of leptons the proton is converted into 
a neutron, and vice versa. 

In the case of emission of a pair of leptons, the difference between energy levels 
must be not less than the energy corresponding to the electron mass, i.e., not less 
than 0.54 MeV (the rest mass of neutrino is equal to zero). The excess energy (if 
any) will be converted into kinetic energy of the leptons. 7 


Sec. 218. NEUTRINO EMITTED IN BETA-DECAY 


An energy transition accompanied by emission of a lepton pair is called beta- 
decay. Neutrino detection is a complex experimental problem solved only during 
the last two decades. Originally, transitions similar to those shown in Fig. 248, 
were described as a transformation (decay) of one (radioactive) nucleus into another 
(stable) nucleus with an electron emitted. But long before neutrino was discovered, 
the necessity of its existence had already become obvious. 

It was impossible to doubt the validity of the law of conservation of angular 
momentum, as well as of the law of conservation of energy. Indeed, the neutron, 


proton, electron, and positron—all these particles have a spin of + . As has been 


indicated, p-decay in an atomic nucleus transforms a proton into a neutron, or 
vice versa. Since the number of nucleons in a nucleus remains unchanged f-decay 
cannot transform an even spin into an odd one. But this is precisely what would 


be required if only an electron, having a spin of a , were ejected during B-decay. 
This contradiction was resolved by hypothesising the existence of the neutrino, 
a particle having a spin of iy In addition, by means of the neutrino, we can 


explain why the f-particle spectrum is continuous. 

If B-decay consisted in the ejection of only an electron, then this electron would 
have a well-defined energy, since the initial and fimal energy levels, i.e., the ener- 
gies of the primary nucleus and the new nucleus, are well-defined. But, as has 
been indicated, a continuous spectrum of electrons, from a certain maximum 
velocity down to zero, is obtained. Such a spectrum can be explained by assuming 
that during disintegration two particles are ejected from a nucleus according 
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to the equation n= p-+e-+v. The energy is divided between the electron 
and the neutrino in a random manner. 

As has been mentioned, the detection of a neutral particle having a negligibly 
small mass (we now know that the mass of a neutrino is less than 0.002 of the 
mass of an electron) is an extremely difficult problem. This problem was not 
solved until 1956. 

ft should be noted here that the particle which had been given the name ‘neutri- 
no’, later on, upon the discovery of the law of antisymmetry of elementary par- 
ticles, turned out to be an antineutrino and was denoted as v (see Secs. 233 and 
234). 

We have indicated that a neutrino is formed when a neutron disintegrates. 
A particularly large number of such decay events should occur in a nuclear reac- 
tor, where a tremendous number of nuclear fragments, rich in neutrons, are con- 
tinuously formed. If antineutrinos exist, then a stream of such particles should 


emerge from a reactor. When a neutrino v collides with a proton, the following 
reaction should occur: v + p>e*+-+n, Le. a positron and a neutron will be 
formed. Such reactions should be observed in targets containing, large numbers 
of hydrogen atoms (that is, protons) if they are placed close to a nuclear reactor. 
This reaction should occur very rarely (several times per hour), since a neutrino 
has extremely high penetrating power. At the same time a large number of other 
nuclear reactions occur close to a reactor, 

The difficulties involved in detecting a neutrino are evident. They can be over- 
come by properly utilising the distinguishing features of this reaction. We know 
that the positron is quickly annihilated with an electron of one of the target 
atoms and that such annihilation yields two photons. The neutron, after covering 
a certain distance in the target, is absorbed by one of the impurity atoms (cad- 
mium) added to the target for this purpose. The average life-time of a neutron 
before being absorbed has been calculated. It is equal to approximately five micro- 
seconds. The absorption of a neutron by cadmium is accompanied by gamma 
radiation. Using modern measuring techniques, the experimentator must distin- 
guish the following sequence of events from all others: the simultaneous creation 
of two photons, followed in five microseconds by a stronger pulse of gamma radia- 
tion. Since this has been achieved, the existence of the neutrino may be considered 
to be a fact. 


Sec. 219, GENERAL LAWS OF CHEMICAL AND NUCLEAR TRANSFORMATIONS 


We shall now discuss several general energy relationships which are equally 
applicable to chemical reactions and to transformations of atomic nuclei and 
other particles. 

Transformations can occur only when particles closely approach~each other. 
Since particles must possess a certain kinetic energy in order for a transformation 
to occur, we are quite justified in using the term “collision” to describe a close 
approach between particles. Not every encounter between particles results in 
a transformation. The mechanism of chemical and nuclear transformations is 
very difficult to study. Since direct observations are impossible, one is forced 
to make hypothesis the validity of which can be checked indirectly. 

In the case of chemical transformations, the mutual orientation of molecules 
upon collision undoubtedly plays an important role. For a certain reaction to 
occur, molecules must. approach each other in a manner suitable for the regrouping 
of atoms. 
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For every transformation which can occur on a mass scale (the usual case in 
chemical and nuclear reactions where billions of molecules or nuclei collide during 
a short interval of time) one can indicate, in principle, the number A which, 
generally speaking, will be a measure of the fraction of encounters in which parti- 
cles are in a position “suitable” for a transformation to occur. 

However, the requirement of appropriate orientation is, of-course, not the 
only condition to be met for a transformation to occur. Since a particle is ordi- 
narily stable and, hence, possesses a minimum of potential energy, an energy 
sufficient to lift the moleeule out of its potential well must be imparted to it. 
This minimum energy is called the activation energy. Figure 249 shows a potential 
energy curve. The particle is stable when r = 0, where r is a fixed parameter. 
In order for a reaction to occur, an activation energy & must be provided. For 
the case represented in the figure the reaction proceeds with a liberation of heat. 


ies 


Liberated 
heat 


Fig. 249 Fig. 250 


We may apply the Boltzmann law to collisions between molecules or between 
nuclei (under similar conditions), i.e., we can assume that the number of encoun- 
ters resulting in a transformation is proportional to e~8/kT, where € is the acti- 
vation energy. 

Obviously, the rate of transformation may be expressed as the product Ae-Eit, 
where the first factor takes into account the “oeometric” conditions of encounter 
and the second the energy aspect. It is customary to give special consideration 
to the case of two colliding particles at the instant when the potential energy is 
maximum. Such an activated complex (as it is referred to in chemistry) or com- 
pound nucleus (as it is referred to in the study of nuclear transformations) exists 
but for short instants. The obtained system can “slip back” into the potential 
well or “roll over” the well wall. In the latter case, a transformation has occurred 
and a new system with a new potential energy has been formed. 

In chemical as well as nuclear transformations, the resulting system may con- 
sist of a single particle (addition reaction) or two new particles. : 

If the potential energy of the new particles is greater than the potential energy 
of the original particles (cf. the bottom of a voleano crater is below the level of the 
foot of the mountain on which the volcano is located), the transformation proceeds 
with the absorption of energy. The absorbed energy (heat) will be equal to the 
difference between the activation energy and the energy of the reaction products 
(see Fig. 250). If the energy of the created particles is less than the energy of the 
original particles, heat is liberated. 
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Both kinds of transformations are encountered in chemistry and in nuclear 
physics. Reactions proceeding with liberation of heat are called exothermic, wlvile 
those proceeding with absorption of heat are called endothermic. 

Chemical and nuclear transformations are often accompanied by radiation. 
However, as a rule, the main energy effect of a reaction consists in the transforma- 
tion of the potential energy of the atoms in a molecule (or nucleons in a nucleus) 
into kinetic energy of particles. Therefore, generally speaking, transformations 
in which heat is liberated are those in which two slow particles collide and produce 
two fast particles. Of course, in endothermic reactions, the opposite takes place. 

It is seen from the formula that the rate of transformation inereases exponen- 
tially with temperature. This is the reason why chemical transformations are 
extremely sensitive to changes in temperature. The higher the temperature, the 
stronger the impacts of colliding particles. It is well known that temperature plays 
an important role in chemical transformations. In nuclear transformations, as 
a result of the tremendous values of binding energy, the role of temperature change 
is not so noticeable. The activation energy of atomic nuclei has an order of magni- 
tude of several MeV, but if, for example, the temperature is increased by 3,000°C 
the energy of an atomic nucleus increases by only 0.4 eV. 

The temperature must be increased to millions of degrees rather than to thou- 
sands if we wish to accelerate nuclear transformations (see below). 


Sec, 220. RADIOACTIVITY 


Radioactive disintegration is the simplest nuclear reaction. It consists in the 
ejection of an a-particle from an atomic nucleus. 

Since an a-particle consists of two protons and two neutrons, itssymbol is He’. 
Thus, alpha decay may be represented as follows: 


M M4 
zEl” =7..E)" * +.,He'," 


where El is an arbitrary chemical element. This disintegration reaction, as well 
as other nuclear reactions to be considered in the following section, obeys the law 
of conservation of charge (the sum of the subscripts in the right member of the 
above equation must be equal to Z) and the law of conservation of mass number 
(the sum of the superscripts in the right member must equal M). 

Both an initial and a final nuclei may be in an excited state. Therefore, alpha 
decay may be accompanied by energy transitions either with emission of photons, 
or with formation of lepton pairs. 

Owing to historical reasons, beta decay is rightfully considered parallel with 
other nuclear reactions. Neglecting for a while neutrino (whose existence is of 
no importance for a chemist), we may assert that beta decay consists in the ejection 
of an ordinary electron (B-) or a positron (B*) from a nucleus. It sholud be recalled 
that the masses as well as the magnitudes of the charges of these two particles are 
equal. The ejection of such a light electrically charged particle from a nucleus 
results in the nuclear transformation of a proton into a neutron or a neutron into 
a proton. Such a transformation ensures the conservation of electric charge upon 
disintegration. " 

Beta decay patterns are written in the following form: 


e ms ple 854 mi oo BI Ay. 


Thus, for B--decay, a neutron of the nucleus is transformed into a proton (the 
number of protons increases), for B*-decay, the reverse transformation takes place. 
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In addition, gamma rays, i.e., electromagnetic radiation of shorter wavelength 
than X-rays, may be emitted in both types of radioactive disintegration. Alpha 
radioactivity occurs only for the heavy elements (beginning with bismuth); Bras 
dioactivity is encountered considerably more often than B*-radioactivity. 

A radioactive substance found in nature is said to be naturally radioactive; a ra- 
dioactive substance obtained by means of nuclear réactions is said to be artificially 
radioactive. ; 

If another element is formed when the nucleus of a radioactive element decays, 
and if a third element is formed from the second, etc., the sequence of such elo- 
ments is called a radioactive series. Four radioactive series, beginning with Ue 
Th?8?, U?35, and U?38*, are known. 

Radioactive decay obeys the law 


N = N,e~*, 


where NV, is the number of nuclei present at the initial instant t — 0, N the number 
of nuclei remaining (not disintegrated) after the elapse of a time ¢, and 4 a radio- 
active-decay constant (it does not change for a given element). 

It it easily seen that the time interval 7 during which half of the number of 
atoms present decay is given by 

T jn 2 0.693 
at Seas 
The time interval 7 is called the half-life period or simply half-life of a radioactive 
element. 

The ancestors of the naturally radioactive series have a half-life lying within 
the range of 10° to 10!° years. On the other hand, the half-life of intermediate 
decay products and artificially radioactive elements may be equal to an extremely 
small fraction of a second. 

A mass of radioactive substance could be expressed, of course, in grams. How- 
ever, it is easier and more convenient to characterise it by its activity, i.e., the 
number of decay events per second. The curie is a historical unit of measurement 
which is equal to 3.7 x 10! decays per second. In laboratory work, this unit is 
found to be inconveniently large; hence, the millicurie (that is, one-thousandth 
of a curie) is frequently used. Another unit used is the rutherford, which is equal 
to 10° decays per second. Thus, one millicurie is equal to 37 rutherfords. 

If the half-life 7 of a substance is known, its initial radioactivity can be easily 
calculated. The fraction of substance decaying in one second is equal to 


The activity of m grams of a substance of atomic weight A is equal to 


0.693 m decays 
£ AX 1.66% 10-24. second ° 


It is generally assumed that the radioactive products found during 100 days of operation of 
a nuclear reactor (see below) amount to 1 curie per watt. For 500,000 kW, the amount of decay 
products is equal to about 500 g, i.e., 10-6 gram per watt. Taking the average atomic weight ol 
the fission products as 100, we find by the above formula that the average half-life of the radio- 
active products is equal to 10° seconds, i.e., about 24 hours. 


* U53 has predecessors among the transuranic elements. 
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We cannot describe fully the properties of a radioactive substance by means 
of its half-life and activity alone. We must indicate, in addition, whether the sub- 
stance is an a-particle or B-particle radiator and whether the disintegration is 
accompanied by y-radiation. An even fuller description requires that we specify 
the energy of the particles ejected from the nuclei and the energy of radiation. 
The properties of a-particles radiated by different radioactive materials differ 
but very little. Their initial velocities lie within the range of 15,000 to 20,000 kilo- 
metres per second and the number of pairs of ions formed in air by such an @-par- 
ticle lies in the range of 1 x 10° to2 x 10. The energies of p-particles ejected dur- 
ing decay are distributed continuously from zero to several hundred or thousand » 
keV. The energies of gamma rays emitted by one radioactive substance differ 
from the energies of gamma rays emitted by another radioactive substance, but 
their order of magnitude remains the same for all elements. 

In alpha decay an a-particle tunnels through a potential barrier and is then . 
subjected to electrostatic repulsion. The potential curve of a nucleus is shown in 
Fig. 251. We see a potential well and a potential barrier; beyond the barrier the 
electrostatic potential energy drops hyperbolically. It has been shown in the case 
of radioactive element by scattering alpha par- 
ticles from nuclei of this element that the height 
of the potential barrier exceeds 9 MeV. At the 
same time, particles having an energy of only 4 
MeV escape from nuclei by tunneling through 
the barrier. 

Such a model explains why one radioactive 
element has a very short half-life, while another 
has a very long half-life. If the difference be- 
tween the energy of an a-particle in a nucleus and 
the height of the potential barrier changes even 
slightly, the probability of a-particle leakage 
through the barrier changes radically (see the 
formula in Sec. 188). 

Alpha and beta decay obey the following Fig. 254 
formula of decay as a function of time: 

N = Nv e™. In fact, the decay of a nucleus is an independent event that 
does not affect the behaviour of other nuclei. All nuclei have the same decay prob- 
ability. Let us assume that half of the nuclei disintegrate during a time inter- 
val t. But the remaining half is subject to the same conditions as the original 
group of atoms, and consequently, half of the remaining half disintegrate during 
anequal interval of time. The fact that the decay of a nucleus is not dependent on 
the behaviour of its neighbours means that in a given time interval Az the frac- 


tion of the number of atoms present which disintegrate, i.e., =e will always be 


the same. This statement may be written in the form 


By integrating this expression, we obtain the exponential law of decay. 

It is useful to remember that the reason why exponential laws are encountered 
so frequently in physics is that they are the mathematical expression for decrease 
in accordance with the widespread rule that for equal changes in argument a func- 
tion decreases by the same fraction of its magnitude. 
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Sec. 221. NUCLEAR REACTIONS 


A considerable amount of experimental data has been accumulated on nuclear 
reactions. The number of such reactions which have been studied reaches several 
thousand. 

At present, the following types of nuclear reactions are known (in addition to 
radioactive decay, which may be considered as a nuclear decomposition reaction): 
capture reactions, in which two colliding particles combine; exchange reactions, 
in which a particle is captured and another is ejected; and fission reactions, in 
which a nucleus breaks up as the result of energy received in one or another form. 
Nuclear reactions which occur under the action of hard y-rays are known as pho- 
tonuclear reactions. 

With the aid of nuclear reactions, it is possible to obtain stable natural isotopes 
as well as unstable radioactive isotopes which are not encountered in nature. 
Among the latter isotopes, it has proved possible to synthesise elements which have 
no stable isotopes at all (for instance, technetium, an element having the atomic 
number 43), and also transuranic elements. 

The reactions which occur when various nuclei are bombarded with a-particles, 
protons, and neutrons have been studied most carefully. 

When an a-particle collides with a nucleus, one of two types of reactions gen- 
erally occurs: either the a-particle is captured and a proton (p) is ejected or the 
a-particle is captured and a neutron (n) is ejected. These reactions are designated 
by the symbols (a, p) and (a, n), respectively. 

The equation for an (a, p) reaction has the form 


zE™ + set —> zB? + pt, 


The equation for an (a, n) reaction has the form 
2EI™ + .0:4 > peer? a. anit, 
Here are some examples of a-particle reactions: 
(%, p): N+ .a4 > gO? + pt; 
131? + ga4 — 4Si%° + yp; 
(a, n): ,Be® + ,a* — 4Ci? + gn’; 
pbs + Pie he =S 7N}8 -- pnt. 


The first of the above (a, n) reactions is of great practical importance, since 


a mixture of radium (a-particle source) and beryllium is a common neutron source. 
A large class of reactions occur as the result of collisions with protons. Such 
reactions include (p, a) reactions (in which a proton is captured and an a-particle 
is ejected), e.g., 
sre + ip* met gOre -b oHet 


and (p, n) reactions (in which the ejected particles are neutrons). 


Capture reactions which are not’accompanied by the ejection of a particle also 


occur. The excess energy is released in the form gamma rays. Therefore, such reac- 
tions are designated as (p, y) reactions, e.g., 


qld -- 1p" —_ ,Be8, 


A careful study has been given to reactions involving deuterons (D), e.g. (D, p) 


and (D, n) reactions.” When heavy hydrogen (deuterons) is bombarded with 
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deuterons, a radioactive isotope of hydrogen, viz., tritium, may be formed: 


,D? + ,D? — ,H® + iP". 


However, a (D, n) reaction may also occur: 
,D? + ,D? > ,He® + gn’. 


Reactions involving neutrons are of great importance in nuclear engineering, since 
they occur abundantly in nuclear reactors. These include (n, a), (n, p), (mn, 2n), 
and (n, 7) reactions. In addition, reactions involving the fission of heavy nuclei 
occur under the action of neutrons (see below). 

Two kinds of reactions occur between nitrogen and neutrons: 


(n, p): 7N*4 + on? > 6C + ip’; 
(n, 2n): ;N*4 +- gn? — zN* +- 2on'. 


The first of these reactions yields a carbon isotope of long lifetime (more than 
5,000 years). This isotope is of great importance in biochemical investigations. 

Almost all isotopes are capable of capturing a neutron ((n, ¥) reaction). In this 
manner, an isotope of the same element, the mass of which is one unit greater than 
the original isotope, is formed. Usually radioactive isotopes (f-radioactivity) are 
produced. 

Exothermic and endothermic reactions are possible in nuclear chemistry, like 
in molecular chemistry. The magnitude and sign of the thermal effect can be 
determined using the principle of the equivalence of mass and energy. 

If nuclei of masses M, and M, are formed from nuclei of masses M, and M, 
then 

M, + M, = Mz + My + Am. 
When Am > 0, i.e., when the nuclei of the reaction products have less mass than 
the original nuclei, the reaction is exothermic. If Am < 0, then the reaction is 
endothermic. The energy released or absorbed during a reaction can be determined 
by the formula € = c?Am. Calculated and experimental results are in perfect agree- 
ment in all cases. 

In most nuclear reactions, the thermal effects are of the order of millions of 
electron volts for each pair of reacting nuclei. This is millions of times greater 
than the corresponding values in chemical reactions. 


Sample calculation. Let us consider the reaction 
,Be® + yp* > shi? + at. 

The tollowing are tabulated handbook values of the masses occurring in this reaction: 
Mpe = 9.01464, mp = 4.00807, m,, = 6.04674, and mg = 4.00372. The reaction is exother- 
mic since Am = 0.00227, i.e., Am > 0. Since an atomic mass unit corresponds to 934.8 MeV, 
the thermal effect is equal to 0.00227 X 931.8 = 2.142 MeV or about 8 X 410-4 calories. 
(1. MeV = 3.827 x 10-44 calories). 


Sec. 222. FISSION REACTIONS OF HEAVY NUCLEI 


The atom nuclei heavier than the nuclei of tin atoms are capable of fissioning 
into two parts of approximately equal masses. For such a fission to occur it is. 
necessary to impart to the nucleus a considerable amount of activation energy 
which decreases with an increase in the mass number of the isotope. For the nuclei 
of uranium, thorium, and palladium this energy is close to 5 MeV. The fission 
reaction of these nuclei is of the exothermic character; the energy released is 


considerably greater than the activation energy. 
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The fission can be initiated by protons, deuterons, a-particles, and y-radiation. 
But of high importance for practical purposes is the fission occurring when a neu- 
tron hits a heavy nucleus. 

Let us consider the fission of an isotope of U5 under the action of neutrons. 
When a neutron is captured an isotope is formed whose mass exceeds the mass 
of a U8 nucleus by unity: 


gg 285 - ane —> 9,788, 


The fission will take place if the activation energy of fission of U2% is less than the 
energy delivered by the neutron. The captured neutron supplies the nucleus with 
energy equal to the binding energy plus the kinetic energy of its motion. In the 
case of U*®® the energy delivered even by a neutron moving with a thermal velocity 
is sufficient for realising the fission. 

High energy is required for fission of U*** nuclei, and the nuclei of this isotope 
fission only under the action of fast neutrons. 
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U5 nuclei fission into two different fragments. The nucleus is fissioned in an 
arbitrary way, yielding various primary products. A graph of fission yield for 
U*5> depending on the masses of fragments is given in Fig. 252. As is seen from the 
curve, fission by halves is the least probable case. Mostly, the masses of the fission 
fragments are related to each other as approximately two to three, say Sr® and 
Xe!8?, These nuclei possess huge energies: the light nucleus of the order of 100 MeV, 
and the heavy nucleus about 65 MeV. The diversity of fission products is explained 
not only by various patterns of nucleus fission, but also by the fact that the 
newly born radioactive nuclear fragments, in their turn, disintegrate, thus creat- 
ing some more products. 

The nuclei yielded by fission possess too large an amount of neutrons. Through 
a chain of transformations radioactive nuclei pass over to a normal stable state. 
For instance, 


aoe 54 XC 137 — —- 55 US!3? ——_-_ ;¢Ba!37, 
30 sec 3.4 min 383 years 
Indicated below the arrows are half-lives. It is clear, that, according to the decay 
time, only Cs!8’ is a practical product of this chain of transformations. 

Sr” is another important fission product of U*> (see below). 

Nucleus fission of U5 is accompanied by a release of large amounts of energy: 
one gram of uranium releases the same amount of energy which is obtained from 
the burning of 2.5 tons of coal, i.e. 22,000kWh. The main part of energy is released 


in the form of the kinetic energy of fission fragments; about 10 percent of energy 
is obliged to radiation, 


Sec, 223, CHAIN REACTIONS 


The reaction occurring in U**’ is known in detail. U®** is the only natural isotope 
which makes it possible to use the released energy for industrial purposes. 

Since the fission reaction needs neutrons, and neutron gas does not exist in nature, 
energy release can be realised in large amounts only under one necessary condi- 
tion, i.e. in the presence of a chain reaction in the process of which new neutrons 
would be continuously generated. This is just the way in which U?*> nuclei fission. 
During each fission several neutrons are released, their number being different. 
On the average one fission yields 2.5 neutrons. If the neutrons obtained as a result 
of fission of one nucleus are able to break the nuclei of other atoms of uranium, then 
a Chain reaction will be realised. 

Since neutrons have a considerable mean free path, the neutrons generated by 
a fissioned nucleus of U?*> have a good chance to escape without breaking other 
nuclei. Besides, it should be taken into consideration that not every collision 
of a neutron with a U®*> nucleus leads to fission. 

The development of a chain reaction depends on the neutron multiplication 
factor*. Theoretically, we can evaluate this factor K, for the case of a system of 
infinitely large dimensions. To calculate K, we have to know the number of the 
neutron multiplied due to slow and fast fission, as well as the probabilities of 
neutron capture by the nuclei of nonfissionable substances. 

The values of the factor K, exceeding unity indicate to what extent the next 
generation of neutrons are more numerous than the preceding one. 


* Sometimes called the effective multiplication constant and defined as the ratio of the num- 


ber of neutrons present in a given stage of the reaction to that present in one stage earlier. 
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But a reactor has finite dimensions, therefore in this case the multiplication 
factor must be written in the following form 


K = K, (4 ee P), 


where p is the probability of neutron escape. For a reactor to start operating il is 
necessary that the factor K be more than unity. In the course of operation of a reac- 
tor the multiplication factor K must be exactly equal to unity. - 

The dimensions of a system containing nuclear fuel are said to be critical if 
its multiplication factor is equal to unity. 

The multiplication factor can be controlled on the basis of the following reasons. 
The probability of meeting another nucleus by a neutron prior to its escape can 
be increased by gathering large amounts of nuclear fuel. [t is also necessary to re- 
duce to minimum the number of atom nuclei capable of capturing the neutrons and, 
thus, of leading them out of the reaction. An increase in the probability of neu- 
tron capture can be achieved due to deceleration of the neutrons. During fission 
fast neutrons fly out of the nucleus, while the nucleus of uranium-235 captures best 
of all slow (so-called thermal) neutrons, 

The peculiarity of uranium-235 consists in that its nuclei fission under the action 
of both fast (though with a less probability) and slow neutrons. If nuclei of a cer- 
tain substance fission only under the action of fast neutrons, then the realisa- 
tion of a chain reaction becomes impossible, since a neutron emitted by a fissioned 
nucleus and affected by an insignificant deceleration due to one-two random 
collisions which did not result in fission, does not participate in the chain reaction 
any longer. 

At the present time, nuclear fuels comprise first of all such substances which 
enable us to realise a chain reaction with slow neutrons. To such substances there 
belong: the only isotope uranium-235 and two artificial elements, namely, pluto- 
nium-239 obtained from uranium-238, and uranium-233 obtained from thorium-232. 

For a chain reaction to begin, it is necessary only to bring together an amount 
of nuclear fuel exceeding a certain minimum into a bounded volume. There is no 
necessity to take care of the first (starting) neutron, since, due to cosmic radiation, 
a small amount of neutrons are always present in atmosphere. Besides, one should 
not forget about the phenomenon of so-called spontaneous (i.e. occurring under 
the action of internal forces) fission discovered by the Soviet researchers G. N. Fle- 
rov and K. A. Petrzhak in 1939*. It was found that, occasionally, the fission of a 
nucleus of uranium-235 can happen without the capture of a neutron. Lastly, a ra- 
dium-beryHium mixture can also.serve as a source of initial neutrons. 

Observations have brought out a marked difference between the fission of ura- 
nium-238 and uranium-235. The fission of uranium-238 is induced by neutrons 
with a kinetic energy of at least 1 MeV, while the fission in the nuclei of urani- 
um-235 is induced by the capture of thermal (that is, slowest) neutrons. Why this 
happens so can be explained as follows. The compound nucleus of uranium-239 
formed by the capture of a neutron by the nucleus of uranium-238 has the ratio 
Z*/A = 35.46 and a fission threshold €; = 7.0 MeV. The binding energy of the 
neutron captured by the nucleus of uranium-238 is about 6 MeV. Thus, fission 
in the nuclei of uranium-238 can be induced by neutrons with a kinetic energy of 
at least 1 MeV. For a compound nucleus of uranium-236 formed by the capture of 


* Using a very sensitive technique and an ionisation chamber, they were able to register 
pulses produced by the fission fragments of uranium not bombarded by fission-inducing neutrons. 

According to Flerov and Petrzhak, the half-life of spontaneous fission should be 1018 or 10!" 
years. As will be recalled, for the spontaneous alpha-decay of uranium-238 .the half-life is 10° 
years, or by seven orders shorter. 
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a neutron by the nucleus of uranium-235, the fission parameter and the fission 
threshold are 35.9 and 6.6 MeV, respectively. From these values we may conclude 
that the conditions for neutrons to induce fission in uranium-235 are more favour- 
able than in uranium-238. Besides, the excitation energy imparted to the nucleus 
of uranium-235 by the capture of a neutron is about 6.5 MeV. 

Thermal neutrons induce fission in uranium-233 and plutonium-239, a trans- 
uranic element. 


Sec. 224, NUCLEAR REACTORS 


If inside a certain volume of nuclear fuel there began a chain reaction and if it 
cannot be controlled, then it will result in an explosion, since the number of neu- 
trons, and together with it the amount of energy released will increase with each 
instance. The amount of energy released during the smallest fractions of a second 
will be so huge that an explosion will occur. 

To release energy in constant or, at all events, controlled amounts, we have to 
design such an installation which would enable us to control the neutron multi- 
plication factor. These installations are called nuclear reactors (formally called * ~ 
nuclear or atomic piles). In a nuclear reactor we must have the possibility to start 
a chain reaction with a multiplication factor slightly exceeding unity. Then the 
concentration of neutrons inside the reactor, and, hence, the power of the reactor 
will start growing. Reaching the desired power, we should have the possibility of 
making the multiplication factor equal exactly to unity. In this case the chain 
reaction will become self-sustaining; the number of neutrons and the energy re- 
leased per unit time will remain unchanged. 

Each reactor must be designed so that the neutrons obtained in it are utilised 
in a most effective way. But this does not mean that all of them are used for the 
only purpose, i.e., for nuclear fission and energy release, The substances whose 
nuclei are capable of absorbing the neutrons may also be introduced into the reac- 
tor. With the aid of reactions with the neutrons we can obtain a large number of 
necessary artificial radioactive isotopes, and, what is of high importance, artificial 
nuclear fuel. Thus, the nuclear reactor is an installation designed not only ‘for 
producing energy, but also for obtaining artificial isotopes. 

The neutrons emitted in fission have a velocity of tens of thousands kilometres 
per second, their thermal velocity being of the order of 1 km/s (0.025 eV). Thermal 
(slow) neutrons are most effective as far as fission is concerned. 

The source and fissionable materials usually employed in nuclear reactors are 
uranium-235, plutonium-239, uranium-238, and thorium-232. The naturally oc- 
curring mixture of uranium isotopes contains 140 times more uranium-238 than 
uranium-235. For an insight into operation of a nuclear reactor using this natural 
mixture of uranium isotopes, it is important to remember the difference in the 
conditions under which fission can be induced in them. From the energy spectrum 
of the neutrons emitted in fission it has been found that their average energy is 
about 0.7 MeV. Such neutrons can induce fission only in uranium-235. The few 
neutrons whose energy exceeds the fission threshold of uranium-238 have a greater 
probability of inelastic scattering and their energy drops below that which is 
necessary to bring about fission in uranium-238. Through a series of collisions with 
uranium nuclei, the neutrons lose their energy in small portions, are slowed down 
and are either captured by the nuclei of uranium or absorbed by the nuclei of 
uranium-235. The absorption of neutrons by uranium-235 promotes the chain 
reaction, while absorption by uranium-238 switches them out of reaction, and the 
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chair reaction is interrupted. Calculations show that in the natural mixture , 
uranium isotopes the probability of the chain reaction being interrupted is greay 
er than the probability of sustaining it. Thus, neither fast nor slow neutrons Ca, 


sustain the chain reaction. 

It has been found that uranium-238 possesses the property of resonance absory, 
tion of neutrons. Intense absorption, for instance, takes place at an energy of 7 e\ 
If a reactor is loaded with a mixture of isotopes, the slowing down of neutrons ¥ 
an energy less than this magnitude becomes absolutely necessary. 

From what has been said it follows that the basic elements of the design of any 
reactor are: the nuclear fuel, the neutron moderator, the neutron absorber (intend. 
ed for the multiplication factor control), and the safety facilities to protect th, 
attending personnel against the neutron flux and y-radiation emitted during nuclea r 
transformations occurring in reactors, 

There is a considerable number of operating nuclear reactors and those in the, 
stage of design and under construction. They may differ in many respects: (1) 
in the material used for fuel (pure nuclear fuel, enriched nuclear fuel, natura) 
uranium in the form of metal or chemical compounds); (2) in the arrangement of 
fuel (volume lattice, rod lattice, uniform distribution of the fuel in a solution 
or lime); (3) in the neutron moderator (heavy or light water, graphite, beryllium): 
(4) in the type of cooling (water, gas, liquid sodium, or absence of cooling). Reac- 
tors can be designed for any powers: from some fractions of a kilowatt to hundreds 
of thousand kilowatts. Depending on the type and amount of the neutron modera- 
tor, reactors can operate on slow (thermal) and fast neutrons. 

All units of the nuclear reactor are controlled automatically. Its operation 
control is realised with the aid of neutron detectors built in the reactor walls. 
They are capable of measuring (“detecting”) neutron fluxes within the range of 
1 x 10" to5 « 101 neutrons/(cm*  s). Used in the detectors as a neutron-sensi- 
tive material is boron-40 or uranium-235 fused on the electrodes of the ionization 
chamber, or a gas—boron fluoride (BF) filling the chamber. In the first case the 
chamber is filled with argon, nitrogen, helium, or air under a pressure of two 


atmospheres. 

A very high responsibility is placed with various-type amplifiers of ionisation 
current in the relay mechanisms transmitting the readings from the neutron detec- 
tor to the actuators which control the motion of the regulating rods, as well as 
the safety rods. 

In the course of operation the position of the control rods must, obviously, change. 
The point is that as the decay products are accumulated the amount of neutron 
absorbing substance increases. In some cases these “poisonous” substances can be 
removed from the reactor automatically (for instance, in the case when these pro- 
ducts are gases). But a gradual.pulling out of the regulating rods is a necessary 
condition for keeping the neutron density at a constant level. In some period of 
time (5 to 20 months) the reactor will become so “poisoned” that its further opera- 
tion will turn out to be impossible. This means that the reactor must be cleaned 
by removing the decay products and then reloaded with fresh fuel. To the fission 
products which intensely absorb neutrons there belong ruthenium-103, xenon-131 
and 135, neodymium-143, samarium-149 and 151, europium-151, 152 and 155, 


and gadolinium-155, Y 
The multiplication factor’ is obviously changed due to’ formation of artificial 


fuel. 

If in addition to nuclear’ fuel the reactor contains a certain amount of urani- 
um-238 or thorium, then such a reactor, along with releasing heat, produces artifi- 
cial nuclear fuel: plutonium from uranium-238 and uranium-233 from thorium. 
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Each fission of uranium-235 in a reactor produces an average of 2.5 neutrons, 
one of which is needed to sustain the chain reaction. If the remaining 1.5 neutrons 
are absorbed by uranium-238 or thorium-232, then 1.5 plutonium-239 or ura- 
nium-233 nuclei may be produced to replace the fissioned uranium-235 nucleus. 
If at least one new fissionable atom is produced for each atom destroyed, the proc- 
ess is called breeding, and reactors in which the number of fissionable atoms pro- 
duced exceeds that of fissionable atoms destroyed (the ratio of the two numbers is. 
called the breeding ratio) are called breeder reactors. 

Thermal reactors operating on uranium cannot breed nuclear fuel because out 
of 100 absorptions of thermal neutrons by uranium-235, fission occurs only in 
54.5 cases and the maximum breeding ratio that is theoretically possible is 2.5 x 
x 0.845 — 1 = 1.41 instead of 1.5. The breeding ratio is reduced still more be- 
cause the moderator absorbs some neutrons and a further number is lost by leakage: 
from the core. In reactors with a moderator, the breeding ratio is usually less than 
unity. For example, it is as little as 0.32 in the first. Soviet nuclear power plant. 

Breeder reactors use fast neutrons and, therefore, no moderators. The core is 
a uranium alloy enriched with uranium-235, and a heavy metal (such as bismuth or 
lead) that has a low neutron-absorption coefficient. Reactor control is effected by 
moving the reflector or by varying the mass of the fissionable material. 

Among the nuclear reactors built in the Soviet Union are fast reactors generat- 
ing high-intensity neutron fluxes used for irradiation purposes, isotope production, 


and material testing. 
As a pioneer in nuclear power generation, the Soviet Union is doing much to 


apply nuclear energy and nuclear reactors to other peaceful uses. 

Concurrently with large-scale nuclear projects, work is under way in the Soviet 
Union on small-scale units. A drastic reduction in reactor size is important in 
portable and mobile installations, notably in those used for propulsion. Nu- 
clear propulsion plants have already been installed in submarines and ocean-going 


ice-breakers. 


Sec. 225. ARTIFICIAL RADIOACTIVE PRODUCTS 


A most considerable amount of radioactive products are obtained in nuclear 
reactors. Unfortunately, we cannot control this process with the aim to obtain de- 
sirable products, and each hour of reactor operation yields a certain amount of 
fission products. To such “obligatory” fission products with relatively long (suf- 
ficient for practical use) half-life there belong krypton-85 (Kr*5), strontium-89 
(Sr**), strontium-90 (Sr), iodine-429 (I'*), iodine-431 (I), xenon-133 (Xel®), 
caesium-137 (Cs!°7), barium-140 (Ba'°), and some others. 

At the present time radioactive fission products are used for carrying out scien- 
tific researches, in various fields of engineering for product processes control and 
quality inspection, in medicine for medical treatment, and for some other pur- 
poses. For instance, radiography is an interesting field of application of radioactive 
isotopes. In flaw detection of metals the X-ray technique is replaced by cobalt-60 
and caesium-137. 

There are two possibilities to obtain a certain radioisotope: (1) in a nuclear reac- 
tor, (2) by means of nuclear bombardment with the aid of a particle accelerator. 

Any substance placed in a reactor is acted upon by neutrons. Neutron-induced 
reactions which are realised most readily enable us to obtain radioactive isotopes 
of almost all chemical elements. Therefore in isotope production the leading role- 


is played by nuclear reactors. 
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In reactors the radioisotopes are formed either due to neutron capture, or as a 
result of knocking protons or (less often) a-particles out of bombarded nuclei by 
neutrons. 

[t should be noted that a nuclear reactor cannot produce such a variety of iso- 
topes as it is obtained, for instance, in a cyclotron. This is quite clear, since in reac- 
tors the conditions of bombardment of atom nuclei are limited by the kind of a par- 
ticle (neutron) and the range of energies. But even for producing large amounts of, 
say, isotope C!4, the use of nuclear reactors entails some drawbacks. The initial 
material utilised for obtaining C!* absorbs neutrons rather intensively, and that 
is why the reactor should be loaded only with limited amounts of this material. 
Thus, particle accelerators occupy quite an independent place in radioisotope 
production. 

Capacity of an accelerator is characterised by the energy and amount of nuclei 
thrown out of it per unit time. This number can be easily calculated using the 
characteristics for an average ion current whose intensity is equal to 10-1! A. 
Knowing the ion charge, we find easily that a cyclotron produces 10° nuclei 
per second, i.e., for deuterium this means 2 x 107% g 

To calculate the rate at which a certain radioactive substance will be formed, 
we have also to know the “effective cross-section” of the reaction. This quantity 
{denoted by o) is measured in square centimetres and has the following meaning. 
If S is the area of the bombarded sample, then o/S is the probability of a target 
nucleus being hit by a projectile nucleus, as well as of an appropriate reaction 
being realised. The values of o are usually close (by the order of the magnitude) 
to 40*.. cm". 

Sharply increased absorption takes place in some nuclei at certain velocities 
of neutrons. For instance, cadmium intensively absorbs slow neutrons of energy 
0.18 eV, the effective cross-section of this reaction being of the order of 7000 x 
sO 40> cn. 

The cross-section of a reaction substantially depends on the energy of a projec- 
tile particle. If the curve of dependence of the cross-section on the energy of a 
projectile particle has a sharp peak, then we speak of a resonance cross-section. 

Radioactive elements obtained both in reactors and cyclotrons are widely ap- 
plied as tracers (so-called labeled atoms) almost in all branches of science and 
technology. 

The following isotopes are used most frequently. Cobalt-60 is a B--radioactive 
isotope whose half-life is 5.2 years. Its intensive y-radiation is widely applied for 
the purposes of radioscopy and irradiation. Carbon-14 which is radioactive and 
whose half-life amounts to 6360 years is another isotope frequently used in biochem- 
istry, geochemistry, as also for the study of kinetics of chemical reactions. The 
half-lives of phosphorus-32 and sulphur-35 are 14.3 days and 87 days, respectively. 
Both isotopes are §~-radioactive and are used to the best effect in agriculture for 
studying the problems of assimilation of fertilizers by various plants. 


Sec. 226, THERMONUCLEAR REACTIONS 


Theoretical calculations indicate that atomic nuclei of almost all elements can 
serve, in principle, as sources of energy. It turns out that any nucleus heavier than 
the nucleus of a silver atom possesses more energy than the components into which 
it may be divided. All heavy nuclei release energy when they split up. The heavi- 
er the nucleus, the greater the magnitude of this energy. That is why uranium 
is the most “successful” nuclear fuel. 
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However, light nuclei can also serve as sources of energy. Theoretical calcula- 
pions indicate that a nucleus obtained by the fusion of two light nuclei will pos- 
yess less energy than the original particles. Therefore, energy is released upon fu- 
gion of light nuclei. Here, too, the further away from the midpoint an element 
stands in the Mendeleyev periodic table, the greater the amount of energy released 
jn such a reaction. The greatest amount of energy is obtained from the fusion of 
juclei of hydrogen atoms. 

What conditions are required to achieve fusion between light particles? Nuclear 
yombardment cannot yield the desired result, since a charged particle is deceler- 
ted rapidly in a substance. The only way to achieve fusion is to raise the tem pera- 
yure. It is easy to calculate the temperatures that atomic nuclei require to enable 
hem to approach each other closely, i.e., to overcome electric repulsion. 

According to astronomers’ calculations, the temperature at the centre of the 
gun is 20 million degrees. Knowing that the energy associated with each degree of 


‘ f : 5 x ‘ 5 
‘reedom is equal to kT, we can determine the average kinetic energy of a particle 
f 5) ) 5 


gt this fantastically high temperature. This energy is equal to merely 3,000 eV. 
Mow, let us calculate from the formula for the potential energy of electrical in- 


2 


péraction, U=t , how closely two protons will approach each other. It turns out 


iat the distance will be equal to 5 x 10-14 em. As we know, the radius of a nuc- 
igus is considerably less than this value. Nevertheless, thermonuclear reactions, 
i,&., reactions occurring at a high temperature, are possible in the Sun. Calcula- 
tjons which take into account the tunnel effect, and the fact that in every gas, 
ipcluding a gas of nuclear particles, there are particles whose velocities consid- 
efably exceed the average, indicate that in a year one atom in a million takes part 
ip nuclear fusion. This small fraction is sufficient to account for solar activity. 

Under terrestrial conditions, such high temperatures have been repeatedly 
cyeated during hydrogen bomb tests. Temperatures of scores of millions of degrees 
age created during uranium bomb explosions. If a substance whose nuclei are ca- 
pable of combining and releasing energy is located within the zone of this explosion, 
a thermonuclear reaction, the energy of which is many times greater than that of 
a uranium bomb, will occur. The uranium bomb in this case serves to trigger the 
thermonuclear reaction. 

Here are examples of the most easily realised reactions which release large quan- 
tities of energy: 

D? + H! = He®; Li’ + H} = 2He*. 
H® + H! = He’; ci 4. Hl = N14, 

Thermonuclear reactions can occur only at temperatures which give nuclei 
a thermal velocity sufficient to overcome, with appreciable probability, the Cou- 
lomb potential barrier. 

Of greatest interest are the reactions in deuterium and in mixtures of deuterium 
avd tritium, since these require the least amount of energy. A temperature of 
200,000°C is required to obtain one neutron per second in a gram of deuterium (in 
accordance with. the reaction ,D? +- ,D? = ,He?® ++ ont). In a highly rarefied gas, 
an even higher temperature (of the order of 500,000°C) is required for the same 
purpose. At such a temperature, deuterium (like other substances) will form a plas- 
ma of nuclei and electrons. To transform deuterium to this state requires very little 
energy —of the order of several kilowatt-hours. However, the difficulty does not 
lie in transmitting this energy to deuterium, but rather in providing thermal con- 
finement, i.e., the deuterium must preserve the corresponding kinetic energy for 
a long period of time (see Sec. 182). 
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CHAPTER 31 


Elementary Particles 


Sec. 227. ABOUT THE TERM “ELEMENTARY PARTICLE” 


Structure of bodies is no longer a problem. All bodies consist of electrons ang 
nuclei; all nuclei consist of protons and neutrons. Hence, the following statemen, 
will be sufficiently trustworthy and exact: bodies are built from particles belong 
ing to the following three types—electrons, protons, and neutrons. It seems thas 
it would be just to retain the term “elementary” only for these particles. 

Problems associated with the properties of bodies constituting inanimate ang 
animate nature are reduced to the laws of interaction of electrons and nuclei, 
We know these laws of nature; all physical phenomena can be explained by then, , 
i.e., the behaviour of bodies can be predicted. If quantitative predictions turn oyt 
to be a failure, this means only that, due to a large number of factors, a pheng- 
menon cannot be described mathematically. 

The branch of physics, which explains the properties of bodies in terms of intey- 
actions of, electrons, protons, and neutrons, is distinctly separating from ely. 
mentary-particle physics. 

A thorough study of all kinds of particle collisions occurring in cosmic rays and 
accelerators has led to a discovery of about two hundred particles differing ip 
electric charge, mass, and some other properties. But in contrast to electrons and 
nuclei, elementary particles of this type have a short lifetime and are able to undey- 
go a complex chain of transformations. 

It seems that it would be wrong to consider all particles from one and the same 

viewpoint. It is more expedient to represent the elementary particles, except for 
the three “bricks”, as excited states of a nucleon (a common name given to a pro- 
ton and neutron). For such states the term “baryon” is used. Many particles and 
pairs of particles are analogous to light photons; they are a material representa- 
tion of the energy released when an excited system returns to the principal state, 
In Sec. 217 we saw that a nuclear radiation may occur not only in the form of 
a photon, but also as a pair ‘electron-antineutrino’. We are going to illustrate 
below that excited nucleons realise the transition to the principal state in a great- 
er number of ways, viz., by emitting a photon, an electron-neutrino pair, a muon- 
‘neutrino pair, a pion, and a kaon. 

In our opinion, the term “elementary particle” in the meaning it has been used 
hitherto, has become obsolete. However, we retain it without being afraid of misun- 
derstandings, even though the adjective “elementary” is not understood in its 
direct meaning already for a long time. 


Sec. 228. INTERACTION OF FAST ELECTRONS 


If electrons move slowly, then the forces of interaction are determined by the 
arrangement of electric charges at the instant this interaction is being determined. 
Therefore, in the case of slow electrons, the fact that an electromagnetic field 
exists is of no significance; it is unessential that the interaction is transmitted 
through a field. 

The situation is quite different in the case of fast particles. Here, it is necessary 
to take into consideration the lag of interaction due to the finite velocity of pro- 
pagation of an electromagnetic field. Interaction at the instant ¢ is determined by 
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. . r 
the arrangement of the charges at the instant ¢ — —- Now we cannot manage 


without considering the field. How can the quantum nature of a field be taken 
into-account in adhering to the interaction scheme: particle—field—particle? 
This problem is studied in quantum electrodynamics, a branch of theoretical phys- 
ics still being developed. In considering the interaction of fast particles, experi- 
mental evidence compels us to assume that such interaction consists in the transfer 
of an energy quantum to the field by a particle followed by the subsequent transfer 
of this quantum to another particle. 

If the magnitude of the transferred quantum of energy is equal to € and the time 
required to transfer this quantum from particle to particle is equal to t, then, ac- 
cording to the principle of uncertainty (see Sec. 185), we have 


é6t~ h, 


If the particles are close to each other, then + is small and the particles can exchange 
quanta hy of low and high frequencies. As the distance between particles increases, 
t increases and an energy exchange becomes possible only by means of small 
quanta. Reasoning in such a way, one can derive a theoretical formula for the 
force of interaction between particles. 

Many authors describe the quantum interaction of particles through a field 
in the following picturesque terms: to transfer a quantum of energy 6 to a field, 
a particle “lends” this energy for a short period of time 7. The uncertainty prin- 
ciple governs the dependence of the lending time on the amount of loaned energy. 
It, is as if the law of conservation of energy were “violated” for the period of time 
7’, i.e., for the lending time. The uncertainty principle indicates the permissible 
time interval during which the law of conservation of energy may be “violated” 
so that this “violation” has no physical meaning. 

This viewpoint may be developed further, but it leads to the following diffi- 
culty. Since there is no limitation in the absorption and radiation of photons, 
infinitely large changes in the value of a particle’s intrinsic energy occur when 
photons are exchanged. 

It is interesting that this occurs in all approaches to the evaluation of the intrin- 
sic energy of an electron or some other charged particle. As we know (Sec. 91), 
a point particle possesses infinite energy. At the same time, it is impermissible 
to assume that the particle has finite dimensions. In fact, a perfectly solid particle 
having finite dimensions cannot exist according to the theory of relativity. (The 
existence of perfectly solid bodies is inconsistent with this theory, since interaction 
would be propagated instantaneously through such bodies). But if the electron is 
a deformable particle, what is its structure? A solution to this problem has: not 
yet been found. 

A distinctive feature of the new theory is that, in spite of the fact that it is 
based on contradictions and lacks logical harmony, it leads to a number of new, 
very interesting results. 


Sec. 229. MESON THEORY OF NUCLEON INTERACTION 


In the preceding section we stated that electrically charged particles interact 
through the medium of an electromagnetic field by means of quanta. An electri- 
cally charged particle transmits a quantum of energy to an electromagnetic field 
and this energy is then transmitted to another particle. If it is assumed that a 
field is associated with nuclear forces and that this field is also of a quantum nature, 
then interaction between nucleons can be described as follows: each nucleon is 
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surrounded by a field; a nucleon transmits a quantum of energy to the field, and 
the latter transfers this energy to another nucleon. 

A theoretical study to determine whether such an explanation of nuclear forves 
is permissible was undertaken by the Japanese physicist H. Yukawa in 1935. [t 
turned out that a theory could be developed if it is assumed that the field throvop 
which nucleons interact possesses quanta having a rest mass that ‘is not equal to 
zero. Thus, interaction between nucleons was reduced to an exchange of partiC]s 
having a mass mo = 0. For reasons to be explained below, such particles became 
known as mesons. A meson is a quantum of the mesonic field which surroungs 
‘nucleons. 

Let us dwell on several conclusions to be drawn from the theory. First of ajj, 
we shall try to estimate the range of nuclear forces. 

The energy of a meson which is transferred by a nucleon during interaction ¢yy~- 
not be less than moc?, where mo is the rest mass of the meson. The order of mag- 
nitude of the time taken to transfer a meson is not greater than _ (on the basj¢ 
of the relation €t~ h, where @ is the quantity of transferred energy and tT js 
the time taken to transfer this quantum). Since the velocity of a meson does Not 
exceed c, a meson cannot be transferred over a distance greater than = . This 
‘constant quantity should characterise the range of nuclear forces. : 

Such is the conclusion drawn by Yukawa. Using the then known range of nuclear 
forces, Yukawa showed that theoretical and experimental results coincide when 
mo, the rest mass of a meson, is 200 to 300 times greater than the mass of an elog- 
tron. 

Positive, negative, and neutral mesons have equal validity in this theory. Thus, 
all interactions between nucleons can be easily interpreted within the framework 
of this theory. Designating Yukawa’s meson by m and using a superscript to indi- 
cate the sign of the meson, we can express the interaction between two neutrons 
or two protons as an exchange process involving a neutral meson: 


peptao, nanan’. 


' An exchange interaction between a proton and a neutron is a process involving 
-a positive or a negative meson: 


penta, neptnr. 


Yukawa’s theory was developed before the discovery of mesons. At present, 
the above interaction formulas no longer represent theoretical predictions, but 
rather expressions for phenomena which have been actually observed. 


Sec. 230. MESONS 


The term “meson” (from the Greek “mesos”, meaning, ‘average’, ‘intermediate’ ) 
was coined to indicate that the mass of such a particle lies between that of an 
electron and that of a proton. Experiments show that several kinds of mesons 
exist. Mesons (electrically charged) were first detected in cosmic rays. At the 
present time mesons are produced in accelerators—they arise when nucleons 
collide. 

However, not all mesons play the same role in interactions between nucleons. 
The Yukawa meson is a m-meson or pion. As has been indicated, there exist posi- 
tive, negative, and neutral m-mesons. Recent measurements indicate that the mass 
of a m-meson is equal to 273m,, where m, is the mass of an electron. 
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The mesons which were first found in cosmic rays are 4-mesons or muons (posi- 
tive and negative). The mass of a muon is equal to 207m,. Ten years elapsed after 
‘the discovery of muons before it was shown that such mesons are products of pion 
decay. The reason why researchers were able to detect rather easily muons, but 
were unable to detect pions lies in the different lifetime of these mesons. The av- 
erage lifetime of a muon is about 10~®second, while that of a pion is about a hun- 
dredth of this value, i.e., of the order of 10° s, 

This transformation can be detected by means of photographs. Many of them 
indicate that the velocity of a pion decreases (this fact is easily recognised by the 
change in the thickness of the particle track: the slower the particle, the heavier 
the track—since a slow particle creates more ions along its path than a fast par- 
ticle). At the point where the track ends, another track begins. Calculations show 
that the new particle is of very high energy, which may be explained only if we 
assume that a part of the rest energy of a pion has been transformed into kinetic 
energy. Furthermore, in order not to violate the law of conservation of momentum, 
we must assume that a neutral particle of very small mass is created when a pion 
is transformed into a muon. Here, we encounter the neutrino once again, but this 
neutrino is of another kind. Successful results of fine investigations have shown that 
pions are transformed into photons or a pair of leptons according to the following 
schemes: 

tt—ut+vy, wt>Vve+et, T>e +e, > +vy. 


Thus, there exist two kinds of neutrinos and two kinds of antineutrinos. 

The rest mass of a pion is about 150 MeV. Therefore, a pion can be produced 
by nuclear bombardment with projectiles having an energy greater than this value. 
Actually, an energy higher than 300 MeV is required. Nuclear bombardment with 
high-energy particles results in the creation of a large number of mesons. 

It is particularly difficult to prove the occurrence of neutral pions, since the 
lifetime of such a particle turned out to be equal to 10- second. This means that 
the particle traverses a distance of only a thousandth of a millimetre during its 
lifetime. ; 

We are not going to dwell on other mesons detected in an ever increasing number 
as the capacity of particle accelerators increase. Pions may be regarded as the 
principal state of the entire family of mesons which will be given our considera- 
tion after a study of the baryon spectrum. 


Sec, 231. RELATIVISTIC THEORY OF AN ELECTRON 


In discussing the Schrédinger equation (see Sec. 184), we did not resort to the 
relations of the theory of relativity, since we assumed that the. velocities of the 
particles were much less than the velocity of light. 

But we cannot dispense with the relativistic corrections when dealing with 
high-energy electrons, i.e., electrons having energies of the order of millions of 
electron volts. Such high-energy electrons are encountered in radioactive radia- 
tion, in X-ray tubes whose operating voltages are equal to millions of volts, in 
betatrons, ete. 

To correctly describe electrons having such velocities by a wave function, we 
must take into account the relationship between energy and momentum given 
by the theory of relativity. 

If the rest mass of a body is given, the energy and momentum of the body can 
be directly determined from its velocity. Therefore, energy and momentum are 
related. 
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Squaring the expressions 


and then subtracting, we get 


G2 
a GY”! 2n2 
a2 =P -- mic?. 


This relationship can be written in the following form: 


6 = -ke V p? + m2? 


(see Fig. 253). For p = 0 € = zemoc®. This means that the coordinates of the 
points at which the two branches of the given curve intersect the axis represent 
equal rest energies of the particle. 
For a long time no attention was paid to the negative branch of the curve. It 
seemed impossible that particles could exist which obeyed the laws of this branch. 
Indeed, a particle having negative rest energy and 
whose energy decreases as the momentum increases 
must behave very strangely. It is like a particle hav- 
ing negative mass, which means that when a force is 
exerted on such an “electron” the particle is acceler- 
ated in the opposite direction to that of the force. 
Thus, if we try to attract such a particle, it is repel- 
led. Imagine that we have two close electrons—an or- 
dinary one and an extraordinary one, i.e., one which 
obeys the laws of the lower curve. Electrons should 
repel each other. Therefore, the ordinary electron will 
Fig. 253 tend to move away from the extraordinary one. But 
; since the latter “electron” will be attracted under the 
action of the force of repulsion, it will move to- 
ward the ordinary electron. As a result, this pair will be accelerated jointly, 
whereby the increase in positive kinetic energy of the ordinary electron will be 
counterbalanced by the increase in negative energy of the extraordinar 
Does such a particle exist? First of all it should be noted that from the viewpoint 
of quantum mechanics this is not another particle at all. The negative branch of 
the energy-momentum curve should be interpreted as giving the lowest energy level 
_ of one and the same particle, namely, an electron. An electron may be located at 
an ordinary energy level or at a negative energy level. Like in the other cases, 
transition to the lowest energy level should be accompanied by energy radiation. 
To be sure, in such a transition the radiation cannot be limited to a single pho- 
ton. This can be explained as follows. When an electron passes from an 6,, Pi 
state of the upper curve to an 6>, po state of the lower curve, the energy released 
is equal to 


VY particle. 


61 ~ €.= 0 (V pi + mic? + V pi mic’), 
that is more than c¢ (py + ps). If this energy were transferred to a single photon, 
then we should have €; — 6, = hy, and, therefore, p; + po = as Abechaeee 


in the momentum of the photon (p, is anti-parallel to Pe) would equal ~ But 
€i — 6. is greater than c (p, -+ p2). In the case of a single photon it is not pos- 
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sible to satisfy simultaneously the law of conservation of energy and the law of 
conservation of momentum, but this is always possible if two photons are emitted. 

We should not be disturbed by the fact that the lower state corresponds to nega- 
tive energy and that particles with 6 <0 behave very strangely. The difficulty 
lies elsewhere: since there is limitless room at the lower level in view of the fact 
that it extends to all possible values of momentum, why do all ordinary electrons 
not pass over to this level? The proposed model accounts for the existence of only 


“extraordinary” electrons. To accord with this model, an ordinary electron should 
have a short lifetime, much like an excited atom. 


Sec. 232. CREATION AND ANNIHILATION OF PAIRS OF PARTICLES 


A relativistic theory of the electron was developed by P.A.M. Dirae in 1927. 
The description of an electron in this theory differs considerably from that in the 
Schridinger theory. Four wave functions are used to describe the behaviour of an 
electron, since one wave function no longer suffices. The existence of electron spin 
does not follow from the Schrédinger theory, but electron spin is a necessary conse- 
quence of the Dirac theory. The success of this theory in describing numerous phe- 
nomena speaks for the validity of its basic concepts. Here we shall consider in the 
light of this theory only the contradiction discussed in the preceding section. How 
can we explain the fact that a tremendous number of ordinary electrons exist? 
How can we explain the “reluctance” of these electrons to pass over to the lower, 
negative energy level? 

The Pauli exclusion principle does not allow an electron to pass over to a lower 
level if that level is occupied by two electrons having opposite spins. Let us apply 
this principle to our problem. The solution will be obtained if we assume that all 
negative energy states are occupied. Does this mean that all space is completely 
filled with electrons having a negative energy state? This conclusion seems to be 
inevitable. The Dirac theory has led to a new view of vacuum. In this theory, vac- 
uum acquires physical properties, that is, it is filled with electrons in a negative 
energy: state. Moreover, it is filled boundlessly, since the decrease in energy can 
extend to negative infinity. 

Let us see which phenomena can be explained and predicted by this theory. If 
all negative states are filled, their existence may be detected only when an electron 
passes from a negative energy level to a positive energy level after receiving a sig- 
nificant portion of energy—in any case, not less than 2moc?. Such a process may 
involve the expenditure of two photons. Another possibility is the following: 
a photon passing close to a heavy atomic nucleus, which has a strong electric field, 
may give up its energy to raise an electron from a negative to a positive level. 
The role of the atomic nucleus consists in providing the necessary momentum. 

In both cases an electron is “given birth’. But in addition to the creation of an 
electron, a “hole” appears in the negative energy states. The removal of an elec- 
tron, i.e., a negative charge, means that the hole acquires a positive charge of 
equal magnitude. On the other hand, the absence of a particle having negative 
energy signifies that the energy has increased. Hence, the greater the momentum of 
a hole, the greater its energy. Here we come to a conclusion that “holes” behave 
like positively charged electrons having positive energy. Except for the sign of 
the charge, the behaviour and laws of motion of a positive electron (positron) in no 
way differ from those of an ordinary electron. 

A positron and an electron are “born” as twins at the expense of the energy of 
photons. The reverse process, annihilation, is also possible. This consists in the 
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transformation of a colliding electron and positron into two photons or, if annihic 
lation occurs close to a heavy atomic nucleus, into a single photon. 

It is clear why positrons have a short lifetime: they are attracted by electrons 
and disappear upon collision. But why then do electrons not disappear? The reason 
is simply that there is an excess of them. 

Do systems exist in which there are an excess of positrons, that-is, in which 
electrons are unstable? Such a supposition is not at all ridiculous. 

Pair creation and annihilation are processes which can be easily observed in 
large numbers under laboratory conditions. When gamma rays whose energy exceeds 
1 MeV pass through a thin metal foil, the electrons which are ejected from the foil 
will be deflected in a magnetic field in opposite directions. By tracing the path 
of a positron (means of observing charged particles are discussed in Sec. 241), 
we can determine the point at which the particle disappears. This is where the 
positron combined with an electron. With the aid of modern photon counters. 
we can show that two oppositely directed photons, each having an energy of the 
Mc? 

2, 


order of eV, simultaneously emerge from this spot. 


Sec. 233. PARTICLES AND ANTIPARTICLES 


There is no reason for supposing that the existence of the positron (it would be 
better to call it now an antielectron) is due to a peculiar feature of small particles. 
In spite of the distinctive features of the theory of interaction between nucleons, 
it is basically similar to the theory of interaction between electrons. In most 
theoretical studies, nucleons are suggested to be described by equations which 
are quite similar to the Dirac equations for electrons. It was to be expected, there- 
fore, that nucleons have antiparticles which stand in the same relationship to the 
proton and neutron as a positron does to an electron. The first of such antinucleons 
to be discovered was the antiproton. Somewhat later the antineutron, whose mag- 
netic moment orientation differs from that of the neutron, was discovered. (The 
magnetic moment and the angular momentum vector are antiparallel in the case of 
the neutron and parallel in the case of the antineutron.) 

The discovery of the antiproton proved the correctness of the general idea of 
an inseparable link between field and particles. Like in the case of a positron-elec- 
tron pair, a proton-antiproton pair can be born by the passage of a nucleon from 
a negative energy state to a positrve energy state. For this purpose, an energy 
of at least 2Mc? is required. This is a tremendous amount of energy —1,840 times 
the energy required to create an electron-positron pair. An accelerator which could 
accelerate particles to billions of electron volts had to be constructed before it 
was possible to discover the antiproton. 

A collision of a proton with an antiproton results in their annihilation. Since 
nucleons transfer energy through a meson field, as the annihilation proceeds, their 
mass and energy are given up to quanta of this field, that is, to mesons. This pro- 
cess is being carefully studied. 

Figure 254 shows a photograph of the annihilation of a proton and an antipro- 
ton. This process was observed in a bubble chamber filled with liquid propane. 
A scheme of the process is given in the upper left-hand corner. 

The reasoning used in explaining why antiparticles must exist extends to the 
neutrino as well. Its “mirror” image is called the antineutrino. The difference be- 
tween the particles composing this doublet is the same as in the case of the neu- 
tron-antineutron doublet. 
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Fig. 254 


Muons and other elementary particles which have not been discussed are also 
encountered as doublets. 

Muons constitute a triplet: there is a muon having a positive charge, another 
having a negative charge, and still another having a zero charge. In contrast to 
the neutron and neutrino, the neutral muon has no spin and, therefore, can have 
80 antiparticle (in other words: the neutral muon coincides with its antiparticle) 
The photon is another particle which has no “mirror image”. 
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Sec. 234. ASYMMETRY OF ELEMENTARY PARTICLES 


Interactions of nucleons is accompanied by emission and absorption of muons. 
This is the strongest interaction between elementary particles and is responsible 
for the force binding the nucleons in an atomic nucleus, its duration being equa! 
to 10-2 second. Nuclear forces are about a hundred times as powerful as electro- 
magnetic forces; the duration of electromagnetic interaction which is reduced to 
the exchange of photons is 10~** second. These two types of interaction are conven. 
tionally called strong interactions in contrast to the weak interactions occurring 
in particle transformations in which neutrinos take part. Weak transformations 
are exemplified by the transformation of a neutron into a proton, accompanied by 
the emission and absorption of a neutrino and an electron (see the above discussed 
B-decay), and by the decay of m- and y-mesons: 


t>+>w+vy poetry + V. 


The duration of weak interactions is of the order of 10~ second. Nuclear forces 
in such processes are about 10-'* times as powerful as weak interaction forces. 
It goes without saying that in estimating the interaction force by the duration of 
the process we are assuming that other conditions remain equal. 

Some extremely interesting discoveries have been made recently in connection 
with weak interactions. It has been found that weak processes exhibit “left-right” 
asymmetry. Thus, for example, in beta-decay of cobalt nuclei polarised at low 
temperatures by means of a magnetic field (polarisation of the particles consists 
in orientation of their magnetic moments and spins in a definite direction), the 
angular distribution of electrons is asymmetrical with respect to the “forward” 
and “backward” directions. Similarly, in y-meson decay, asymmetry with respect 
te the direction of motion of the particles has been detected. 

A theory for this phenomenon was proposed by the American scientists C. N. Yang 
and T. D. Lee, and also by the Soviet physicist L. D. Landau. The phenomena 
under consideration may be explained in two different ways: either by internal! 
asymmetry of the particles or by asymmetry of space. We shall confine ourselves 
to the first explanation. Its essence lies in the assumption that elementary particles 
are like screws as regards their symmetry properties. Such asymmetrical particles 
are well known to the physicist. They include, for example, the right and left 
optical antipodes of molecules (discussed in detail in Sec. 154). It is clear that au 
asymmetrical elementary particle whose axis is randomly oriented has different 
properties in the “forward” and “backward” directions. This has been proved ex- 
perimentally. 

In order to explain the asymmetry observed in experiments with muon beams, 
use can be made of the Landau hypothesis, which relates the asymmetry of a pat- 
ticle to its charge. As indicated in the preceding section, all particles (except 
for the photon) are encountered in nature as charged pairs. Landau proposed that 
if the symmetry properties of a particle are like those of a right-handed screw, 
the symmetry properties of an antiparticle are like those of a left-handed screw: 
Reflection in a mirror makes the right hand appear like the left hand and a right- 
handed screw like a left-handed screw. According to the suggested hypothesis, 
the “mirror image” of a particle is its antiparticle. 

What application has this hypothesis to experiments with muon beams? It cab 
be proved that a particle having no mass must be oriented with its spin in the 
direction of motion. The mass of a neutrino is, obviously, equal to zero. Therefore, 
all neutrinos are “longitudinally polarised”. The difference between a neutrino? 
and an antineutrino is reduced to the following: the spin of a neutrino is oriented 
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Fig. 255 


in the direction of its motion, while that of an antineutrino is in the opposite 
direction. Muons are formed when pions decay. But the spin of a pion is equal 
to zero, therefore the spin of a muon must be parallel to the spin of a neutrino, 
i.e., the muons in such a beam will be polarised longitudinally. This explains 
the asymmetry observed in the distribution of electrons during the subsequent 
decay of these muons. 

The particles possessing in their motion the symmetry properties of a right- and 
left-handed screws are said to be particles of opposite parity, and are designated 
by the signs (+) and (—), respectively. 


Sec, 235. BARYON SPECTRUM 


When colliding with other particles, nucleons become excited and pass into 
a large number of different quantum states. A nucleon in an excited state is called 
a baryon. 

Our today’s knowledge of the system of baryon levels and transitions between 
them is represented by the diagram suggested by the American physicist V. Weiss- 
kopf (see Fig. 255). The heavy horizontal lines indicate the energy levels of baryons 
found experimentally, the energy scale is given on the left. For the energy levels 
of the atom nuclei discussed in the preceding section we need a scale hundreds 
of thousand times larger than that used for atoms. 
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Passing to the spectrum of baryons, we have to magnify the scale another thou- 
sand-fold. We see that the energy differences between the levels are measured 
here in larger units, viz., in GeV (gigaelectronvolts). This scale alone shows the 
purpose of ever increasing powers obtained in particle accelerators: the realisa- 
tion of this diagram becomes possible due to the latest experimental work on accel- 
erators which impart to projectile particles energies sufficient for a baryon to get 
excited. 

The whole diagram should be understood as a spectrum pattern of one particle 
the ground state of which (nucleon) is a doublet. The energy difference between 
the components of this doublet, i.e., between a proton and neutron, equal to 
4.2 MeV is not seen on the given scale. 


For the sake of obviousness, baryon levels are grouped in columns differing in 
two quantum numbers—the isospin / and the strangeness S. 

As it has been noted, a difference in the charges displaces the level by a magnitude 
imperceptible in the scale to which our diagram is drawn. Experiments show 
that some states are encountered in a single charge species called singlets. The 
third column from the left (as also the last one) represent singlet levels. The lowest 
singlet level of a baryon is known as a lambda particle; this particle is electrically 
neutral. 

Located above the principal proton-neutron level (the first column) are other 
doublets. The second column represents quartets. The lowest level of this family— 
the delta particle (A)—is encountered in four charge variants: A~, A°, At and At. 
The fourth column contains triplets, the fifth doublets, and the sixth singlets. 

The isospin number J is assigned to the states of one and the same multiplicity 
(the term “isospin number” is extremely infelicitous since this number has nothing 
to do with rotary spin). It is chosen so that 27 + 4 is equal to the multiplicity. 

The levels are also grouped into columns depending on the strangeness S. The 
strangeness S = Y — A, where A is the baryonic number. For the table under 
discussion A = -+1. In the case of antibaryons, A = —1. Mesons have a baryonic 
number equal to zero. 


The baryonic number of atomic nuclei is equal to the number of the nuclei. The 
quantity Y is equal to the doubled average charge of a multiplet: 


at 
the first column Y=2- > (0+14), 


S= 03 
4 
the second column Y =2: ee 4+-4-+0-+- 2), S=0: 
4 
the third. colum Y=2 ae -0, S=—1; 
{ 
the fourth column Y=2- “a (—41--0--4), S=—4; 
ae 
the fifth column Y=2: afd 0), c= 9 
the sixth column Y= 2.(—4), eee 


The energy levels of one and the same column (with equal § and /) differ in the 
values of spins and parity. 

Let us now consider the transitions between the levels. The scheme indicates 
m-transitions (continuous lines), A-transitions (dash lines), and transitions accom- 
panied by emission of a lepton pair (heavy continuous lines). Photon emission is 
not shown in the figure. Photons are usually emitted in pion transitions, provided 
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the charge remains unchanged. Transitions are possible from each member of one 
multiplet to each member of the other. In order not to overload the drawing, we 
have confined ourselves to one line. 

Pion transitions are possible only between the levels with equal values of S. 
Just this strangeness in baryon behaviour was the reason for introducing the num- 
ber S. 

If we assign a zero strangeness to all pions, and in the case of kaons, set S = 
= +4 for Kt and K® and S = —1 for K° and K~ (a letter with a dash denotes an 
antiparticle), then the law of conservation of strangeness will take place. 

If thejisospin of a pion is equal to 4 and that of a kaon to a then in transitions 
the isospin number is retained as well. 

Despite the fact that mesons are considered in this scheme as peculiar emission 
quanta, it turns out to be expedient to treat the whole family of mesons as an ex- 
cited state of a pion. However, one should not forget that there is an essential 
difference between a pion and a nucleon. Pions are unstable and trinsform into 
photons or lepton pairs: x° is transformed into photons during 10-!6 second. 
charged s-mesons into lepton pairs within 10-8 second. 
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Figure 256 represents a scheme for a meson spectrum. As can be seen from the 
diagram, it is arranged according to the same principle, resembling the picture foy 
the baryon spectrum. But this scheme is not so “beautiful” as the preceding one. 
We see that kaons and eta-mesons are capable of disappearing without passing 
through a pion state. Obviously, muons are not seen in this scheme, since they 
are members of lepton pairs. , 


Sec. 236. QUARKS 


The spectra of the atom and atomic nucleus are explained by dynamics and 
interaction of their components—electrons and a nucleus in the case of an atom, 
and a proton and neutron in the case of an atomic nucleus. 

We think that the baryon and meson spectra can be explained in the same way. 
If we succeeded in showing that nucleons and mesons are made up of certain more 
elementary particles and in explaining the level systems of baryons and mesons 
by interaction of these subelementary particles, then elementary-particle physics 
would acquire the completeness of quantum mechanics. But at present, this prob- 
lem is far from being solved. 

However, recently a simple hypothesis explaining the structure of baryons and 
mesons was suggested. It describes the observed energy levels so successfully that 
it cannot be regarded as a random success. The hypothesis has no experimental 
evidence yet. Either it will be obtained with the aid of newly designed, more 
powerful accelerators, or the hypothesis will prove groundless. 

ven in the absence of experimental evidence the quark scheme will remain 
useful as a method of classification of the energy levels of baryons and mesons. 


To explain the spectra in question three types of quarks are introduced: p (charge 


Z 1 
4 , strangeness 0), n (charge were strangeness 0), and i (charge —4 , stran- 
geness —1). The corresponding antiparticles are also needed; they are obtained by 


reversing the signs of strangeness and charge. Each quark has a spin equal to aa 


The baryon and meson spectra shown in Figs. 255 and 256 are explained in an 
unbiased way. To this end, we have to assume that a baryon consists of three 
quarks, and a meson of two (quark + antiquark). It is easy to check that correct 
values of strangeness, charge, and spin are obtained immediately if 


neutron = 2n--p ttt 
proton => 2p++-n ttt 
~=3n ttt 
A®=p--2n ttt 
A*t=2p-+-n ttt 

A* == 3p ttt 


A=p+A+n th 


Pions have to be constructed from the pairs p +n {| (m*), p -+ p7 orn +n fi 
(«®) and n ++ p (m~), and so on. This scheme enables us to describe not only 
the structure of barions and mesons, but also the transitions between the levels. 

Of course, the introduction of quarks, even if it proves a success, will solve nol 
all the problems of elementary-particle physics. On the whole, this field of know- 
ledge is not yet so orderly and clear as other brariches of physics. 


CHAPTER 32 


Atomic Structure of Bodies 


Sec. 237. POLYCRYSTALLINE SUBSTANCES AND MONOCRYSTALS 


As arule, crystals begin to grow around a very large number of centres in a melt 
or solution. If special measures are not adopted, a polycrystalline substance rather 
than a monocrystal will form as the result of crystallisation. Under a microscope 
such a substance seems to consist of individual grains (see Fig. 257). Mach grain 
ig a crystal which has an irregular haphazard form due to the fact that its normal 
growth has been impeded by neighbouring crystals. Most bodies commonly en- 
countered, particularly metals and rocks, are polycrystalline substances. 

The boundary between grains is revealed by etching with an appropriate solvent. 
This is due to the fact that most of the impurities of a substance accumulate at 
the grain boundaries. The interlayer between crystals differs from the “body” of 
the grain not only in that it contains foreign atoms, but in that its atoms have 


Fig. 257 


a disturbed (transitional) arrangement. The basic structure of the boundary be- 
tween grains is clearly visible under a microscope as peculiar, smooth “paths”. 
The usual size of grains in metals and rocks is 107*-107° cm. 

A single crystal (monocrystal) of any crystalline substance may be found in na- 
ture or artificially grown. A monocrystal is distinguished by its regular shape, i.e., 
plane faces, straight edges, and symmetry, in other words, the proportionality 
of its component parts. This regular shape reflects a crystal’s internal properties, 
which enable us experimentally to distinguish a crystal from a bit of material 
given such a shape artificially. It is also not difficult to recognise a crystal when 
its characteristic features are hidden. Thus, a sphere may be fashioned from a large 
crystal of rock salt but, when it is placed in water, surface material is dissolved 
at a non-uniform rate and, as this process goes on, its accidental shape tends to be 
transformed into the polyhedral shape which is natural for this substance. A mono- 
crystal can be easily distinguished from a polycrystal by means of X-ray analysis. 

A naturally formed crystal has the shape of a polyhedron. As in the case of every 
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polyhedron, a crystal has a certain number of faces (p), edges (r) and corners (e), 
which are related to one another as follows: p + e =r + 2. For example, a cube 
has 6 faces, 8 corners and 12 edges. 

Crystal faces are arranged in bands or zones. A system of faces the intersections 
of which are parallel edges is called a zone, and the direction of these edges is called 
the axis of the zone. ; 

Crystals of one and the same substance may differ considerably with respect to 
shape, but it has been long known that a given substance has characteristic angles 
between faces and edges. (Depending on chance, one component of a crystal may 
grow more than another; as a result, apparently, the proportionality between com- 
ponents may be upset.) This important rule, which is sometimes called the law 
of constant angles, is illustrated by Fig. 258. In the figure, we see four different 
crystals of silicon dioxide (SiO,). It is seen that the number of faces and their rela- 
tive dimensions differ from specimen to specimen, but the angles between corre- 
sponding (i.e., related by one and the same element of symmetry and denoted in 
the figure by the Greek letter ~) faces and edges remain unchanged. 


vec. 238. SPACE LATTICE “Ze Fs 

The distribution of matter in a crystal may be represented by a three-dimensional 
periodic function. This is the fundamental rule lying at the basis of crystal in- 
vestigations. 

Fig. 259 shows a wall-paper pattern. A certain element of this pattern is repeated 
in two directions. Consider any point A in the figure. A system of lines may be 
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Fig. 259 


Fig. 260 


drawn through the selected points (nodes) as shown. A pattern element the repe- 
tition of which yields the full pattern is enclosed within a cell of the resulting 
lattice. Evidently, the entire pattern can be obtained from a single cell by means 
of parallel translations of the cell vectors @ and b. 

A crystal constitutes a space lattice, not a”plane lattice. An element of a crystal 
is a parallelepiped based on three translational vectors a, b, ¢, which may be 
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selected, generally speaking, in an infinite number of ways. Such a parallelepiped 
will be called an elementary or unit cell, the vectors a, b, ¢ the basic translational 
vectors, or simply basic vectors, and their lengths a, b, ¢ the basic repetition periods 
or lattice spacings. The lattice is described in a system of coordinates the-axes of 
wich coincide with the directions of the basic vectors. Different ways of selecting 
pasic vectors, i.e., an elementary cell, are illustrated for a two-dimensional case 
in Fig. 260. An elementary cell in the general case is an oblique-angled parallel- 
a piped with edges a, b, c and angles « = b, c, B = c, a, y = a, b. The six quanti- 
;ies which uniquely describe an elementary cell are called its parameters. Since 
tfe entire lattice is determined when an elementary cell is given, the above quan- 
{ities are sometimes called the parameters of the lattice. 

A cell in the form of an oblique-angled parallelepiped is said to be triclinic and 
if % = ~ = 90°, monoclinic. A-cell in the form of a right-anguled parallelepiped is 
said to be rhombic and if in addition a = b, tetrahedral. If a = b 4c, & aa 


B 
— 90°, and y = 120°, a cell is said to be hexagonal. The simplest cells have the 
form of a cube. 


If one of the lattice points is selected as the origin of the coordinate system, 
; je radius vector of any other lattice point is given by the formula 


Rinnp = ma + nb + pe, 


where m,n, p are whole numbers representing the coordinates of these nodes. 
he indicated numbers are called the indexes of the nodes. The set of three indexes 
describing lattice points is designated by the nodal symbol [tmnp]l. 

There are an infinite number of nodal lines and nodal planes. Nodal lines and 
pyodal planes are represented in a lattice by infinite families of parallels. The 
gransition from one line to another of the same family, or from one plane to another, 
occurs by translation along a’ vector joining two nodes of these lines or planes. 
Fach family of nodal lines is described by the lattice spacing along a nodal line 
and the direction, i.e., incline to the selected coordinate axes. To describe a fam- 
ily, we select the line passing through the origin of the coordinate system. A nodal 
jine is described uniquely by the indexes uw, v, w, of the first lattice point lying on 
this line. The indexes of this lattice point are called the indexes of the line and are 
designated by [www]. If an index is negative, a minus sign is placed above thé 
numeral. The symbol [100] represents the a-axis of the lattice, [010] the b-axis, 
and [004] the c-axis. The lines [0414] and [011] represent plane diagonals in the 
face be. Of course, [014] and [011] are one and the same line. Distinguishing be- 
tween these two designations has significance only if we wish to emphasise ‘the 
polarity of the direction. The spatial diagonals of a cell have the symbols [4144], 
[1441, [114] and [141]. There are four of them, corresponding to the existence of 
eight quadrants; the other four symbols represent the same lines, but with reverse 
polarity. Thus, [141] is anti-parallel to [411], ete. re 

A space lattice can be constructed as follows. First, an infinite plane-lattice 
(nodal plane) is formed by means of two translational vectors; then, a space lattice 
is formed by means of a third translational vector which does not lie in this plane. 
A crystal lattice can be represented by families of nodal planes in an infinite num- 
ber of ways. Every family of nodal planes consists of parallel planes separated 
from one another by equal distances. For a given lattice, specification of the inter- 
planar distance and the orientation of one of the planes relative to the selected 
coordinate axes completely describes a family of nodal planes. It is also sufficient 


to give the orientation relative to the selected axes of the plane closest to the ori- 
30—01028 
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gin. The distance of this plane from the origin will be equal to the interplanar 
distance of the given family. 


Let this plane intersect the lattice axes at the coordinates - ; 4 and ae ia 
fractions of the basic lattice spacings. The numbers h, & and J, which describe the 
orientation of the plane, will be called the indexes of the plane. It is easily seen that 
h, k and 1 are whole numbers. One way of showing this is as follows. Consider a 
plane passing through an initial lattice point and another plane, of the same fam- 
ily, displaced by an amount a. This is shown in Fig. 261. Other planes will pass 
through these nodal planes, but they must be separated from one another by equal 
distances. Therefore, the repetition periods along the selected axes will be divided 
by the nodal planes into a number of equal parts. 

The plane closest to the origin and intersecting the axes at ae = and = of the 
lattice spacings is deseribed by the set of three indexes h, k and 1. Its symbol is 


“8 
Vig 


i 
o\ \1\Q\\ alia 
Fig. 261 


designated by enclosing these indexes between round brackets: (hk1). For example, 


the plane (236) intersects the axes at the coordinates 5 ‘ 5 and = . Any plane 


which intersects the axes at coordinates which are a multiple of these values is 
a member of this family. Thus, in the case under consideration, the successive 
planes beyond the one closest to the origin will intersect the axes at the following 
coordinates: a, 4 b, = =a, b, 5 , ete. 

If a plane intersects the axes at negative coordinates, this is indicated by a minus 
sion above the corresponding index. It is evident that the planes (hkl) and (hkl) 
belong to the same family. Therefore, all the signs of the indexes of a plane may be 
reversed. 

If a plane is parallel to a coordinate axis, the corresponding index is equal to 
zero. Thus, (410) is a plane that is parallel to the c-axis, (001) is the lattice plane 
ab (see Fig. 262), (040) is the plane ac, and (100) is the plane be. Planes passing 
through one of the axes and one of the diagonals have indexes consisting of two 
ones and one zero. For example, the plane (104) is a plane which is parallel to the 
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b-axis and passes through the diagonal extending from the terminal of vector +a 
to that of vector +-e (not the diagonal passing through the origin). The plane (101), 


’ 


which passes through the terminals of the vectors —-a and —c, belongs to the same 
family. The plane (101) and its “reverse side” (101) are also parallel to the b-axis 
and pass through the diagonals ac which do not begin from the zero lattice point, 
but extend from the terminal of vector -+-a to that of vector —e and the terminal 
of vector —a to that of vector +e, respectively. 

A symbol consisting of three units refers to planes passing through three diago- 
nals. These planes pass through the terminals of all three lattice vectors. Thus. the 
plane (1141) passes through the terminals of the 
vectors —a, —b and --e. 

The indexes of a family of nodal planes are 
at the same time the indexes of crystal faces. 
Two parallel faces have the indexes (hkl) 
and (hkl). 


Sec. 239, CELL SELECTION AND CRYSTAL SYMMETRY 


The vectors a, 6 and ¢é of a lattice may be 
selected in a variety of ways. If there are no 
lattice points within an elementary cell, we 
call it a primitive cell. 

Various ways of selecting a primitive ele- 
mentary cell are shown in Fig. 263. In view 
of the periodicity of aspace lattice, the volume 
associated with each lattice point is constant 
and is equal to the volume of a primitive elementary cell, regardless of the 
manner in which such a cell is selected. Since each of the eight lattice points at 
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the corners of such a cell is “shared” by eight cells, a of each of the lattice points 
belongs to the given cell. Thus, on the average, there is one lattice point per cell. 


Fig. 263 


In a number of cases, it is expedient to select an elementary cell so that its 
volume is greater than that of a primitive cell. Thus, in order to take maximum 
advantage of the symmetry of a crystal, we often select an elementary cell with 
an additional lattice point at face centres or at the centre of the cell. Three cases 
are encountered frequently: 
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(1) Body-centred cell. An additional lattice point is located at the intersection 
of the spatial diagonals of the cell. In this case, there are two lattice points per cell: 
, bas Foes ames 1 . : : : 
[{O00]} and | 35> | . The lattice point at the centre of a cell belongs entirely 
to the given cell. The eight lattice points at the corners are shared jointly by eight 


: i ‘ ‘ ‘ : ; 
cells, i.e., =z of each of these lattice points belongs to the given cell. 


(2) Face-centred cell. An additional lattice point is located at the centres of a 
pair of faces, e.g., ab. In this case, too, there are two lattice points per cell: [[000}) 
ip chk 
and | | > 0 
(3) All-sided face-centred cell. Additional lattice points are located at all face 


centres. In this case, there are four lattice points per cell: [[OOO], [| 0 = af | ; 
\ 2 

rh al : ie (Ga ee 

| \z 0 = || and lsz | , 


The following designations are commonly used: P—primitive cell; A, B and 
C —face-centred cells with a lattice point in faces be, ae and ab, respectively; 
F—all-sided face-centred cell, and /—body-centred cell. 

As emphasised earlier, a lattice point is an arbitrary point, but for convenience 
is selected in a specific manner. The succeeding lattice point is separated from the 
selected one by a distance equal to the lattice spacing. Thus, there is one lattice 
point per primitive cell. 

All the atoms of a primitive cell may be replaced by lattice points. Usually, a 
point of intersection of symmetry elements is taken as a lattice point. 

A primitive cell may consist of many atoms. When there are many atoms in a 
cell, the structure is described by the coordinates of the atoms in an elementary 
cell. 


J 


The model of a crystal as a space lattice is in full accord with experimental 
data. Crystal edges and faces correspond to nodal straight lines and planes. The 
angles between crystal faces and edges are the same for all crystalline objects of a 
eiven chemical compound. 

The symmetrical features of crystal structure may also be determined from the 
space lattice model. 

Crystals of different substances have different symmetry. If a crystal is well 
formed, its symmetry is self-evident. It is clear that the planes and axes ci 
symmetry may be passed through a crystal in a specific manner. 

The external symmetry of a crystal care be explained by its internal structure, 
i.e., the symmetry of the space lattice. 

In addition to axes of symmetry, symmetry elements encountered in crystals 
include mirror planes and inversion or symmetry centres. Fig. 264 illustrates the 
operations which may be performed by means of these symmetry elements. 

It has been long known that axes of symmetry of fifth order and axes of symme- 
try of higher order than the sixth do not occur in crystals*. Basing himself on 
this fact, A. V. Gadolin proved that there can be only 32 groups of symmetry 
among crystals. 

Before the development of the space lattice theory, it was unclear why axes of 
fifth, seventh, ete., orders were not encountered in crystals. This and other fea- 
tures of crystal symmetry can be explained by the space lattice theory. 


* Tf a body is turned about a certain axis by an angle 2n/n so that the figure obtained 
coincides with the original figure, such an axis is called an axis of symmetry ol n-th order, Vor 
example, a 3-faced prism based on an isosceles triangle has an axis of symmetry of third order 
whieh passes through the centre of the triangle and is parallel to the edges of the prism. 
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Let us consider rotation of a lattice plane. Rotations which are not possible for 
a plane will certainly not be possible for the entire lattice. 

Assume that an axis of n-th order passes through the lattice point B and that 
the identical one closest to it passes through the lattice point A (see Fig. 265). 
Rotation about axis PB transfers lattice point A to A’ and rotation about axis A 
transfers lattice point B to B’. It is seen from the diagram that B’/A’ = AB x 
~< (1 + 2cos a). But the distance A’B’ must be a multiple of the lattice spacing 
AB, for A'B’ is parallel to AB. Therefore, 2 cos a must be equal to a whole number. 


‘ 4 
{t follows that cos @ can assume only the values 0, cits and --1, and @ the values 


Fig. 265 


60°, 90°, 120°, 180° and 360°. This also follows from the definition of a closed sym- 
metric operation: the rotation angles are equal to 360° divided by a whole number. 
Thus, it is possible to have rotational axes of symmetry of sixth, fourth, third, 
second and first orders in a crystal. 

One can prove easily that an axis of symmetry is a nodal line which is normal 
to a nodal plane. 

The symmetry of a crystal is determined by the symmetry of the space lattice. 
But it should be realised that the symmetry of a lattice is considerably richer. 


z 
|< Periad ———__1S 


Fig. 266 


Only 32 groups of crystal symmetry exist but, as was first shown by E. S. Fyodo- 
rov, the founder of structural crystallography, a space lattice has 230 types of 
symmetry (Fyodorov groups). 

The richer symmetry of a lattice is due to the fact that in addition to closed sym- 
metric operations it includes a symmetry element which is not possible for a body, 
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i.e., translation. A symmetric operation consists in the displacement of a body to 

a position which is indistinguishable from its original position. Therefore, in the 

case of an infinite lattice, a displacement along one or another nodal line is a sym- 
’ . 

metric operation. 

Translation introduces the following new symmetry elements:(1) a combination 
of rotation and translation—screw axes; and (2) a combination of reflection and 
translation—slip planes (Fig. 266). A screw axis of fourth order is shown in 
Fig. 266 (right diagram). Hach of points 2, 3, 4 and 5is obtained from the preceding 

< ‘ ‘ 1 F eer 
one by a 90° turn and displacement along the axis by = of a period (t). In Fig. 206 
<3 
(left diagram) we see triangles reflected in a plane Q and slipped along AA’ by 
BA 6 . 
zr of a period. 


Sec. 240. THE PACKING OF PARTICLES IN A CRYSTAL 


Figures having a definite volume and shape can be stacked or packed. It is by 
no means Clear to what extent a formation of atoms will conform to this picture. 
Here, the answer to the following question is of prime importance: if we attribule 

a definite shape to an atom or group of 
atoms, will this even roughly correspond 
toa minimum on the potential curve of 
particle interaction in a given direction? 
Moreover, to what extent will the vol- 
ume attributed to the atom or group of 
atoms encompass all the electrons, in- 
cluding the valence electrons, beionging 
to this atom or group of atoms? If it 
turns out that describing the limits of 
an atom or molecule by a definite con 
tour has physical meaning, we will have 
ascertained at the same time how this 
shape is manifested when a crystal is 
formed from particles. 

The nature of interactions between 
atoms in acrystal is infinitely varied. How- 


Diketopiperazine ever, several limiting cases can be singled 
out: pure ionic bonds, homopolar bonds, 
Fig. 267 metallic bonds and molecular bonds. As 


examples, let us consider the structures 
of rock salt, zinc sulphide, iron and the organic substance diketopiperazine (see 
Fig. 267). In the first three cases, the absence of a tight group of atoms ischaracter- 
istic. A molecule cannot be distinguished in a crystal of rock salt. Each atom of 
sodium has six perfectly equal chlorine atoms as neighbours. Nor can a molecule be 
distinguished in the other two compounds, which are examples of homopolar and 
metallic bonds. 

In ionic crystals, the particles consist of positive and negative ions, which 
attract one another in accordance with the laws of electrostatics. Everything said 
about ionic bonds in molecules applies to crystals. The nature of ionic structures 
is reasonably well if the ions are represented by spheres having definite 


ionic radii. The values of ionic radii in ionic molecules differ little from those 
in erystals. 
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In erystals with a homopolar bond, every two atoms are linked by a pair of 
electrons. In this manner each zinc atom is linked with its surrounding sulphur 
atoms, and each sulphur atom with its surrounding zinc atoms. If a sign of a ho- 
mopolar bond were considered to be an indication of a molecule, it could be said 
that an entire crystal constituted a single molecule. It is physically meaningless 
to consider homopolar crystals as constructed of contiguous spheres. The dimen- 
sions of free atoms of sulphur and zinc are considerably greater than the distance 
between them in. zine sulphide. A homopolar bond brings the atoms into close 
contact and makes regions in which electrons of these atoms are located common 
regions. If the structure of zinc sulphide consisted of contiguous spheres, a large 
portion of the electron cloud would be located outside the spheres, i.e., only 
25 per cent of the volume would be occupied by spheres. 

Metallic bonds will be discussed in Chapter 37. Here, a few words on this subject 
will suffice. In metals and alloys, outer electrons are common, forming an elec- 
tron “gas”. The lattice of a metallic compound consists of atomic residues (posi- 
tive ions) “cemented” by electrons. Here, too, it is physically meaningless to repre- 
sent the structure as contiguous spheres, in spite of the fact that formally the 
structures of certain metals can be represented as closely packed spheres. 

{n erystals of the same type as diketopiperazine the molecules are distinct. They 
can be easily recognised since the intermolecular distances are considerably greater 
than the intramolecular distances. By studying the arrangement of molecules in 
crystals, crystallographers have been able to pick out intermolecular radii of por- 
tions of spherical surfaces describing the limits of a molecule. The model of a mole- 
cule formed of microscopic spheres of intermolecular radius is based on an analysis 
of crystal structures. Such a geometric representation of crystals formed of mole- 
cules is quite justified since most of a molecule’s electron cloud is contained within 
the contour of the molecule. 

it must be concluded that the representation of the component particles of a 
crystal as geometric figures is meaningful in two cases: in ionic and in molecular 
crystals. On the other hand, such a representation is meaningless in the case of 
homopolar crystals and metallic compounds. 

Now, the following question arises: how is the shape of ions and molecules mani- 
fested in the formation of a crystal? The answer is that it is manifested in the com- 
pact packing of particles. Experiments indicate that molecules are always packed 
in such a way that a “projection” of one molecule fits into a “depression” of another. 
There is a clear tendency for the molecules to become so oriented with respect to 
one another that the volume of an elementary cell is as small as possible. The sit- 
uation is similar in the case of ionic crystals. The stacking of spheres occurs in 
such a manner that the large spheres fit closely together, while the small spheres 
(ions) fit into the empty spaces of the basic structure. 

In representing ions by spheres, and molecules by spatial figures, we find that 
the “empty” space is equal to 25-35 per cent of the total. 

Close packing in molecular and ionic crystals provides basic proof that shape 
and volume are meaningful attributes of atoms and molecules. 


Sec. 241. MOLECULAR CRYSTALS 


The assertion that molecules are bound by intermolecular forces in a molecular 
crystal is, of course, pure tautology. What then can be said about this concept and 
about the nature of intermolecular forces? 

One should distinguish between polar and nonpolar molecules. Polar molecules 
have a pronounced dipole moment which appears due to the fact that electron den- 
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sity turns out to be shifted to one side. Nonpolar molecules may be regarded as 
the totality of neutral atoms, whereas polar molecules may be thought of as com- 
paratively small charges on atoms superposed on a nonpolar framework of a mole- 
cule. According to such a conception, in the general case, interaction of molecules 
is successively described as interaction of neutral particles plus electrostatic action. 

Experiments and calculations show that interaction of electrically neutral par- 
ticles constitute the bulk of the energy of interaction of molecules. This follows, 
for instance, from the fact that the values of the heat of sublimation (which is a 
good measure of interaction of molecules) for nonpolar benzene and polar nitro- 
benzene are close to each other. 

Thus, all molecules should be considered as systems of electrically neutral atoms. 
The energy of interaction of molecules may be represented (with sufficiently good 
approximation) as a sum of energies of interaction of atoms (the additivity prin- 
ciple). 

The curve of the potential energy of interaction of two atoms belonging to differ- 
ent molecules is represented, of course, by a general-type curve (both for valence- 
bonded atoms and atomic nuclei) having a steep rise in the direction of small dis- 
tances, a flat rise with an asymptotic approximation to zero in the direction of 
great distances, and a minimum (a potential well) for acertain equilibrium dis- 
tance. The abscissa of this minimum is just the intermolecular radius by means 
of which the shape of a molecule is framed. 

While the abscissa of the well bottom lies for valence-bonded atoms at 1 to 1.5 A, 
and the well depth is measured by many tens of J/mol, the corresponding figures 
for atoms of different molecules will be 2-4 A and tenths of J/raol, respectively. 

Neutral atoms are all the same electrical systems. Therefore, we must try to 
explain the shape of the curve of non-valent interaction in terms of electronic struc- 
ture of atom. 

First of all, what about the origin of attraction? A quantum-mechanical expla- 
nation of these forces which are known as dispersion forces was given by H. London. 
(London’s equation for intermolecular attraction.) Here is the explanation itself: 

All molecules possess energy even at 0°K (null point energy) and this fact can 
only be explained by assuming that, even at. this temperature, the nuclei and elec- 
trons vibrate in some way with respect to each other. As an instantaneous picture, 
the molecules will show various arrangements of the nuclei and electrons, these 
arrangements giving rise to dipole moments. A summation of these dipole moments 
over all the molecules will give a zero resultant. The cohesive force between mole- 
cules was attributed by London to the transient dipoles induced in molecules in 
phase with themselves by these temporary dipoles. The interaction energy has been 
calculated to a first approximation as 
5 hvoa? 
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where vy is the characteristic frequency of the molecules, a is equal to e?/k where é 

is the electron charge, k is the restoring force constant, andr is the equilibrium 

distance between the positive ends of the dipoles. 
The interaction force is expressed, if it is needed, by the following general for- 
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The attraction forces start noticeably acting at short distances. Mutual over- 
lapping of electronic shells (squares of wave functions) is obstructed by repulsion 
of electrons. But the leading role is played not by the electrostatic force acting 
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between like charges, but by the Pauli principle which states that it is impossible 
for a third electron to approach a region occupied by a pair of electrons with 
“Opposite spins. : 

A geometrical model of the molecule simplilies the picture of interaction. Speak- 
ing of a molecule having a rigid form, we, as a matter of fact, replace the deseribed 
potential by a rectilinear one, as is shown in Fig. 268. For a number of purposes,. 
such simplification is completely justified. It turns out that the shape of a 
molecule determines not only the intermolecular distances, but also the character 
of the molecular packing. Molecular polarity and 
other peculiarities of the forces of attraction are not 
only incapable of affecting the intermolecular dis- 
tances, but also fail to disturb the tendency to 
compact packing of molecules. Thus, in practically 
all cases, minimum energy is achieved by compact 
packing of molecules. A strict subordination of 
molecular crystals to the principle of compact 
packing leads to a scarce variety of structural types 
and symmetry is encountered among such crystals. 

It is convenient to view the packing of molecules 
in crystals as a tight packing of compact layers. Two Fig. 268 
types of such layers are encountered. These are illus- 
trated in Fig. 269. The one with right-angled cells has greater symmetry. In this case 
(more than 90 per cent of organic crystals are formed of such layers), the molecules 
are stacked in the characteristic zig-zag manner shown in the figure. The rows of 
molecules forming a layer are connected by a screw axis of the second order (2). 


This means that one row of molecules can be transformed into an adjacent one by 
a 180° turn and a displacement of half a period along the axis. 

In compact layers, each molecule has six close neighbours. When the layers are 
stacked, a molecule usually obtains six additional close neighbours—3 above and 
3 below. Thus, the total number of such neighbours becomes equal to 412. 

Crystals having a high order of symmetry are rarely encountered in the world of 
molecular crystals. It is not possible to pack compactly unsymmetrical molecules 
in symmetrical crystals. 

If a molecule possesses symmetry, this does not mean that the crystal also has 
such symmetry. A molecule of naphthalene has a high order of symmetry; three 
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. mutually perpendicular planes of mirror symmetry may be drawn through it (see 
Fig. 270). If these symmetry elements were preserved in a formation of molecules, 
the packing would be insufficiently compact. Therefore, the symmetry elements of 
a molecule which prevent greater compactness are “lost” in the formation of a crys- 
tal. The preservation of a centre of inversion is possible without sacrificing com- 
pactness of molecular packing. A crystal 
formed of molecules possessing this sym- 
metry element usually does not preserve 


/ 
-Q- oy 
A~\ \ \ other symmetry elements of the molecules, 
/ 


but does preserve a centre of inversion. 
Tee In other cases as well, the outcome of 
the tendency to symmetry as opposed to 
the tendency to compactness can be reli- 
ably predicted. 

An example of a packing arrangement 
typical of molecular crystals is provided 
by diketopiperazine (see Fig. 267). The molecules have a high order of symmetry, 
but the crystal preserves only a centre of inversion. A molecule, of course, does 
not cease to be highly symmetrical simply because a crystal of such molecules 
does not possess its symmetry elements. 


Fig. 270 


Sec. 242, COMPACT PACKING OF SPHERES 


A very important class of ionic crystals may be represented by ag ompact 
packing of spheres. 

Most anions are larger than cations. In such cases, crystals constitute a compact 
packing of anion spheres between which cations are located. This is how silicates, 
one of the largest groups of natural inorganic substances, are formed. In sili- 
cates, the cations are located in the empty spaces of a compact structurejof 
oxygen anions. 

Let us examine the laws of compact packing 

of spheres, i.e., the fundamental structures of a 
great number of crystals. The only possible ar- 
rangement of a compact layer of spheres is shown 
in Fig. 271. Kach sphere has six neighbours. To 
-form a compact packing arrangement, one must 
place the spheres of a second layer it’the spaces 
of the layer below it. It is not possible to fill all 
the spaces with spheres of the same size: every sec- 
ond space in the figure is filled (crosses denote 
the spaces of the first layer which are filled by 
spheres of the second, and dots denote the spaces 
which remain vacant). 

There is also only one possible arrangement 
for compact packing of two layers of spheres. 
For the third layer, however, the situation is different. In order to achieve 
compact packing in this case, one must place the spheres of the third layer in the 
spaces of the second, but this can be done in two ways: the centres of the spheres of 
the third layer may be placed either above the centres of the spheres of the first 
layer or above the spaces denoted by dots. Both three-layer structures are packed 
equally compactly; however, they differ significantly from one another. When a 
fourth layer is added to the structure, the number of possible packing arrangements 
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becomes even greater: from the two three-layer structures, one can make four four- 
layer structures. In the case of a five-layer structure, there are five possible ar- 
rangements, etc. It is evident that the number of different arrangements of 
spheres packed equally compactly increases very rapidly with increasing number 
of layers. 

Now, let us compare a crystal lattice with such an arrangement of spheres. 
A erystal may be represented as a structure of spherical atoms in which the ar- 
rangement of layers is repeated exactly after a certain number of layers. If such a 


Fig. 272 Fig. 273 


sequence begins with the fourteenth layer, for example, this means that a cell is 
thirteen layers high. In such a case, the fourteenth layer is above the first, the 
fifteenth above the second, the sixteenth above the third, etc. 

The simplest packing arrangement consists of two layers: the third layer lies 
above the first, the fourth layer above the second, etc. (see Fig. 272, right). This 
is a hexagonal compact packing arrangement. A ceil of such a crystal is shown in 
the lower right-hand corner of the figure. The dots and crosses denote the locations 
of the centres of the spheres. 

Three-layer crystals, in which the fourth layer is a repetition of the first, the 
fifth of the second, etc., are very common (see Fig. 272, left). In the lower left- 
hand corner of the figure, where only the centres of atoms are indicated, we see 
that a cubic elementary cell, centred in all faces, may be selected. Here, the com- 
pact layers are arranged perpendicular to the spatial diagonal of a cube. Such a 
structure is called a cubic compact-packing arrangement. . 

Empty spaces remain in a packing of spheres of equal size. lt can be easily cal- 
culated that the volume of such spaces is equal to about 1/4 of the overall volume. 
There are two kinds of such empty spaces: one is surrounded by four spheres the 
centres of which are located at the vertexes of a regular tetrahedron (see Fig. 273a); 
the other is surrounded by six spheres—the centres of these spheres form a regular 
octahedron (see Fig. 2730). The first kind is smaller in size, but there are twice as 
many of them as the second. 

It can be shown that in any compact arrangement of equal spheres there are 
two small empty spaces and one large one per sphere. Small spheres can fit into 
these spaces but if they are somewhat too large, they cause the large neighbouring 
spheres to move apart, loosening the compact packing arrangement. 
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Since different packing arrangements are possible with equal numbers of 
spheres, and small spheres may fill the empty spaces in different ways, ionic 
crystals have a great variety of structures. 

In crystals of common salt, a compact three-layer structure is formed by large 
chlorine ions (light spheres in Fig. 267), and sodium ions (dark spheres) fill all the 
large spaces; hence, every sodium atom is surrounded by six chlorine ions. Jp 
iron disulphide (pyrite), a compact two-layer structure is formed by large sulphur 
ions; iron ions fill all the large spaces. In a crystal of lithium oxide, the chemical 
formula of which shows that there are two lithium atoms for every oxygen atom, 
the compact structure is formed by large oxygen ions. Since lithium ions fill alj 
the small spaces, each lithium ion has four neighbours (oxygen ions). In a crystal 
of cadmium chloride, the chemical formula of which shows that there are two 
chlorine atoms for every cadmium atom, the compact structure is formed by | arge 
chlorine ions; cadmium ions fill large spaces but not all, i.e., they fill the large 
spaces of every third layer of chlorine ions. We have presented, of course, only the 
simplest “patterns” of the filling of empty spaces in compact packing arrangements, 


Sec. 243. EXAMPLES OF CRYSTAL STRUCTURES 


The largest group of crystals consists of bodies formed of molecules. lonic com- 
pounds also constitute a fairly large group. As indicated already, the representa- 
tion of a crystal in these cases as closely packed particles is entirely justified, How- 
ever, it is necessary to examine those structures in which the direction of the bonds 
between atoms, the deviation of the electron cloud from spherical symmetry, etc., 
are the cause of structural arrangements which cannot be represented so simply. 
Such exceptions include structures of atoms bound by common electrons. 

Most metals have structures consisting of body-centred cubic cells. In such crys- 
tals, each atom has eight neighbours rather than twelve, as is the case in a com- 
pact packing of spheres. This is the case, for example, for atoms of iron (see 
Fig, 267). The lattice of iron is cubic; iron atoms are located at the corners and 
centres of cubes. Lithium, potassium, caesium and a number of other substances 
possess such a structure. 

In Fig. 274, the structure of crystalline mercury is compared with an ideally 
cubic compact packing arrangement. It can be seen that the nature of the arrange- 
ment of atom centres is the same in both cases, but in the former the distance be- 
tween layers is less, and the distance between atoms in a layer is more than in the 
latter. This is analogous to a compact packing of slightly flattened spheres. 

Many examples exist of such more or less “damaged” compact packing structures. 
In the case of ice (see Fig. 275), all resemblance to a spherical packing arrangement 
is lost. The link between each pair of oxygen atoms is implemented by a hydrogen 
atom. In these four bonds, there are two oxygen atoms per hydrogen atom. (The 
structure shown in Fig. 275 does not, of course, contradict the chemical formula 
for water.) For purposes of clarity, a “hydrogen” bond is shown in the figure as a 
“neck”. The structure of ice is very loose, as indicated by the large “holes”. If one 
projects the structure above the plane of the figure, these holes are transformed 
into broad channels which pass through the structure. The structure of ice is an 
important exception to the general rule. This does not mean that the cases in 
which the likening of a crystal to a compact packing of particles is meaningless 
are rare. 

As indicated above, crystals formed of atoms bound by common electrons can- 
not be likened to a compact packing of spheres. 
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The structure of zinc sulphide, which is illustrated in Fig. 267, is quite typical. 
Moreover, several elements reveal a similar structure. These include carbon (dia- 
mond), silicon, germanium and tin (white). 

Llomopolar bonds can form layers and chains of atoms. 

Fig. 276 shows the structure of graphite. The carbon atoms in graphite form a 
layer ed structure, but these layers are not the same as those of a compact packing 


Fig. 274 


arrangement. It is not possible to form a layer of graphite of contiguous spheres. 
In oraphites, layers of strongly bound atoms constitute planes. Arsenic and phos- 
phorus also form layered structures in this sense, but the atoms of their layers are 
not arranged in a single plane. An example of a structure consisting of chains of 
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strongly bound atoms is provided by gray selenium. Each atom of this substance is 
strongly bound to only two neighbours. In gray selenium, the atoms form an end- 
less spiral about a straight line. The separation between atoms of neighbouring 
spirals is considerably greater than the separation between close atoms in a given 
spiral. 
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‘The black, lustreless, soft graphite used in pencils and the shiny, transparent, 
hard diamond which can cut glass are composed of the same kind of atoms, 1.e@., 
carbon. This is a very striking example of how greatly the properties of a crystal 
are affected by the arrangement of its atoms. Refractory crucibles capable of 
withstanding temperatures of 2,000-3,000°C are made of graphite, while at tem per- 
atures exceeding 700°C diamonds are burned up; graphite has a specific weight of 
2.1 as compared with 3.5 for diamond; graphite conducts electric current, but 
diamond does not; ete. 

The ability to form different crystals is not a property of carbon alone. Almost 
every chemical element in the crystal state and every substance has several forms. 
Six forms of ice are known, nine of sulphur, and four of iron. 

At room temperature, atoms of iron form cubic lattices, the atoms being located 
at the corners and centres of cubes. Thus, each atom has eight neighbours. At high 
temperatures, iron atoms form a compact structure. Here, each atom has twelve 
neighbours. Iron possessing eight neighbours is soft, while iron possessing twelve 
is hard. The quenching of steel fixes, at room temperature, a compact cubic strue- 
ture which is stable at higher temperatures. 

We have seen in the cases of carbon and iron that the structures of different crys- 
tals of one and the same substance may differ considerably from one another. The 
same holds true for other substances. 

Thus, for example, in a crystal, yellow sulphur forms corrugated rings of eight 
atoms each. Hach ring constitutes a sulphur molecule. Red sulphur also consists 
of such rings but they are turned completely differently with respect to one another. 

Yellow phosphorus atoms form cubic structures with eight close neighbours. 
Black phosphorus has a layered structure similar to graphite. 

Gray tin has a structure similar to that of a diamond. Theoretically, white tin 
could be obtained from gray tin by strongly compressing the diamond-like struc- 
ture along the axis of a cube. As a result of this flattening process, a tin atom would 
have six close neighbours instead of four. 

Organic substances also frequently have a variety of crystal forms. The very 
same molecules are arranged differently with respect to one another. 


Sec, 244, THERMAL VIBRATIONS IN A CRYSTAL 


From the viewpoint of energy, an ideal erystal is, in a way, the antithesis of an 
ideal gas. 

In an ideal gas, the interaction energy of particles is much less than the aver 
age energy of thermal motion k7. On the other hand, since strong coupling exists 
between particles in a crystal, the interaction energy is much greater than kT’. 
Therefore, thermal motion in crystals cannot disrupt the coupling between atoms, 
but merely results in small vibrations of the atoms about equilibrium positions. 

In a crystal, every atom vibrates about an equilibrium position. For most 
crystals, the vibration amplitudes are of the order of 0.4 A, i.e., a small fraction 
of the distance between close atoms, which, as we know, is of the order of 4,5-2 A. 

The nature of this vibration may be very complex. During a vibration period, 
an atom describes a complex curve about its equilibrium position. This is due 
to the fact that an atom is bound to its neighbours by different forces; hence, its 
vibrations are of an anisotropic nature. In any case, it is always possible to resolve 
the vibrations of an atom along three axes. Evidently, the atoms of a crystal will 
have 3N degrees of freedom, where N is the number of atoms. 

If the molecules of a crystal are clearly distinguishable, it is meaningful to speak 
of vibrations of a molecule and vibrations of atoms within a molecule. Since the 
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coupling between molecules is considerably weaker than between atoms, the fre- 
quencies of their vibrations will be less. In molecular crystals, the motion of a 
molecule as a whole is of decisive importance. The vibrations of a molecule about 
its equilibrium position are of a translational as well as torsional nature. Appar- 
ently, it is even possible in rare cases for total rotation of molecules about centre 
of gravity to occur. For example, such rotation of molecules probably oceurs in 
the case of solid methane (CH,). ; 

The total energy of a vibrating particle consists of its potential energy and its. 
kinetic energy. The average values of these two energies over a period of vibration 
are equal to each other. As is known, the average kinetic energy of an atom in a 


A AL 
oO C(graphite) 


O Alad; 


Fig. 277 


gas is equal.to A kT’. It would seem reasonable to assume that, at the same temper- 


ature, a vibrating atom possessing twice the average energy possesses 3 k7' units. 
of thermal energy. Then, one mole of crystalline substance should have an energy 
3RT7 and a molar heat capacity cp = 3R ~ 6 cal/mole ~ 24.93 J/mole. 

At high temperatures, this formula is in very close agreement with experimen- 
tal results. The temperature dependence of the heat capacity of crystalline bodies. 
is shown in Fig. 277. Beginning at zero, the heat capacity increases, attains a val- 
ue of 6 cal/mole at a certain temperature, and then remains unchanged. The ratio 
of temperature to a constant 8 (to be discussed in the following article) is plotted 
along the x-axis. 

At high temperatures, the value of k7' is significantly greater than the difference 
between vibrational energy levels; hence, the quantum nature of distribution of 
vibrating atoms according to energy levels does not affect the value of the average 
vibrational energy. Under such conditions, the simplified method of calculating 
the average energy is quite justified. This is confirmed by exact calculations which 

‘take into account the distribution of atoms according to energy as given by the 
Boltzmann law. 

When kT becomes comparable to the difference between energy levels, the Boltz- 
mann law is no longer applicable and must be replaced by a quantum distribution 
law (see p. 541). Calculations indicate that heat capacity decreases with decreas- 
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ing temperature. We shall not present these caleulations; we note, however, that 
qualitatively a decrease inc, with decreasing temperature is quite understandable, 
The smaller the magnitude of &k7', the smaller the number of energy transitions 
that may oecur in a system. This means that the possibility of thermal exchange 
decreases with decreasing k7' and approaches zero as a limit. The limiting case can 
be explained as follows: energy cannot be transmitted to a body in extremely small 
bursts of k7 even if there are an infinite number of such “bursts” with a very high 
total energy. Mnergy cannot be transmitted since a single “burst” does not suffice 
to transfer a system from its zero-energy level to the next one. 

Hxperiments indicate that energy transitions corresponding to a change in the 
state of molecular motion in a crystal lie in the region of long infrared waves. 

For purposes of guidance, let us assume that such transitions correspond to a 
wavelength of 4 mm. 

Let us compare several values of k7' with the quantum energy corresponding to a 
wavelength of 4 mm. For this wavelength, v = 3 « 10" see-!, i.e., hv = 200 
~ 107!7 erg. 


Temperature (Ix) kT (ergs) 
(Approx. values) 
500 7,000 « 10-17 
100 1,380 % 10-17 
10 138 ~ 10-17 
4 14% 40-17 


Itcan be seen that at 100 K the thermal vibration energy still considerably ex- 
ceeds the difference between the energy levels of a molecule in acrystal. At 10 K it 
has the same order of magnitude and at 1 K thermal vibrations are unable to pro- 
duce transitions from one level to another. 


Sec. 245. THERMAL WAVES 


An interesting feature of thermal vibrations in a crystal is their occurrence in 
the form of thermal waves. Therefore, atomic vibrations cannot occur independent- 
ly of one another. An atom deviating from its equilibrium position pulls along 
the next one. 

Since a crystal is a finite body, standing waves are formed within it. As in the 
case of all natural oscillations, the maximum length of a standing wave equals 
twice the dimension of the body.-The boundaries of a crystal must correspond 0 
standing-wave nodes. 

On p. 101 we discussed elastic vibrations of solids considered asa continuum. It 
was shown that there arise in a finite solid body numerous standing waves of differ- 
ent direction and frequency. The picture becomes considerably more complex 
when the atomie structure of the solid is taken into account. A theoretical investi- 
gation of the possible vibrational motion of atoms in a monoerystal indicates that 
thermal motion in a crystal can be represented as the result of the superposition 
of 3sN waves, where N is the number of cells and s the number of atoms per. cell. 
The number of possible waves is equal to the number of degrees of freedom of the 
system of atoms forming the crystal. How do these waves arise and how are they 
manifested ? 

Let us restrict ourselves to a consideration of a chain of atoms, i.e., a “unidi- 
mensional crystal”. Fig. 278 shows such an atomic chain, the “cells” of which con- 
sist of two atoms, denoted by black and white dots. Since the actual thermal m0- 
tion of atoms in a crystal is of a very complex nature, the figure has been simplified 
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to show the “elementary” waves into which this motion can be resolved. Calcula- 
tions indicate that the resulting vibration can always be represented as the sum of 
harmonic vibrations. Like in the case of a solid rod, a series of waves of various 
wavelengths arise in a unidimensional crystal. If a chain consists of a thousand 


cells with period a, there arise N waves of wavelength 2,000 a, 1,000 a, ga 


3 ’ 
500 a, 400 a, ete. The shortest wavelength is 2 a. 

But this is not all. Each of the possible wavelengths occurs in s variations. Two 
types of waves of the same wavelength are shown in the figure. A case exists in 
which the lattice of atoms vibrates as a whole. Such 
a wave is cailed an acoustical wave. The remaining 
s — 1 waves are quite different. In these cases, differ- 
ent types of atoms execute complex motion with 
respect to one another and at each instant only . 
atoms of a single type fall on the sinusoid. There are 
s — 1 such vibrations, which are called optical vi- 
brations. 

The figure shows waves corresponding to atomic 
vibrations in a single direction. 

Atomic vibrations can always be resolved into 
two transverse components and one longitudinal 
component. Therefore, a wave of given wavelength 
travelling in a given direction will have 3 components of the acoustical type and 
5 (s — 1) of the optical type. Of the total of 3sV waves, 3N—two transverse and 
one longitudinal for each wavelength in each direction—will be acoustical. This is 
completely valid for three-dimensional crystals. 

Although the wavelengths and frequencies of the waves have discrete values, we 
may utilise the results obtained on p. 101 and express, approximately, the number 
of acoustical vibrations having frequencies less than v ac 


Fig. 278 


Here, v is the volume of the crystal and c the velocity of the wave. The velocities 
of the longitudinal and transverse waves are different. Therefore, the total number 


of waves, which is equal to 3N, should be written as follows: 4 
‘Amv 1 2 4 Pau] 
3 (= So =) Vmax = 3N, 
cl Ct ? 


where c, is the longitudinal velocity and c, the transverse velocity of the wave. 
Whence, the value of the maximum frequency of vibration, Vmax, can be easily 
found. The corresponding wavelength, 


iN Pet ed a ee 
min = = ’ 
Vmax Vmax 


ets" 
is, as it should be, of the same order of magnitude as a cell period. 

If the velocity of propagation of acoustical waves in a crystal is known, we can 
calculate Vmax, the value of which determines to a large extent the behaviour of 
a crystal. 

As was indicated above, heat capacity depends on the commensurability of the 
energy hy and the thermal energy kT. If max <KkT, thermal exchange excites 
all of the vibrations and waves in a crystal, i.e., all of the quantum transitions 
are possible. As a result, the quantum nature of thermal exchange is not apparent. 


31~01028 


482 II. Structure and Properties of Matter 


ae hy Papeete 
Such a crystal has a characteristic temperature 0 = og ge which’ is much less 


than the temperature of the experiment, i.e., 0 < 7. On the other hand, if hvmax > 
> kT, i.e., if the characteristic temperature 0 >> T’,, only vibrations of low frequen- 
cy are excited in the crystal because high energy levels cannot be surmounted by 


the thermal “bursts”. : 
Here are examples of the characteristic temperatures: (K) of a number of crystals: 


Pb {Benzene sAg NaC] . Be Fe Diamond 
90, 450,17; 245 4 4280 1,000 «1450 41,86C 


For such substances as lead and benzene, room temperature is “high”. This corres- 
ponds to the horizontal portion of the heat capacity curve (cy, = 6 cal/mole; see 
Fig. 277). On the other hand, room temperature is low for beryllium and diamonds. 
Thermal vibrations of these substances are excited to an insignificant extent and 
their heat capacity is considerably less than 6 cal/mole. The maximum vibration 


i 
frequencies Vmax = - can be calculated from the above values of the character- 


istic temperature 0: 


Pb Benzene Ag NaCl Be Fe Diamond 
4.88 ~ 4022 3.134012 4.47% 1012 5.84% 1042 = 20.8 x 1012 9.3 x 1012 38.8 « 1012 


It can be seen that the limiting frequencies of thermal vibrations lie, as was 
assumed in the example on p. 480, at the boundary between the infrared and radio 


bands (Amin >> 107? cm). 


Sec. 246. THERMAL EXPANSION 


How can we explain the fact that the average distance between neighbouring 
atoms increases with increasing temperature? To answer this question, let us con- 
sider the curve of potential energy of interaction between atoms or molecules (see 
Fig. 279). Irrespective of the peculiarities of the interaction between particles, the 
potential curve is always asymmetrical: in the direction of decreasing separation 
between particles the curve rises steeply, while in the direction of increasing sepa- 
ration a well wall is formed. This is due to the following simple fact: practically, 
the separation between two atoms or molecules cannot be decreased indefinitely, 
but it can be increased indefinitely—at great distances the bond between the par- 
ticles is broken. — 

The maximum and minimum distance between vibrating atoms may be noted on 
a potential curve. The middle of the segment connecting the two limits corresponds 
to the average position of an atom. When the temperature increases from 7, to 
T. the energy of a vibrating particle increases and the particle passes over to an- 
other energy level (see Fig. 279). Since the potential curve is asymmetrical, the ave- 
rage position of an atom is displaced to the right. Therefore, the average separa- 
tion between atoms will be greater than the equilibrium separation between atoms 
at rest, i.e., the r corresponding to the minimum of the potential well. Thermal 
expansion results from the fact that the average separation between atoms increases 
with temperature. 

The thermal expansion of a crystal is anisotropic, i.e., in different directions the 
coefficient of linear expansion a has different values. Therefore, when indicating 
the value of a the crystallographic direction of interest, should be specified. | . 


2a 0 oe bE 
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When it is required ‘to give a complete description of the thermal expansion of a 
crystal, an expansion diagram may be used. Such a diagram is shown for a naph- 
thalene crystal in Fig. 280; a, b, ¢ are the crystal axes and Ay, Ayr, Aqry the axes 


Fig. 279 Fig. 280 


of symmetry of the expansion diagram. The length of a radius vector drawn from 
the origin to a point on the surface of the diagram gives the value of @ in the 
given direction. 

The shape of an expansion diagram and its orientation relative to the cell axes 
accord with the symmetry of the crystal. It cannot be otherwise since physical 
properties must be the same in directions connected by symmetry operations. 


In order to determine linear expansion coofficients, we must have at our disposal means to 
measure very small displacements with a high degree of accuracy. Instruments for measuring 
thermal expansion are called dilatometers (Greek for “expansion meters”). Interference methods 
see Secs. 133 and 135) can provide the required sensitivity (several hundredths of a micron or 
better), but these require perfectly ground specimens, which are very difficult to prepare. Inter- 
ference dilatometers are very sensitive to vibrations. 

In practice, quartz differential dilatometers are used. In such instruments, the specimen to 
be measured is placed in a cylindrical holder made of quartz glass. At the bottom of the holder 
a base prism is placed. One end of the specimen rests on this prism. A quartz rod, which transmits 
the expansion of the specimen to the measuring portion of the instrument, rests on the upper end 
of the specimen, The displacement of the end of the rod is measured by means of a microscope or 
rotary mirror, Since the holder as well as the specimen expands upon heating, the instrument 


Coefficients of Linear Expansion 
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registers the difference between the coefficients of expansion of the specimen and the holder. The 
necessary corrections, based on available data on the thermal expansion of quartz over a wis 


range of temperatures, may then be introduced. 
The most accurate method of obtaining an expansion diagram is by means of X-ray strvy, 


tural analysis—measurement of the displacements of diffraction spots. 


Sec. 247. CRYSTAL IMPERFECTIONS 

Block Structure. The structure of an actual crystal differs considerably from tha, 
of an ideal space lattice. This assertion is based on numerous facts, includin,, 
direct electron-microscopic observations. However, our basic knowledge of innw:. 
crystal imperfections is derived, in the first place, from strength measurementy 
A crystal will rupture when it is subjected to a stress of less than a hundredth «¢ 
the stress which an ideal object should withstand. Deformations and the ruptuh, 
of erystals will be discussed in Chapter 34. Here, we shall summarise our prey_ 

ent knowledge of crystal impen 
fections. 

Briefly, the situation can h, 
described as follows: a monocrys_ 
tal does not constitute a singl, 
lattice. It consists of a largy 
number of tiny blocks which aly, 
slightly misaligned (within th, 
limits of several seconds or minh_ 
utes) with respect to one another, 
The dimensions of the block, 
may vary within rather broag 
limits. In most cases, they lie iy, 
the range of 10-&-40-* cm. Plot 
ting of the block dimensions of 9 
crystal would probably yield 9 
characteristic distribution curve, 
Fig, 284 Of great interest is the arrange- 

ment of particles at the bound. 
There ig good reason to assume that a liquid surface 
an excellent model. 


ary between two blocks. 
covered with soap bubbles can serve as 

An examination of Fig. 281 shows that a “fracture” exists in the atomic rows Close 
to the centre of the model. The portion of the “structure” illustrated in the figute 
can be represented as four blocks with a common angle at the centre of the model, 
An imperfection is clearly visible at the centre. Here, the upper “atoms” have No 
fallen into their right places, i.e., they do not fit into the empty spaces of the com- 
pact packing structure. This fault has led to the splitting up of the crystal into 


blocks. 

Many such 
randomly and may turn a 
average, all crystallograp 
with great exactitude. Dislocations giv 
ture. To be sure, the presence of chance microfissures, or empty spaces, sev 
atoms deep, also facilitate the formation of block structures. 

An examination of the figure shows that a dislocation may also be pictured as 
follows: two adjacent rows, one of which has one particle more than the other— 


an extra atom has “found its way” into one of the rows. 


faults—called dislocations—exist in a crystal. They are distributed 
n atomic row to the left or to the right. Therefore, on the 
hic alignments extend through an entire monocrystal 


e a monocrystal a block (or mosaic) struc~ 
eral 
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Dislocations. Fig. 281 represents a two-dimensional model of a crystal. It is as 
if each row were the projection of an atomic layer which is oriented perpendicular 
to the figure. The large fault would correspond in a three-dimensional crystal to a 


linear region perpendicular to the figure. This 
region may be called the core of the dislocation. ee ge ee 
7 / 


The term indicates that imperfection was caused 


| 
/ | 
by “displacement” of one part of the crystal rel- Pareto cnet | 
ative to the other. H : eee ) 7; 
Dislocation patterns not only explain the ia rip | 
block structure of crystals, but also many other ae irom | 
phenomena. Therefore, it is well to study these each | 
peculiar distortions of crystals in detail. ents 
There are two kinds of dislocations—simple HEH 


and spiral. The dislocation illustrated by the 
bubble model is of the simple kind. Schematical- (a) 
ly, such a dislocation is illustrated in Fig. 282a. 
The core of the dislocation is designated by an 
inverted 7. The distortion is maximal near the 
dislocation plane dividing the crystal into two 
parts and rapidly diminishes in either direction 
away from the dislocation line. Fig. 282b shows 
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a top view of the two adjacent atomic planes on (b) 
either side of the boundary between the blocks. 
The upper, or compressed, plane (designated by Fig. 282 


solid lines) contains one row more than the low- 
er one (designated by dotted lines). 

Analogous diagrams for a so-called spiral dislocation is shown in Fig. 283. The 
lattice is divided into two blocks, one of which has slipped, so to speak, a distance 
of one period relative to the other (see Fig. 283a). At the axis shown in the figure, 


Fig. 283 


the distortion is maximal. The ro gion adjacent to this axis is called a region of 
spiral dislocation. It will be easier to grasp the essence of this distortion if we 
examine the diagram of the adjacent atomic planes on either side of the boundary 
between blocks (see Fig. 283). This is the right view of the three-dimensional 
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figure. The spiral dislocation axis is the same as in the three-dimensional figure. 
Solid lines denote the plane of the right block and dotted lines those of the left. As 


Fig. 284 


may be seen from the diagram, a spiral disloca- 
tion differs from a simple dislocation. There is 
no extra row of atoms in this case. The distor- 
tion consists in the fact that the atomic rows 
change their closest neighbours near the disloca- 
tion axis, i.e., they bend and drop down ohe 
level. 

Why is this called a spiral dislocation? This 
can be explained as follows. Let us move around 
the dislocation axis—along the nodal planes of 
the lattice—beginning at the lowest plane. After 
each revolution, we are one level higher. In this 
manner, we reach the top of the crystal, much 
the same as having climbed a spiral staircase. In 
Fig. 283, the spiral motion would be counterclock- 
wise. If the blocks were displaced in the opposite 
direction, the spiral motion would be clockwise, 

In a given object, one may encounter succes- 
sive spiral dislocations having the same rotation 
direction. If two dislocations having different 
rotation directions are in the same plane, the 
resulting distortion is more complex. 

Imperfections within a Block. A crystal lattice 
may consist of blocks which also have imperfec- 
tions. These imperfections may ‘be in the form of 
lattice vacancies or foreign atoms. A very small 
number of lattice vacancies and foreign atoms 
can result in considerable distortion. 

Fig. 284 shows the nature of these distortions. 
In (a) we see the effect of a foreign atom that re- 
places one of the basic atomsof a lattice, in (b) 
the effect of a foreign atom penetrating between 
basic atoms, and in (c) the effect of a lattice “va- 
cancy”. The disturbance may extend to a depth 
of 5-10 lattice spacings in each direction. This 
encompasses a region of the order of 1,000 cells. 
Therefore, an impurity of the order of 0.1 per 
cent may fundamentally change the properties 
of a crystalline substance. (It should be noted, 
however, that an impurity does not produce ap- 
preciable lattice distortion.) In Sec. 285 we shall 


deal with the case of semiconductors in which impurities of the order of one part 
in a thousand million may change the electrical properties of a body. 


Sec. 248. SHORT-RANGE ORDER. LIQUIDS 


It was seen at the beginning of this chapter that very many solids can be repre- 
sented as compact packings of spheres. In such structures, the fraction of the total 
volume consisting of empty space is equal to 26 per cent. 


82, Atomic Structure of Bodies 487 


Copper is an example of such a crystal. How does the structure of a piece of 
copper change when it is melted? Experiments show that the volume increases by 
about 3 per cent. This increase is due to an increase in empty space, which now 
equals 29 per cent of the total volume instead of 26 per cent. The compact'struc- 
ture has loosened and the spheres are able to move away from their “proper” posi- 
tions. The ideal order which is characteristic of a crystal has been disturbed. 

As a result of thermal motion, the spheres vibrate, in general, about their equi- 
librium positions and remain surrounded by the same neighbours. Now and then, 
neighbours may change when a space of the same size as the volume of a sphere 
happens to be created in the vicinity of the sphere. Owing to the closeness of par- 
ticles in a liquid, a so-called short-range order arises. In a model of spheres, one 
sphere cannot approach another closer than the diame- 
ter of a sphere. Such a deviation from ideal random-  v/r) 
ness occurs in gases as well, but it is of little impor- 2 
tance there since the closest molecules in a gas are 
separated, on the average, by a distance ten times as / 
great as the dimensions of a molecule. 

Let us examine a molecule in aliquid and imagine 9 '—~ oS ae 
two concentric spheres about it. Assume the radius of : 
one is equal to that of the molecule and the radius of Fig. 285 
the other to three times this value. On the average, 
how many close neighbours does such a molecule 
have? By close neighbours we mean molecules ‘located in the region 
between concentric spheres. Consider the example of copper, the volume of 
which increases by 3 per cent when it is melted. According to calculations there 
are, on the average, 11.6 atoms in the region under consideration. Thus, there are 
to be found about 12 close neighbours the centres of which are separated from the 
given atom by a distance equal to its diameter. Closer neighbours are not to be 
found. 

Tt is clear that the short-range order affects not only close neighbours but suc- 
cessive ones as well. Therefore, it is customary to describe the short-range order 
by the average density of radial distribution of atoms. 

Let us imagine two concentric spheres of radius r and r +- dr about an atom. 
For simplicity, assume we are dealing with a monatomic liquid. The volume of 
this spherical shell will be 4nr? dr. The number of atoms falling within this shell 
may be expressed as 


U (r). x Aur? dr, 


where U (r) is the density of radial distribution of atoms. 

A U (r) curve for amorphous arsenic is shown in Fig. 285. Maxima of the curve 
indicate that certain interatomic spacings acquire considerably more “weight” than 
others. The origin of successive maxima is exactly the same as of the first. The 
density of packing is such as to allow the number of closest neighbours of a given 
atom to fluctuate only within very narrow limits, while the number of neighbours 
closest to the closest may fluctuate within somewhat broader limits. As the distance 
from the central sphere increases the random order becomes more and more evi- 
dent. The U (r) curve approaches a limit, i.e., the short-range order fades away 
and gradually passes over into a random order. It is convenient to set the value 
of U (r) equal to unity at r—> oo. This distinctive order with regard to close neigh- 
bours, which fades away as the distance from the atom or molecule under consider- 
ation increases, is what is meant by a short-range order. 
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The order in the arrangement of particles’ characteristic only of crystals is 
called a long-range order. This means that the three-dimensional periodicity pe- 
culiar to a crystal does not fade away at great distances. The arrangement of atoms 
along a nodal line regularly repeats itself thousands and millions of times. 

When we discussed the structure of crystals, we saw that atoms by no means al- 
ways behave like spheres. This applies to liquid structures as well. 

In an ideal case, the short-range order in an atomic liquid should result in the 
number of close neighbours being equal to almost twelve. .xperiments show that 
metals the crystal structures of which consist of compact arrangements of spheres 

continue to have such a short-range order, i.e., an average number of close neigh- 
bours just short of twelve, after being melted. 

As indicated above, every atom of lithium, sodium and potassium in a crystal 
has eight close neighbours. The same short-range order is preserved in a liquid, but 
the average{number/of close atoms becomes somewhat greater than eight. 

Simple substances in the crystalline state of which the atoms are firmly bound 
to a small number of neighbours behave differently. These bonds are broken when 
such substances are melted and the number of close neighbours per atom of fluid 
becomes greater than in a crystal of the same substance. 


Sec. 249. AMORPHOUS BODIES 


The word “amorphous” means “without form”. Amorphous solids are the antithe- 
ses of regular polyhedral crystals. However, the shape of a polycrystalline body is 
not regular even though it is not amorphous. How then may crystals and crystal- 
line bodies be recognised ? They may berecognised, primarily, by their,well-defined 
melting points. If heat is applied to a crystalline body, the temperature of the 
body increases until it begins to melt. Thereupon the temperature ceases to rise 
and the entire melting process takes place at the melting temperature. 

Ordinary glass is a typical amorphous solid. It grows soft when it is heated and 

gradually goes over into the liquid state as the temperature is raised. 

This behaviour of amorphous bodies can be explained by their structural pecu- 
liarities, leading to the classification of such bodies as liquids rather than solids. 

As indicated, there exists a long-range order of particles in crystalline bodies. 
In amorphous bodies, only a short-range order of particles occurs and in this res- 
pect such bodies do not differ from liquids. 

Fig. 286a shows the structure of quartz (silicon dioxide), and Fig. 286b the 
structure of quartz glass. From the chemical viewpoint, a substance can be obtained 
in a crystalline form as well as in an amorphous form. The similarities and differ- 
ences between these two states can be clearly seen in the figure. Apparently, an 
amorphous body is a “damaged” crystal. In a crystal and an amorphous body, the 
number of close neighbours and the nature of the encirclement are the same. Pos- 
sibly, a pentagonal ring is particularly advantageous energetically for SiO, 
groups. Since the symmetry of an axis of fifth order cannot produce a_ periodic 
structure (see p. 468), amorphous glass is obtained. 

The absence of a long-range order, which is characteristic of crystalline bodies, 
is the immediate cause for the absence of a well-defined melting point. At the 
melting point, a transition occurs and the long-range order disappears. Only a 
short-range order in the arrangement of atoms remains. 

In amorphous bodies, the nature of the arrangement of atoms does not change 
when the temperature is increased. Only the mobility of the atoms changes, i.e., 
the atomic vibrations increase. At first only a few atoms are able to escape from 
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their encirclement and change neighbours. This number gradually increases until, 
finally, the rate of such changes becomes the same as in water. 

The ease with which a given molecule may change its neighbours is related to 
an important property of a liquid, namely, its viscosity. The less frequently neigh- 
bours are changed in a liquid, the thicker, i.e., the more viscous, the liquid. Of 


Fig. 286 


course, an increase in temperature, which increases the swing of molecular vibra- 
tions, results in a decrease in viscosity. It is also quite understandable that, tem- 
perature conditions being equal, the liquid whose molecules are more complex 
will be more viscous. Many liquids harden before they become very viscous. The 
high viscosity of glue, honey, tar and oil is due to the complex form of their mole- 
cules. 

When a liquid hardens, the exchange of molecules practically ceases. 


Sec. 250. SHORT- AND LONG-RANGE ORDER OF ATOMS IN ALLOYS 


When two or more substances crystallise together, they may in certain cases form 
a common crystal lattice. It depends on the relative values of the energy of interac- 
tion between homogeneous and heterogeneous particles whether such a mixed crystal 
is formed or not. If the attraction between homogeneous particles is greater than 
between heterogeneous particles, a mixed crystal is not formed. 

Metal alloys, which are widely used in various industries, are mixed crystals. 
By reference to the structure of alloys, we can clarify the concepts of short- and 
long-range order. 

In the simple case of binary alloys, we may encounter perfectly ordered struc- 
tures in which a definite cell can be distinguished and the substance described as 
a crystal of a compound with the definite formula AnBm. However, this does not 
always occur and in a number of cases A atoms randomly replace B atoms in their 
lattice or, if they are small, randomly become lodged between B atoms. 

We shall discuss only a substitution alloy, namely, iron-cobalt (see Fig. 287). 
This alloy has a simple body-centred lattice structure. Mach atom—iron as well as 
cobalt—has eight close neighbours. As regards the arrangement of atom centres, 
an alloy crystal is always perfectly ordered, i.e., the atom centres form the same 
body-centred lattice under all conditions. The situation differs with respect to the 
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distribution of iron and cobalt atoms. Let us consider the lattice points of a crystal 
to be divided into corners and centres of cubes. For perfect order, all corners are 
-occupied, say, by iron atoms and all centres by cobalt atoms (Fig. 287a). The ideal 
long-range order of such a crystal may gradually deteriorate if atoms begin to 
occupy “foreign” sites. But as long as the number of atoms located at their “own” 
sites differs from the number of atoms located at “foreign” sites (Fig. 287b), the 
crystal may be said to have a long-range order, even though the order is, in part, 
“impaired”. The long-range order disappears when the distinction between “foreign” 
and “own” sites is lost, i.e., when half the atoms are at their “own” sites and halt 
at “foreign” sites (Fig. 287c). 

It is important to note that when a completely ordered crystal is heated, the 
order is gradually destroyed, i.e., the percentage of atoms at “foreign” sites in- 
creases. There exists a temperature above which even a partially “impaired” long- 
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-range order cannot exist. This temperature is called the 4-point (lambda-point). For 
an iron-cobalt alloy, the A-point is 770°C. The transition from order to disorder signi- 
fies that thermal motion has gained the upper hand over the “tendency” of atoms 
to maintain a long-range order. 

There is a great deal in common between the process of eliminating the distine- 
tion between “foreign” and “own” sites and the melting process. Both processes 
result in the disappearance of a long-range order. However, melting results in the 
disappearance of the long-range. order of atom centres, while passing through the 
‘A-point results in the disappearance only of the order in the arrangement of atoms 
of different elements. , 

The basic characteristic of the structure of alloys of the iron-cobalt type is the 
possible existence of a partial long-range order. Such a partial long-range order can 
exist only with respect to the distribution of the iron or cobalt atoms, but not 
with respect to the arrangement of atom centres. 

Like in the case of melting, the elimination of a long-range order does not mean 
the elimination of order in general (a short-range order remains). 

The short-range order with respect to the distribution of atoms in iron-cobalt 
crystals consists in the “tendency” of cobalt atoms to surround themselves with 
iron atoms, and vice versa. If we take any atom and examine its eight close neigh- 
hours, we will find that the number of atoms of the other element will not be equal 
to one half of the total, i.e., four. Depending on the degree of perfection of the 


short-range order, an iron atom may be surrounded, on the average, by five, six or 
seven cobalt atoms. 
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The investigation of a copper-gold alloy shows that its short-range order has a 
high degree of perfection. This pertains not only to the number of closest neigh- 
bours, but to the number of closest to the closest, etc. If a number of spheres are 
drawn about any of the gold atoms, it is found that the first shell contains, in 
effect, only copper atoms, while the second contains only gold atoms. In succes- 
sive shells, the short-range order begins to deteriorate, but a predilection for atoms 
of a definite element will be felt as far away as the tenth shell! 

It has been determined by means of very precise investigations using X-rays 
how a long-range order in alloy crystals is “created”. Experiments with cobalt- 
platinum alloys have shown that the regions of long-range order grow in a disor- 
dered crystal as crystal nuclei grow in a liquid. These embryonic regions are arran- 
ged in a perfectly definite manner relative to the axes of a crysta 


Sec. 251, LIQUID CRYSTALS 

To find examples of liquid-crystals, one must tur 0 organic substances. Mole- 
cules of substances forming liquid crystals are always elongated. Liquid crystals 
are encountered among viruses, and also among lipoids, which are components of 
living tissue. 
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A. substance forming liquid crystals exists as such in a definite temperature 
range. If a liquid crystal is heated, it turns into an ordinary liquid, if it is cooled, 
it becomes a crystal. 

The term “liquid crystal” is derived from the strange manner in which the prop- 
erties of a liquid and a crystal are combined. A liquid crystal possesses fluidity 
and forms drops. However, these drops may be elongated rather than spherical, 
and somewhat resemble jelly. Careful investigation shows that the order of mole- 
cules in such a drop is not like in ordinary liquids. 

Two kinds of liquid crystals are known. In one, the molecules are in a short- 
range order and parallel to one another. In the other, the order of molecules is 
even more peculiar. Here, the molecules are arranged in layers. Each layer con- 
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sists of parallel molecules, which are in a short-range order. This is illustrated im 
Fig. 288. 

iA soap solution consists of liquid crystals. The washing properties of soap are 
directly related to its ability to form liquid crystals. A molecule of soap has an 
elongated shape (transverse axis measuring about 4 A and longitudinal axis 30- 
40 A). At one end of a molecule a negative electric charge is concentrated ‘and this 
pole is attracted by water molecules. A soap solution is a liquid crystal. It consists 
of a large number of double layers of molecules, separated by layers of water (see 
Fig. 289). In the double layers, the poles of the molecules are turned outward, 
i.e., toward the water. The molecules of soap within a layer are in a close arrange- 
ment and in a short-range order. If there is little soap in the water, the double 
layers of soap molecules are separated by large layers of water. As more soap is 
put into the water, more and more double layers will be produced. The solution 


becomes saturated when the thickness of a water layer equals about 20 A. The 
double layers forming a liquid crystal possess great mobility. When we wash ou: 
hands, the layers slide easily relative to one another and the skin. Dirt from our 
hands collects at the poles of the molecules and is then released in the water. 


Sec, 252. POLYMERS 


A large number of organic substances, composed of giant molecules consisting 
of thousands of atoms, have a peculiar structure. Such substances include plas- 
tics, caprone, artificial silk. The molecules of these substances consist of identical 
groups of atoms arranged in a chain (whence the term “polymer”). The atoms with- 
in a molecule are frequently in a long-range order. 

The properties of high polymers having lateral chemical bonds between chains 
differ significantly from those of so-called linear polymers, in which such bonds 
do not exist. Polymers having lateral chemical bonds between chains are rigid 
systems. Their atoms are arranged rather loosely and in a completely haphazard 
manner. Plastics of such polymers are used in the manufacture of buttons, kitchen 
utensils and various fittings. Linear polymers have interesting properties and struc- 
tures. Although a number of points still remain unclear, the basic structural fea- 
tures of these substances are well established. 

In the solidification of a melt, or directly in the chemical process, long molecu- 
lar chains become arranged in parallel strearns. Since solidification begins simul- 
taneously from a large number of centres, numerous stacks of chains, which col- 
lide during growth and pass round one another, are formed. As a result, the final 
shapes are rather odd and intricate. 

The role of a stack in a linear polymer is somewhat analogous to the role of a 
crystalline particle in a polycrystalline substance. Nevertheless, there is a sig- 
nificant difference between the two, for the degree of order of a group of parallel 
chains forming a stack (consisting of thousands or tens of thousands of such 
chains) may vary considerablyfrom case to case. Fig. 290 shows three kinds of order: 
(a) crystal type—the axes of the chains form a perfect lattice and the azimuths of | 
the chains are ordered, (b) gas-crystal type—the axes of the chains form a lattice 
and the azimuths are disordered; and (c) amorphous or liquid type—no lattice is 
formed (absence of long-range order). It should be noted that the displacements of 
the chains relative to one another in the longitudinal direction also may be or- 
dered or disordered. Since astack of chains, each of which consists of hundreds of 
thousands or millions of atoms, is very long and will constitute, therefore, a bro- 
ken formation, it is evident that even in the case of ideal order in the arrangement 
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of chains the order of a stack is not entirely like that of a crystal. Only the portion _ 
of a stack for which the parallel chains are rectilinear can have a crystal arrange- 
ment. This means that in the case of ideal order each stack of chains consists of a 
sequence of crystalline regions (crystalline 
particles). 

The stretching of linear polymers consists in LB 
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The molecules responsible for vital activity 
of an organism are also linear molecules con- 
sisting of hundreds of thousands and millions 
of atoms. 

The nucleus of a cell contains a molecule 
of desoxyribose nucleic asid (DNA) which is 
the bearer of heredity. These molecules exist 
in the form of a double helix. Fastened in a 
certain order to the basic chain of atoms which 
is the backbone of the helix are molecular rad- 
icals of four types. Genetic information is 
coded by the order in which they follow along 
the chain. Such a chain contains about 108 rad- 
icals. The number of possible permutations of 
four elements in such a long chain is unimaginably large. It is now clear what a 
rich amount of information is borne ona long macromolecule, and that not only the 
peculiarities of a biological species, but also the peculiarities of a certain individu- 
um can be coded by the order in which the radicals follow in a DNA molecule. 

During cell division double helices get wntwined and, passing on to posterity, 
hand it down the ancestral features by means of the code of sequence of molecular 
radicals. 

Double helices of DNA can be singled out and their structure investigated. 
But today we know how to determine the sequence of atoms and atom groups only 
in ordered crystalline structures. The molecule of DNA is, in principle, unordered, 
and that is why, using physical methods (spectral and, mainly, X-ray technique), 
investigators have succeeded only in establishing the principles of its construction. 
The development of methods of establishing the sequence of radicals in DNA for 
a given organism, i.e., for objective describing of ancestral features on a molecu- 
lar level, still remains a problem. 

The cell—a basic living “brick”—is a “factory” producing protein molecules 
which fulfil various vital functions. Protein molecules are produced, so to say, 
under the leadership of the DNA molecule. They are constructed from twenty types 
of amino acids, the order of their combination strictly defined for the protein of a 
given type being dictated by the molecule of DNA. The latter plays the role of a 
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linear combination of hundreds and thousands of matrices “printing” different 
protein molecules. Some of them are similar for a given biological species, others 
are affected by the peculiarities of a certain individuum. 

Protein molecules can be singled out and crystallised. Despite the fact that their 
molecules contain thousands of atoms, protein crystals can be successfully studied 
using the methods for X-ray structural analysis. At present we are able to deter- 
mine their structure. This problem is extremely complicated, that is why there is 
no wonder that today we know the structure of only six types of proteins. 

The fact of formation of crystals of such a complex molecule is remarkable by 
itself. Fantastically branched sequence of several thousands of atoms is completely 
identical in all billions of the molecules forming a protein crystal. All the mole- 
cules are arranged in one-two orientations at the points of a regular three-dimensio- 
nal lattice. 

A protein crystal possesses the following remarkable property: the molecules of 
which it is made up touch one another only with a small fraction of their surface, 
the most part of intermolecular space being filled with water. When carefully dried, 
protein crystals undergo transformations which change the arrangement of their 


molecules. The most part of water can be removed with crystallinity of the pro- 
tein retained. 


CHAPTER 33 


Phase Transformations 


Sec. 254. PHASE DIAGRAMS 


ly) A substance can have only one gaseous state and one liquid state, but it can 
have several crystalline states (also, several liquid-crystalline and gaseous- 
-crystalline states). 
The gaseous and liquid states of asubstance are characterised by disorder in the 
rrangement of particles. In a gas, the ratio of the kinetic energy of the particles 
to their potential energy of interaction is such that the binding forces cannot re- 
strain the particles from flying apart to the extent to which the vessel containing 
the gas permits. The liquid state has a definite form since the binding forces do not 
permit the molecules to have independent free paths.* At high pressures, the dis- 
tinction between a gas and a liquid disappears. 

Since two basically different random arrangements of particles do not exist, 
every substance has one liquid and one gaseous state. A crystal is characterised by a 
definite arrangement of particles and, in principle, an infinite number of different 
crystal phases can exist for a given substance. In actuality, several different crys- 
tal phases exist, as a rule, for one and the same chemical compound (diamond and 
eraphite, white and gray tin, yellow and red sulphur, etc.). 

Every substance exists in one or another phase, depending on the external con- 
ditions, viz., the temperature and the pressure. It is customary to use a pressure- 
temperature diagram, instead of a table, to describe the conditions for the existence 
of the various phases of a given substance. A diagram of this kind is known as 
a phase diagram. 

Three such diagrams are shown in Fig. 291. In the upper left-hand corner, we 
see a phase diagram for an ideal substance having only one solid phase. The dia- 
eram is divided into three regions: one region indicates the conditions for the 
existence of a crystal, another for the existence of a liquid, and the third for the 
existence of a gas. The gaseous state, of course, is represented by the lower right-hand 
portion of the diagram, i.e., where the temperatures are high and the pressures 
low. The solid phase is represented by the region of lowest temperatures and high- 
est pressures. Such a diagram is very convenient. In order to determine the state 
of a body at a pressure p and a temperature 7’, all we need to do is to find this 
point on the diagram and observe in which region it is located. 

In the upper right-hand corner of Fig. 291, the conditions for the existence of 
the various phases of sulphur are shown. This substance has two crystal phases and 
therefore the diagram is divided into four parts. In the lower part of Fig. 291, the 
phase diagram for water is shown. Since it is difficult to represent such a diagram 
drawn to linear scale on a single drawing, the pressure in this diagram has been 
plotted logarithmically. It will be seen that ice exists in five different phases, 
which are designated by the Roman numerals I, II, II, V and VI. The phase 
which was originally designated as IV turned out ‘to be an error. The less common 
phases of ice exist at higher pressures. 

Ona phase diagram, boundary lines between phases, as well as points within the 
various regions of the diagram, have physical significance. At pressures and tem- 
peratures corresponding to points on the boundary lines, two boundary phases 
exist simultaneously. In the case of water, this would correspond to the condition 


* In the absence of gravitational forces, a. drop of liquid’ is spherical. 
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of ice floating on water, with the ice not melting and the water not freezing. The 

boundary lines may be called phase equilibrium curves. 
It should be emphasised that these are phase equilibrium curves and not points, 
This means that equilibrium between two phases can be realised at different tem- 
peratures if the pressure js 
p | fiz88 atm | varied accordingly. This may 
, also be expressed as follows: 
the temperature of phase equi- 
librium is a function of pres- 
‘ sure; or, the pressure of phase 
equilibrium is a function of 

2 temperature. 


Sec. 255. PHASE 
100 200 300 400 500 T TRANSFORMATIONS 

Phase equilibrium curves 
may also be called phase trans- 
formation curves since tran- 
sition from one phase to an- 
other occurs when this line is 
crossed. 

The boundary line between 
a solid and a liquid is the fu- 
sion, or crystallisation, curve: 
and the boundary line between 
a liquid and a vapour is the 
vaporisation, or condensation, 
curve. We call the boundary 
line between a solid and a 
vapour the sublimation curve 
and the lines between two 
solid phases simply transfor- 
mation curves. 

Processes involving a change 
of state are also conveni- 
ently indicated on a phase di- 
agram. Usually, we are con- 
cerned with transformations occurring at constant temperature or at constant 
pressure. These processes are represented on a diagram by vertical and horizontal 
lines, respectively. 

Several phase transformations are illustrated in Fig. 291. Line 2-7 on the phase 
diagram of sulphur represents a cooling process for a sulphur gas at normal pres- 
sure. At a temperature of 444.5°C sulphur is transformed from a gas into a liquid, 
at 110.2°C from a liquid into a crystal phase and, finally, at 95.5°C from this crys- 
tal phase into another crystal phase. The compression of sulphur gas is illustrat- 
ed in the same diagram by the process 3-4. By increasing the pressure, we are 
able in this case too to transform a gas into a liquid and then, at very high pres- 
sures (above point 4) into solid states. 

Under certain unique conditions, three phases may exist together simultaneous- 
ly. Such points are called triple points. Sulphur has three triple points: (1) gas- 
eous, liquid and yellow sulphur existing simultaneously; (2) gaseous, liquid and 
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red sulphur existing simultaneously; and (3) a liquid existing in equilibrium with 
the two crystal phases. . 

It can be proved on the basis of strictly thermodynamic principles that a qua- 
druple point cannot occur. Thus, no conditions exist under which, for example, 
two crystal phases are in equilibrium with a liquid and a vapour. 

Kvery phase transformation is characterised by a transition temperature at a 
given pressure. We speak of the melting (crystallisation), boiling, sublimation, 
etc., points of a substance. If the pressure is not indicated, this usually means that 
the transformation occurs at normal atmospheric pressure. 

An important characteristic of a transformation is its heat of transition, The 
occurrence of latent heat of vaporisation and heat of fusion is well known, but 
heat of transition is a general phenomenon. A transformation which proceeds by 
heating absorbs heat. In accordance with the second law of thermodynamics, heat 
of transformation is uniquely related to a change in entropy: 


AO Tas, 


where 7’ is the transition temperature. Therefore, it is evident that a phase trans- 
formation which proceeds by heating is accompanied by an increase in entropy. 
The transition (fusion, boiling) temperature can be calculated from the formula 
pe 
~ AS 


i.e. it is equal to the latent heat of transition divided by the increase 
in entropy. But in this form the statement is of purely theoretical significance 
since practically the change in entropy for a phase transformation cannot be pre- 
calculated. However, knowing the transition temperature and heat. of transition 
from experiments, one can determine accurately the magnitude of the increase in 
entropy. 


The phase transition from ice I to ice IIT occurs at a temperature t = —20°C and a pressure 
p == 2,108 atmospheres. This transition is accompanied by the release of heat; cach eram of ice 
releases AQ = 5.6 cal. Therefore, the change in entropy is 
AQ’ 316 


= = 0,022 cz . 
AS r 353 0,022 cal/K 


Sec. 256. THE PHASE DIAGRAM AND PROPERTIES OF HELIUM 


Helium is worthy of a separate description, since only this element reveals two 
exceptions from the general rules. Its phase diagram (isotope 4) is shown in 
Fig. 292. It turns out that there exist two solid phases. The body-centred lattice 
of helium is stable in a very narrow tempe rature-pressure region. In the principal 
region, helium has a close-packed hexagonal structure (see Sec. 242), and at very 
high pressures (not shown in the diagram) it acquires a face-centred (cubic) lat- 
tice structure. 

The first striking peculiarity is that at zero pressures and a zero temperature 
liquid but not solid is a stable phase. The second peculiarity consists in that 
liquid helium can exist in two states separated by a distinct phase boundary. 

These peculiarities of helium are due to a combination of a small mass of atoms 
with extremely weak forces of interaction. It is sufficient to indicate that the 
depth of the potential well on the curve of interaction of two helium atoms is 
one tenth of that for argon. As a result, it turns out that zero energy of helium, 
i.e., the kinetic energy in the lowest state is so high that, without applying an 
external pressure, a helium atom cannot be found (in contrast to other atoms) in 
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the potential well created by interaction with the neighbouring atoms and confine 
itself in its motion to the vibrations about the equilibrium state. 

The most striking property of helium IT is supertluidity, i-e., acomplete absence 
of viscosity, which was discovered by the well-known Soviet physicist P. L. Ka- 
pitsa in 1938. 

Superfluidity can be observed in a specially designed vessel whose bottom is 
fitted with a very narrow slit—only half a micron wide. An ordinary liquid almost 
does not infiltrate through such a slit. At temperatures higher than 2.19 K helium 
behaves in a similar manner. But as soon as the temperature becomes lower than 
2.49 K, the rate of discharge of helium increases abruptly at least several thousand 
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times. Helium II flows out through the narrow gap almost instantaneously, i.e., 
it completely loses its viscosity. Superfluidity of helium leads to an even stranger 
phenomenon: helium IT is capable of “coming out” (without any external help) of 
a glass or a test tube into which it was poured. 

Figure 293 shows the scheme of carrying out this experiment. A test tube filled 
with helium II is placed into a Dewar vessel above the helium bath. The helium 
rises along the wall of the test tube in the form of an extremely thin, impercep- 
tible film, overflows the edge of the tube, and, finally, drips from its bottom. 

Due to capillary forces, molecules of any liquid wetting the vessel wall rise 
along this wall and form on it an-extremely thin film whose thickness is equal to 
one millionth of a centimetre. In the case of an ordinary viscous liquid, this film 
is imperceptible for man’s eye, and mazrifests itself in no way. 

Quite another thing happens when we deal with helium which is deprived of 
viscosity. A narrow slit does not hinder the motion of superfluid helium; and a 
thin surface film is just the same as a narrow slit. A liquid deprived of viscosity 
flows in the form of an extremely thin layer. Over the edge of a glass or a test 
tube, the surface film forms a siphon through which helium flows off. 

Nothing of the kind is observed in the case of ordinary liquid. It. is practically 
impossible for a liquid of normal viscosity to “make” its way through a siphon of 
insignificant thickness. Such a “motion” is so slow that the overflow would take 
millions of years. 

Thus, helium IT has no viscosity whatsoever. Logically, we might draw a con- 
clusion that in such a liquid a solid body must move without friction. Let us place 
a disk tied to a thread into liquid helium and wind the thread. Leaving alone this 
simple device, we shall create a kind of pendulum: the thread with the disk will 
vibrate and periodically wind now clockwise, now anticlockwise. If there is no 
friction, then we should expect that the disk will vibrate forever. But in a compat 
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atively short period of time, approximately the same as for an ordinary normal 
helium I (i.e., for helium at a temperature higher than 2.49 K), the disk ceases to 
move. Outflowing through a slit, helium behaves like a liquid deprived of viscos- 
ity, but with respect to bodies moving in it, it behaves as an ordinary viscous 
liquid. 

The behaviour of liquid helium can be understood only from’ the viewpoint of 
quantum mechanics. We shall try to show how the theory developed by L. D. Lan- 
dau explains the behaviour of liquid helium. 

It turns out that each particle of liquid helium takes part simult 
two motions: one is superfluid, the other ordinary. 

Helium II behaves in such a manner as if it consists of a mixture of two liquids 
moving absolutely independently “one through the other”. One liquid behaves in 
a normal way, i.e., it possesses ordinary viscosity, while the second is supertluid, 

When helium drips through a slit or flows off over the edge of a glass — we ob- 
serve the effect of superfluidity. And in the case ofa submerged disk, the friction 
stopping the disk occurs due to the fact that in the normal portion of helium it 
is inevitable. 

The ability of participation in two different motions gives rise to entirely un- 
usual heat conducting properties of helium. As it was already stated, liquids, in 
general, are poor heat conductors. Helium I is not an exception in this respect. 
But when transformed into helium II, its heat conductivity increases approxi- 
mately billionfold. As a matter of fact, helium II conducts heat better 
best ordinary heat conductors, such as copper and silver. 

The point is that the superfluid motion of helium does not participate in heat 
conductivity. Therefore, when there is a temperature drop in helium II, there arise 
two flows moving in opposite directions, and one of them—the normal one—car- 
ries heat. This differs from usual heat conductivity. In an ordinary liquid, heat 
is transferred by molecule knocks. In helium IT heat flows together with the ordi- 
nary portion of helium, it flows like a liquid. Such method of heat transfer leads 
to a tremendously high heat conductivity. 

The correctness of the above considerations can be proved directly by con- 
ducting the following experiment which is very simple by its idea. 

Placed in a bath with liquid helium is a Dewar vessel also filled with helium. 
The vessel is in communication with the bath through a capillary tube. The helium 
inside the Dewar vessel is heated by means of an electric coil, but heat is not trans- 
ferred to the helium contained in the bath since the walls of the Dewar vessel do 
not conduct heat. 

A wing suspended from a thin thread is fitted opposite the capillary tube. If 
heat flows like a liquid, then it must turn the wing. And this is just what happens; 
the amount of helium in the vessel remaining unchanged. How can we explain 
this phenomenon? When the helium is heated, there occurs a flow of the normal 
portion of the liquid from the heated to the cold place, and an opposite flow of 
the superfluid portion. The amount of helium at each point remains constant; but 
since the heat transfer is accompanied by the normal portion of the liquid, the 
wing is turned due to viscous friction of this portion and is kept deflected as long 
as the heating lasts. 

From the fact that the superfluid motion does not transfer heat, we may draw 
another conclusion. As we mentioned above, helium “creeps” over the glass edges. 
But it is only the superfluid portion that “comes” out of the glass, the normal por- 
tion remaining in the glass. Heat is associated only with the normal fraction of 
helium, it never accompanies the “coming out” superfluid portion. Hence, as the 
helium keeps “coming out” of the vessel, one and the same amount of heat warms 
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a decreasing amount of helium. As a result, the helium remaining in the vessel 
must get heated which is actually observed in the course of the experiment. 

The masses of helium associated with the superfluid and normal motions are 
not equal to each other. Their ratio depends on temperature: the lower the tem- 
perature, the greater is the superfluid portion of the helium mass. At the absolute 
zero (i.e., at a temperature of —~273°C) the whole amount of helium becomes su- 
periluid. As temperature grows, more and more helium behaves in a normal way, 
and at a temperature of 2.19 K the whole amount of helium becomes normal, ac- 
quiring the properties of an ordinary liquid. 


Sec. 257. PHASE STABILITY 


[tow do we explain the fact that under certain conditions a body constitutes a 
liquid and under others a solid? There are two tendencies which determine the 
nature of a state under given external conditions: first, the tendency of a body to 
possess a minimum of energy and, secondly, the tendency to possess a maximum 
of entropy. The first tendency is a consequence of the fact that a system of mole- 
cules behaves like any system of mass points subject to the laws of Newtonian me- 
chanics and, as we know, a mechanical system tends to possess a minimum of 
potential energy. The second tendency is a consequence of the second law of ther- 
modynamics. 

During the transition from a gas to a liquid and during the transition to a 
solid. the internal energy of a substance decreases. The energy of a gas is higher 
than the energy of a liquid since in passing from a liquid to a gas work must be 
expended in overcoming the binding forces between molecules. And the energy of 
a crystal is lower than the energy of a liquid since an ordered arrangement of in- 
teracting particles is always more stable than a disordered arrangement. This can 
be proved rigorously, but the proof will not be presented. The statement appears 
rather obvious. Imagine, for example, a perfect lattice of spheres connected by 
means of springs. Any displacement of a sphere requires a certain amount of work. 
Hence, an ordered arrangement corresponds to a minimum of energy. 

Entropy behaves in a different manner. Roughly speaking, the greater the free- 
dom of motion of the constituent particles of a body, the greater its entropy. A 
disturbance in the order or an increase in the separation between particles results 
in an increase in entropy. 

Thus, for a given temperature and pressure, the state of a substance is estab- 
lished as a compromise between entropy and energy. Using the second law of 
thermodynamics, we can obtain a quantitative expression for this general law. 

Imagine that a body is placed under “foreign” conditions, i.e., ice under the 
conditions for the existence of water, etc. In such a case, an irreversible phase 
transformation (fusion, vaporisation, ete.) will occur in accordance with the 
second law of thermodynamics: the increase in the entropy of a body will be 
greater than the applied reduced heat, 
dS = ae * 


Using the first law of thermodynamics, we can rewrite the inequality in the form 


dS > tee and dU—TdS+pdv<0. 


Since the phase transformation occurs at constant temperature, we obtain 
d(U — TS) +pdv<0. 
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If the process is not accompanied by a change in volume, the transition to a 
state of equilibrium takes place with d (U — 7S) <0, i.e., with a decrease in 
the quantity F = U — 7S. This function is called the free energy. We have shown 
that a spontaneous phase transformation is accompanied by a decrease in free 
energy, i.e., the free energy of a stable state must be a minimum. 

If the process occurs at constant pressure, the transition to an equilibrium phase 
takes place with d(U — T'S -+- pv) <0, i.e., with a decrease in the quantity 
(p= U —-TS + pv. This function is called the thermodynamic potential. Thus, 
a phase transformation at constant pressure is accompanied by a decrease in ther- 
modynamic potential, i.e., the thermodynamic potential will have a minimum 
value at equilibrium. 

The opposing tendencies of entropy and internal energy are brought out in this 
statement: a decrease in energy and an increase in entropy result in a decrease 
in free energy or thermodynamic potential. These two tendencies have been ex- 
pressed quantitatively in the relations showing that /’ and ® tend to a minimum. 

The formulated condition for phase equilibrium has numerous applications. 
For example, using this condition, we can derive a relation for the slope of a phase 
equilibrium curve. : 

On such a curve, consider two points representing the external conditions 7y, py 
and Ts, ps. The equilibrium conditions for these points have the form 


D, (7, P1) =< Ds (7, Pr) and (D, (Lay De) = D, (To, Pp»). 
The subscripts of © refer to the phases in equilibrium. Subtracting the first equa- 
tion from the second, we obtain 
M, (To, Po) — Dy (Li, Pr) = Pa (12, p2) — Dy (74, pri). 
Let us assume that the two points are close to each other. Then, by means of 
the formula for the increment of a function of two variables, we can transform the 
above equation into the form 


il 


av, a, aw, ID, 


8D, ao 991 7, 2 p , 
i dT 4 op dp ap aT | ap OP: 
Substituting the values of the derivatives of the function @ = U — TS + pv, 
namely, 22 = —S and o _. y, we obtain 
€ OLY, ar = é 1 ap = U, 2 ODtbe 
[ee eee 
aT yg DQ 
: AG 
But since AS as oF 
dp \Q 


os Clapeyron-Clausius equati 
ar To. (Clapeyre ‘usiNs equation), 
Thus, the slope of the curve (the derivative 4) is determined by the latent heat 
, 
of fusion AQ, the temperature of the phase transition 7’, and the difference in the 
volume of the phases. If AQ is positive, this means that the subscript 1 refers to 
the high-temperature phase. 


Let us apply the Clapeyron-Clausius equation to the case of melting ice. When ice melts, 
1 cm? of water is obtained from 1.091 em® of ice. The volume change v, -~ v, is equal to 
—0,094 em (the volume decreases). In this case, AQ will be the heat of melting and is equal to 
80 cal/g. The temperature 7 equals 273 K. Ience, 
ar TX Av _ (278) xX(—0.091) __ 0.34 deg om’ 
dp ~~ nko 80 * cal 
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Since the dimensions of the above result somewhat obscure its significance, let us convert calo- 
ries to atmospheres, recalling that 1 cal = 42.7 kgf em ~ 42.7 atm em*, We obtain 
dT’ 


deg 
—— = —0.0075 —2 
dp me alm * 


‘Thus, increasing the pressure by 4 atm decreases the melting point of ice by 0.0075 degree. 
Sec, 258. METASTABLE STATES 


The above thermodynamic explanation of phase transition phenomena does not 
explain a number of observed facts. Thus, from the thermodynamic viewpoint, 
for a given p and 7' there can occur a single state (a point in one of the regions ol 
a phase diagram) for which the free energy, or thermodynamic potential, assumes 
a minimum value. However, it is possible for graphite and diamond to exist 
side by side, and water can be obtained under the conditions for the existence of 
ice (supercooled water). Numerous other examples in which the above thermody- 
namic principles are violated may be cited. The situation can be described as 
follows: in addition to states which are stable under given external conditions, 
so-called metastable states may also exist. 

The free energy of a metastable state is not a minimum, but nevertheless the 
transition from this state to a state having a minimum energy is impeded. Differ- 
ent metastable states may differ considerably in their degree of stability. Some- 
times a slight impulse suffices for a transition to oceur to a “normal” state, while 
in other cases a metastable state may be, in actuality, no less stable than “normal” 
state. 

Various phase transformations can be delayed. Thus, water can be supercooled. 
i.e., at normal pressure, water may exist at a temperature below O0°C; water can 
also be superheated, i.e., its temperature may be raised above 100°C without boi! 
ing. A vapour also may be obtained under atypical conditions (a supercooled va- 
pour is said to be supersaturated). Transformation delays always occur in the 
solid state, i.e., the transformation of one crystal phase into a second is delayed 
even though the conditions prevailing are those for the stable existence of the 
second phase. 

flowever, one type of transformation, namely, fusion, is never delayed. Thus, 
a crystal cannot exish under conditions that are stable for the liquid phase. 

We frequently have occasion to deal with supercooled liquids. Liquids such a* 
glycerine considerably increase in viscosity when supercooled and may remain i! 
the amorphous state for months or even years. Glass is another example of a st 
percooled liquid. 

The existence of a metastable state can be demonstrated in the case of a supe!” 
cooled liquid by bringing the liquid into contact with a crystal. In such cases 
crystallisation begins immediately. If the liquid is highly supercooled, the effec! 
will be extremely violent. When asnowflake is thrown into supercooled water, ice 
needles dart through the water in all directions and in a few seconds the transfol- 
mation is complete. 

Delays of crystal-crystal transformations are particularly interesting. Here, d& 
lays can oceur, so to speak, in both directions. Yellow sulphur should be tran® 
formed into red sulphur at 95.5°C. If sulphur is rapidly heated, this transforma 
tion point may be “skipped” and the sulphur may be brought to fusion at a tem 
perature of 113°C. Now assume that the melt is gradually cooled. At 113°C small 
erystals of red sulphur are formed. Cooling does not result in a transformation @ 
95.5°C, and even at room temperature small erystals may exist for a considerable 
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period of time. However, the transformation process proceeds, even though slow- 
ly, and within a day is complete, i.e., a yellow powder is obtained. Here, too, 
the metastable nature of the state is best demonstrated by dropping a small crystal 
into the melt. 

In certain cases, we are interested in a substance in a phase which might be 
expected to exist under entirely different conditions. An example of this is white 
tin which is transformed into gray tin when the temperature is reduced to 13°C. 
Usually, we are more interested in white tin and are cognisant of the fact that in 
winter nothing can be done with it. However, white tin excellently withstands 
20-30° of supercooling and only under severe winter conditions does it begin to be 
transformed_into gray tin. (The members of the Scott expedition to the South 
Pole perished as a result of ignorance of this fact. Liquid fuel taken on the expe- 
dition had been placed in containers soldered with tin. At the extremely low tem- 
peratures prevailing, the white tin was transformed into a gray powder. As a re- 
sult, the containers opened and the fuel was lost.) 

To explain transformation delays, let us consider the difference between liquid- 
crystal and crystal-crystal transformations on the one hand and crystal-liquid 
transformations on the other. In the last case the long-range order of atoms dis- 
appears, while in the first two a long-range order is created. The elimination of 
long-range order does not require a great effort. Fusion begins at the surface; atom 
after atom is torn away from its neighbours and falls out of strict order. 

On crystallisation, short-range order is transformed into long-range order. The - 
process begins at the surface and must proceed inwardly, i.e., into the substance. 
The atoms, or molecules, are “forced” to establish strict order under extremely 
crowded conditions. Their motions must be harmonised for order to be estab- 
lished. As we have seen, the rearrangement of atomic order, which requires that 
atoms undergo “organised” displacements from certain ordered positions to others, 
is all the more difficult. 

Transformations in the solid state always begin at the boundaries of grains, 
blocks, empty spaces, and at dislocations; in other words, wherever there is more 
freedom. If only several score atoms have occupied positions corresponding to a 
new order, oriented growth of the nucleus proceeds, i.e., one after another atoms 
begin to pass from the old, less favourable order, or in the case of crystallisation 
from disorder, to the new order. This is the effect of a crystal particle, or seed, 
which invariably puts an end to a supercooled state. 


Sec, 259, GAS =z» LIQUID TRANSFORMATIONS 


Vaporisation consists in the separation of fast-moving particles from the surface 
of a liquid. Two conclusions immediately follow from this, namely, vaporisation 
increases with increasing temperature and requires the application of heat. If the 
vaporised molecules are continuously removed from the surface of the liquid, the 
vaporisation process continues until all of the liquid has been transformed into 
vapour. 

Let us consider vaporisation in a closed vessel. In such a case, not only do mole- 
cules separate from the surface of a liquid, but the reverse process also occurs, 
namely, vapour molecules return to the liquid. The vaporisation process will con- 
tinue until dynamic equilibrium corresponding to the given temperature has been 
established. Of course, the liquid may completely vaporise without equilibrium 
being established with the vapouc. 

When equilibrium exists, we say that a vapour is saturated. The pressure of 
a saturated vapour is a function of the temperature and is given by the phase 
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equilibrium curve. By changing the temperature, we either vaporise more of the 
liquid in a vessel or condense some of the vapour. This results in a change of the 
vapour pressure. 

It is clear why the density and pressure of a saturated vapour increase with 
temperature. ‘The number of molecules leaving a liquid rapidly increases as the 
kinetic energy of the molecules increases. On the other hand, the number of vapour 
molecules returning to a liquid is almost independent of the temperature since 
such a process requires no energy. 

The density of saturated vapour at a given temperature varies from substance 
to substance within a broad range. At room temperature, the density of saturated 
steam is equal to 13 mm, while that of saturated 
mercury vapour is only 0.005 mm. 

A clear picture of transition processes from gas- 
es to liquids may be obtained by considering iso- 
thermic compression of a gas, i.e., “vertical” pro- 
cesses in a phase diagram. In order to represent volu- 
metric changes, which are not shown in a phase dia- 
gram, let us draw an auxiliary diagram in which 
pressure is plotted as a function of volume (see 
Fig. 294). 

If gas compression occurs at a sufficiently low 
temperature, sooner or later we arrive at an inter- 
section point with a phase equilibrium curve. At this 
instant, the pressure is equal to that of saturated 
vapour at the temperature of the experiment and 
the first drops of liquid appear. As long as a va- 
pour is not completely transformed into liquid, the 
; compressing motion of the piston will not be ac- 

Bi APA companied by a change in pressure since we re- 

main at the same point in the phase diagram 

from the beginning to the end of condensation. The condensation process 
will be indicated by a horizontal line on the pressure-volume curve. 

The significance of points of a rectilinear segment on the diagram is clear. 
They describe a two-phase liquid-vapour system. Each point of such a segment 
corresponds to a definite ratio between the phases, which can be easily determined 
by means of a “lever” rule. Let us designate the volume of the liquid by v,, the 
volume of the vapour by v,, and the proportion of substance in the liquid state 
by z. Then, the volume of the wet mixture is given by 


v =x, + (1 — 2) vy. 


Hence, 
Ve—v 
f= 
Vy—Dy 


This is the “lever” rule. 

When the condensation process is completed, a steep rise occurs in the curve 
since liquids have very low compressibility. 

Now, let us increase the temperature to that of the next isotherm on the diagram. 
It will be practically the same as the first, except for one important difference, 
namely, condensation begins later since the pressure of a saturated vapour is 
greater at a higher temperature. Moreover, condensation is completed earlier 
since the piston does not reach its preceding position owing to the thermal expan- 
sion of the liquid. 
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By increasing the temperature further, we obtain a series of isotherms in which 
the horizontal segments corresponding to two-phase systems become shorter and 
shorter. Finally, this segment disappears entirely. The decrease in the length of 
the horizontal segment indicates that the specilic volume of the liquid is approach- 
ing that of the vapour. At a certain critical temperature, these volumes become: 
“ equal and the isotherm no longer has a horizontal portion. In the pressure-volume 
diagram, the critical point is easily determined as the apex of the dotted two- 
phase region. In a diagram of state, the critical point is located where the liquid- 
vapour phase equilibrium curve breaks off. 

As the temperature is increased, the isotherms resemble broken curves less and 
Jess and gradually approach the hyperbolas of an ideal gas. 

The existence of a critical point indicates that we were justified in stating that 
there is no basic difference between a gas and a liquid. We see that if we by-pass 
the critical point a transition from a liquid state to a gaseous state can be 
achieved without going through a phase transformation. 


Sec. 260. LIQUEFACTION OF GASES 


We cannot obtain a liquid by compressing a substance the temperature of which 
is above the critical point. When such a substance is highly compressed, it becomes 
very dense, with its molecules coming into close contact with one another. Neverthe- 
Jess, a liquid in the usual sense of the term cannot be obtained. The substance 
cannot be poured into a glass like an ordinary liquid, i.e., its state has no distinc- 
tive form. This is due to the fact that the phase equilibrium curve was not crossed 
during compression. The absence of such a crossing indicates that a two-phase 
liquid-gas system cannot be obtained. This means that we cannot get a liquid with 
a definite form; instead, the liquid fills the entire volume available to it. 

Compression must take place at temperatures lying below the critical point 
if a gas is to be liquefied. This is easily achieved if the required temperatures are 
reached by thermal exchange with cold bodies. However, in the case of oxygen, 
nitrogen and hydrogen, this is not possible since the critical temperatures are very 
low. In order to liquefy these gases, we must resort to Joule-Thomson or adiabatic 
cooling. 

In the former case, the gas is compressed by means of a compressor and passed 
through a refrigerator. Then, the gas enters a spiral tube and is allowed to escape 
through an aperture, which serves as the porous plug (partition) in the Joule- 
Thomson experiment (see p. 130), to a region of lower pressure (atmospheric). 
Upon expanding, the gas cools, rises to the top, and cools the spiral tube. Thus, 
each successive portion of escaping gas will be colder than the preceding ‘one. Fi- 
nally, a temperature is reached at which the gas is transformed into liquid. 

The other method of liquefying gas involves the use of an expander. In a recipro- 
cating expander, a gas is expanded adiabatically, performing work in moving 
a piston, and leaves the cylinder at a lower temperature. By having each portion 
of gas cool the subsequent one, one can reduce the temperature to —150°C. Further 
cooling is: impeded by the absence of suitable lubricants to maintain the friction 
between the piston and the cylinder walls at a low level. A solution to this problem 
was found by P. L. Kapitsa, who developed a refrigerating turbine—a turboexpan- 
der. A turbine is rotated by means of the gas from a compressor. The gas expands 
adiabatically, is cooled, and cools the subsequent portion“of gas. Difficulties of 
lubrication are overcome by placing the bearings, requiring lubrication, external 
to the cold region. 
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Sec. 261. GAS <» CRYSTAL TRANSFORMATIONS 


When it is said that a substance “vaporises”, the reference is usually made to 
the vaporisation of a liquid. The vaporisation of solids is called sublimation. 
One of the most familiar examples of evaporation of a solid is the sublimation of 
naphthalene, 

very odorous solid sublimates to a significant extent. The odour is produced 
by the molecules separating from the substance and reaching our olfactory organs. 
Usually, however, a substance will sublimate to an insignificant extent. Sometimes, 
sublimation may not be detected even by very careful investigation. But, in 
principle, all solids, including iron and copper, vaporise. If sublimation is not 
detected it simply means that the density of the saturated vapour is extremely 
low. That this should be so is quite natural. The motion of atoms and molecules 
in a solid is very ordered and there is little probability that 
rate from the surface of the solid. 

The density of a saturated vapour in equilibrium with a solid increases with 
increasing temperature. It can be shown that a number of substances having 
a strong odour at room temperature do not manifest it at a reduced temperature. 
In most cases, the density of the saturated vapour of a solid cannot be increased 
signilicantly simply because the substance melts. first. 

Vapours are frequently used to obtain crystals when the latter are required in 


very pure form. This can be accomplished, for example, by precipitation on slightly 
cooled glass. 


a molecule will sepa- 


Sec, 262. LIQUID =» CRYSTAL TRANSFORMATIONS 


The transition from a liquid to a solid state (crystallisation) and the reverse 
transition (fusion) involve a fundamental rearrangement of particles. Upon fusion, 
long-range order in the arrangement of molecules or atoms disappears. 

For a given pressure, fusion occurs at a very definite temperature. The vibrations 
of molecules or atoms become so intense that the maintenance of long-range order 
becomes impossible. 

If the temperature is maintained at the fusion point, a liquid and a crystal 
may remain in a state of equilibrium, like in the case of a liquid and a saturated 
vapour. Crystals will neither grow nor melt. 

lixternal pressure changes the fusion temperature. As a rule, the fusion tem- 
perature increases with pressure, i.e., fusion becomes more difficult. However, there 
are several exceptions to this rule. One of these is ice. The melting of ice is facili- 
tated by an increase in pressure. In terms of a phase diagram, we can briefly describe 
the normal and anomalous behaviour of bodies as follows: Usually, oe >0, 
i.c., the equilibrium curve forms an acute angle with the temperature axis. 

dp 


In the anomalous case, aT Q and the curve forms an obtuse angle with -the 


abscissa. The strange behaviour of ice is related to another anomaly, namely, 
ice is lighter than water. The relationship of these two anomalies is shown in the 


"i ‘ 3 5 d O 
following equation, which was derived above: 


x 


a Ficus: The overwhelming 
majority of solids are denser that their liquids. Evidently, under such conditions, 
a pressure which produces packing should facilitate fusion. The relationship between 
the two anomalies is quite natural. Consider a liquid and a crystal in a state of 
phase equilibrium. Let us raise the pressure without changing the temperature. 
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The atoms should approach one another. If the solid is denser, the liquid is trans- 
‘formed into crystalline state. If the liquid is denser, the reverse transition occurs. 

The anomalies of water play an extremely important role in our lives. If they 
did not exist, rivers would freeze at the bottom. The anomalies of ice and other 
such bodies are due to the structures of these bodies. Ice crystals do not conform 
Lo the law of compact packing of particles. Thus, a disturbance of long-range order 
results in an increase in density rather than a decrease, as is usually the case. 

Let us return to Fig. 275 (see p. 47/). The broad ice channels may displace mole- 
cules of water by expanding somewhat. When ice melts, molecules may “fall” into 
this channel. In such a case, of course, the density will increase. No theory exists 
by means of which the heat of melting or the melting temperature could be pre- 
dicted. This is due to the dependence on a great many structural factors. To be 
sure, the heat of melting is easier to predict, since the melting temperature is 
equal to the heat of melting divided by the entropy of melting. 

A measure of the binding forces between molecules or atoms is, of course, the 
heat of sublimation (the energy required to break the intermolecular bonds) rather 
than the heat of melting (the energy required to eliminate long-range order). 

As was indicated above, fusion of crystals cannot be retarded. On the other hand, 
crystallisation can be retarded and, in fact, sometimes will not occur at all. In 
order for crystallisation to begin in a liquid, there must appear a nucleus, i.e., 
a system consisting of several scores of atoms or molecules which have assumed 
an arrangement corresponding to that of a crystal of the substance. Moreover, 
conditions in the liquid must be favourable for the growth of this nucleus. In 
most liquids, it is difficult to 
achieve a significant retardation in 
the process of formation of nuclei. 
Cooling under strict conditions is re- 
quired to achieve such retardation. 
Dust particles must be prevented 
from falling into the liquid and 
all mechanical disturbances such as 
vibrations and the jarring of the 
vessel containing the liquid must be 
avoided. 

At sufficiently great supersatura- 
tion, it is probably impossible to 
avoid the spontaneous formation of 
nuclei, i.e., to avoid the stabilisa- 
tion requisite for the crystallisation 
of atomic or molecular groups. But 
something else may occur. When the 
temperature is decreased, the mobil- 
ity ofthe particles may decrease to such an extent that the rate of growth of 
crystalline nuclei approaches zero. That is how glass is formed. Crystals will in- 
variably grow when a few crystal particles (seeds) are to be found in a liquid un- 
der conditions of thermodynamic equilibrium with a crystal phase. Crystals for 
industrial purposes are grown by means of seeding. ‘ 

If heat is removed very slowly, i.e., the temperature decreases a fraction of 
a degree per day, and if the crystalline particle turns in the liquid, the crystal 
evows only on a few of the faces possible. The growth occurs, of course, on the 
faces having the least surface energy. The indexes of such faces are always prime 
numbers. Most frequently, faces with the highest surface density of atoms or 
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Fig. 296 


molecules are formed. It is difficult to determine beforehand which faces will 
grow, especially since this depends on numerous subsidiary circumstances. More- 
over, we shall not consider the growth of crystals from solutions having certain 
peculiar features. However, it may be asserted that a crystal in equilibrium with 
a melt (or a solution) will assume a form such that its surface energy is a minimum. 

The mechanism of crystal growth consists in each successive particle attaching 
itself to the crystal at a point where the binding forces are a maximum and, 
therefore, the potential energy a minimum, Figure 295 shows three possible phases 
at which an atom can become attached to a growing crystal. At A the attracting 
forces acting on an atom are greater than at B, and at B greater than at C. Thus, 
a molecule 6r atom will invariably attach itself more easily to a layer already 
partially formed rather than begin to form a new layer. 

According to calculations, in certain cases the initial formation of a new layer 
is bound up with such difficulties that the very growth of a crystal becomes incom- 
prehensible. In such a case, the spiral mechanism of explaining growth is most 
applicable. It is evident from Fig. 283 that spiral growth can continue indefinitely 
and new atoms and molecules continually become attached to points which are 
favourable from the energy viewpoint. Thus, it is not necessary for growth to 
take place through the formation of a new layer. The beginning of spiral growth 


takes place with the formation of a fault known asa spiral dislocation. Such a “fault”. 


is usually due to a tiny foreign inclusion. A portion of the surface of a crystal 
which has developed spirally is shown in Fig. 296. 


Sec. 263. CRYSTAL -= CRYSTAL TRANSFORMATIONS 


A transformation in the solid phase consists ina transition from one long-range 
order to another. The mechanism of such transformations is of great interest. 
The simplest picture for the transformation of one solid phase into another in 
the case of simple substances is obtained when the structure of both phases consti- 
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tutes compact packings of spheres. Thus, cobalt and thallium aré encountered 
in the form of cubic as well as hexagonal packings. By shifting a layer, we can 
transfer it from a “hexagonal” to a “cubic” state, and vice versa, 

[t even has been possible to grow a single crystal of a hexagonal phase from 
a single erystal of a cubic phase by means of transformations of this kind. Usually, 
this is not possible since the growth of crystals of a new phase begins simul- 
taneously from many centres and a monoerystal becomes transformed into a fine 
crystalline substance. In most cases, a crystal crumbles when it is transformed 
into another solid phase. Sometimes the outer “shell” of a polyhedral monocrystal 
is preserved and a fine crystalline substance occupies this perfectly symmetrical 
volume. 

The reason for the difficulty is clear. Crystals of a new phase may begin to grow 
from various points. But close layers in a cubic face-centred lattice may be formed 
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Fig. 297 


by four different systems. Let us return to Fig. 272 (p. 475). In the crystal shown 
in this figure, close planes are perpendicular to the spatial diagonals, of which 
there are four in a cube (eight corners). Thus, hexagonal crystals of four different 
orientations may grow from a crystal with a cubic packing arrangement. G. V. Kur- 
dyumov’s work, devoted to transformations of iron and steel, laid the basis for 
the study of the rearrangement of atoms in phase transformations. At high tem- 
peratures, iron exists in the form of a compact cubic packing of atoms. At low 
temperatures, the iron atoms become arranged in a body-centred lattice. This 
transformation, known as a martensite transformation, is of tremendous impor- 
tance in metallurgy* and, therefore, should be considered in greater detail. 

In Fig. 297, we see what occurs when the temperature is increased. The left 
diagram again shows a compact cubic packing arrangement; the right diagram 
shows a body-centred packing arrangement drawn in a rather unusual form: we 
see the projection of an arrangement of atoms as it appears when viewed along 
a plane diagonal of a cube. It would seem that these two diagrams have little 
in common, the main difference being that the left diagram represents a three- 
storeyed structure and the right a two-storeyed structure (the triangles are in 
the second storey). Less important is the difference in the angles of the rhombuses 


* The hardening of steel is nothing more than a martensite transiormation. 
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(not shown in the figure), As the temperature is increased, the atomic vibrations 
increase and the less compact body-centred lattice becomes less advantageous 
at a temperature of 906°C. The two-storeyed structure becomes transformed into 
the three-storeyed one by the alternate shifting of the layers marked by triangles, 
For example, the odd layers shift to the left and the even ones to the right. This 
shift occurs along the diagonal of a rhombus; the angle of the rhombus changes 
at the same time. 

When a phase transformation occurs in iron, crystal particles of the new phase 
may become oriented in any of 24 different directions. The number 24 is obtained 
in the following manner. There are four close planes in a cubic face-centred crystal, 
and, as can be easily shown, a crystal of the new phase grows in six different direc. 
tions in a close layer. 

Undoubtedly ordered, regular processes play an important role in the transition 
from one order to another. In such a rearrangement of order, atoms do not have 
to interchange places, i.e., only an organised shifting of atoms occurs. This is 
what takes place in a martensite transformation, a transformation which does 
not involve diffusion. However, in other transformations in a solid, diffusion 
phenomena may play an important role. 


Sec. 264, DIFFUSION IN SOLIDS 


It has long been known that foreign atoms diffuse in a solid. The surface layer 
of steel may be impregnated with carbon (cementation), nitrogen or boron. Diffu- 
sion occurs to a great depth and it is not particularly difficult to follow the process. 
At a temperature of 200-300°C significant quantities of silver penetrate lead 
to a depth of several centimetres in an hour. 

However, not only foreign atoms migrate in a crystal. An iron atom can migrate 
in a crystal of iron and a copper atom in a crystal of copper. If a piece of radioac- 
tive copper is pressed against an ordinary piece of copper, the latter will soon 
become “contaminated” (radioactive). By means of tagged atoms, one can study 
the diffusion of atoms of the same kind, as well as of “foreign” atoms. 

Diffusion is possible as a result of thermal vibrations. When an atom leaves 
its equilibrium position, a neighbour takes its place. Upon returning, the atom 
occupies the vacated spot. Thus, atoms interchange positions. Such an interchange 
is, of course, not easily achieved if only two atoms participate in the process. 
When two atoms interchange positions in a solid, a whole group of atoms are 
involved. An atom slips forward only when the thermal vibrations of many atoms 
accidentally create favourable conditions for this. 

Dislocations, empty spaces and fractures, which always exist in a crystal, play 
an important role in diffusion. The presence of an empty space in a crystal facil- 
itates the step-by-step migration of an atom through the lattice. An atom hinder- 
ing this migration is “pushed” into the empty space. 

If a foreign atom is not very large, it may move through the lattice without 
interchanging positions with lattice atoms. When the conditions become favour 
able, such an atom slides from one empty space in the compact packing of spheres 
to the next. 

Diffusion is a two-way effect. If a zine plate is pressed against a copper one, 
zinc atoms will penetrate the copper and copper atoms will penetrate the zinc. 
To be sure, the rates of flow in the two directions may vary considerably. 

‘The diffusion of atoms through a crystal depends on many factors. It is interest- 
ing that a diffusion process proceeds most rapidly when the foreign atoms differ 
in all respects from the atoms of the crystal through which they move. Diffusion 
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33. Phase Transformations pet 


proceeds most slowly for atoms which are the same as those of the crystal ‘or in 
the same column of the Mendeleyev periodic table as those of the crystal. 

As already indicated, the presence of fractures and dislocations facilitates diffu- 
sion. Therefore, diffusion proceeds most rapidly in a deformed metal. The rate 
of diffusion is greatly dependent on temperature. This is not surprising since the 
diffusion coeflicient, the coefficient of proportionality between flow of matter 
and concentration gradient, can always be represented by an expression of the 
form 

Ae-U/RT, 


where U is the height of the potential barrier which an atom must surmount in 
an elementary diffusion event. The existence of such a relationship is rather evident 


since the diffusion coefficient must be proportional to the number of atoms the’ 


energy of which suffices to cross the potential barrier. 

Such barriers are quite high. In the case of self-diffusion, they are usually about 
1-2 eV. It will be recalled that k7 at room temperature is equal to ~0.03 eV. 
The number of atoms with energies much greater than the average is very small; 
hence, practically no diffusion occurs. At a temperature of the order of 1,000°C, 
the situation is entirely different. 

In the preceding article, we discussed crystal-crystal transformations occwring 
in an organised manner without diffusion. It should not be assumed that all phase 
transitions occur this way. On the contrary, at a sufficiently high temperature, 
the interchange of positions by atoms begins to play a very important role and 
the organised nature of transitions will be achieved in only small regions, or may 
even be completely obscured by the interchange of positions by atoms. ; 

If a solid state transformation is of a diffusive nature, it proceeds at a rate that 
is comparable to that of self-diffusion processes. The heights of potential barriers 
surmounted by atoms during rearrangement are of the same order as during self- 
diffusion processes. 

In the case of organised displacements of atoms of the martensite transforma~- 
tion type, the transformation proceeds at a ten-fold rate at low temperatures. 


CHAPTER 34 


Deformations of Bodies 


Sec. 265, ELASTIC PROPERTIES 


For every solid, there exists a distorting force limit up to which a deformation 
is elastic. This means that if the elastic limit is not exceeded, the body returns 
to its original state. 

Elastic deformations, like other deformations, are associated with the displace- 
ment of atoms (or molecules). When a body is extended elastically the interatomic 
spacing increases and when it is compressed the interatomic spacing decreases. 

The distinctive feature of elastic deformations is that they do not destroy inter- 
atomic bonds or create new ones. 

When a erystal is deformed elastically, all of the atoms continue to have the 
same neighbours. Thus, in elastic displacement, the lattice of a crystal as a whole 
becomes deformed (sloped). Hence, each atom continues to have the same neigh- 
bours. This enables the body to return to its equilibrium state when the distorting 
force is removed, 

The change in interatomic spacing that may be achieved by means of elastic 
extension or compression is quite small. The maximum relative elongation of an 
elastic nature does not, as a rule, exceed 0.001. This means that for interatomic 
spacings of the order of 2.\ the equilibrium positions of the atoms may be displaced 
by no more than 0.002 A. Such small changes in a lattice period can be detected 
through X-ray analysis by observing the displacement of diffraction lines on 
a roentgenogram. This requires that the lines be filmed at large 0 angles, since 
only in this manner can small changes in interplanar spacings be detected (see p. 297). 

The elastic deformation of polymers such as rubber is of an entirely different 
nature. Rubber has mechanical properties which basically differ from those of 
crystalline substances. The fundamental difference lies in the magnitude of elastic 
elongation. Certain kinds of rubber may be stretched to 10-15 times their normal 
length without exceeding the elastic limit. Thus, they may be elongated 10,000 
times more than metals! The magnitude of the modulus of elasticity of rubber 
is no less striking. 

A steel wire having a cross-section of 1 mm? witl stretch one twenty-thousandth 
of its length under the action of a load of 1 kgf, but a rubber band having the same 
cross-section will stretch to twice its original length under the action of such 
a load. 

Two processes occur when polymers are stretched. First, tangled bundles of 
molecules become disentangled. At the same time, there occurs regular packing 
of certain portions of the disentangled bundles of molecular chains into a three- 
dimensional order. Kvidently, the fact that crystallisation takes place upon stretch- 
ing is of secondary importance, since the established order does not remain when 
the external force is removed, i.e., the bundles of molecules become twisted once 
again. 

The twisting of bundles of molecules is accompanied by an increase in entropy, 
i.e., an increase in the degree of disorder. It turns out that the internal energy 
of rubber and similar polymers practically does not change when such substances 
are elastically deformed. Therefore, the work of stretching, which according to 
the fundamental laws of thermodynamics is dA =- dU — 7 dS, in this case simply 
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equals —T dS, i.e., it is directly proportional to temperature. (It should be recalled 
that the work of external forces on a system is considered to be negative.) In this 
respect, the elastic deformation of rubber is of the same nature as the isothermal 
compression of a gas (cf. p. 132). 

It should be noted that both the elastic deformation of a crystal and that of 
rubber do not yield a new potential energy minimum. In the case of a crystal, 


this is due to the fact that we do not go out of the potential well, and in the 
ease of rubber—that the energy does not change at all. 


Sec. 266. PLASTIC PROPERTIES 


Slippage. The elastic deformation of-a crystal consists in the changing of its 
interatomic spacing with each atom maintaining its same neighbours. On the other 
band, in the case of a plastic detormation—a deformation, which remains when 
the external force producing it is removed—atoms surmount their potential bar- 
riers and enter new “potential wells”, i.e., change their neighbours. The basic 
mechanism of plastic deformation is the slippage of one atomic plane relative 
to another. An element of such slippage consists in the displacement of all of the 
atoms by one period. This can be detected with the naked eye in the form of so-called 
slip bands. Slippage occurs at the weakest points (fractures and other defects) 
and the crystal breaks up into layers (slip stacks). The plotting of stack thickness, 
the order of magnitude of which is equal to several tenths of a micron, yields 
a random distribution curve. The forces required to displace atomic planes having 
different indexes will differ. Usually, it is easiest to displace the planes which 
are most compactly filled with atoms. However, slip planes of crystals may change 
with changes in temperature and impurities and also during the deformation 
process itself. In aluminium, the plane (114) is a slip plane. 

Slippage occurs along a given plane having a definite orientation. Usually this 
plane has the densest distribution of atoms (e.g., [101] in an all-sided face-centred 
cubic lattice). 

In order for displacement to begin, a certain minimum stress (ultimate shear- 
ing stress) is required. The magnitude of this stress is very small, reaching several 
grams per square millimetre in some Cases. In measuring the ultimate stress, one 
must, of course, take into account the orientation of the slip plane relative to 
the external force. 

Strength. A monocrystal of zine can be easily bent by hand. However, it is not 
possible to straighten it in the same manner. This is due to the fact that its strength 
has increased. 

The shearing strength of a crystal increases with increasing deformation. 
Therefore, plastic displacement along a given slip plane does not cause the material 
to rupture, but rather ceases when the strength is sufficient to oppose the external 
force, and thereupon displacement begins in other planes. Thus, the number of 
slip bands increases and the slip stack thicknesses decrease. 

If an external force is applied to a crystal previously subjected to plastic defor- 
mation, such deformation will resume, of course, when the magnitude of the force 
reaches the value at which it previously ceased to be effective owing to an increase 
in strength. It can be stated, therefore, that an increase in the strength of a crystal 
increases its elastic limit—and, moreover, by a large factor. 

One theory relates the described increase in the strength of a crystal to a disturb- 
ance of the regularity, i.e., distortion, of its lattice. From this viewpoint, it is 
quite natural that the strength of a crystal should increase with increasing rate 
3301028 
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of deformation and decrease with increasing temperature. However, from the 
viewpoint of the dislocation theory discussed above, the picture is different. 

Plastic Deformation as a Displacement of Dislocation. Let us consider in greater 
detail the process of displacing one atomic plane relative to another. If there are no 
dislocations in a slip band, it is necessary to shift every row of atoms in the qis- 
placement plane. The situation is quite different when a shearing force acts on 
a crystal containing dislocations. 

Figure 298 shows a compact packing of spheres which contains a simple disloca- 
tion (only the end spheres of the rows are shown). For simplicity, let us assume 
that the dislocation region embraces a minimum number of rows. Then, the dislo- 
cation consists basically in the following: between two rows of the upper, extend- 
ed layer, adjoining the boundary between blocks, there is a linear gap. In the 
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lower, compressed layer on the other side of the boundary between blocks, there 
is an extra row of atoms (the two rows of atoms just above the linear gap are very 
compressed). Now, let us begin to displace the upper block to the right relative 
to the lower one. At a certain initial instant, the “fissure” is between rows 2 and 8, 
rows 2’ and 3’ are compressed. As soon as the force becomes effective, row 2 moves 
into the “fissure”, the shape of sphere 3’ is restored and sphere 1’ becomes com- 
_pressed, The entire dislocation has shifted to the left, and it will continue to move 
in this direction until it is “pushed out” of the crystal. In other words, displace- 
ment consists in shifting the dislocation line along the displacement plane. It is 
clear that a much smaller force is required to achieve displacement when disloca- 
tions are present. 

According to calculations, the strength of a crystal in which there are no dislo- 
cations should be a hundred times as great as the strength of an actual crystal, 
determined experimentally. The presence of a small number of dislocations 
suffices to decrease the strength to a small fraction of that of an ideal crystal. 

Figure 298 shows how a dislocation is “pushed out” of a crystal by an applied 
force. Thus, as the degree of deformation is increased, the strength of a crystal 
increases. When the last dislocation of a crystal is eliminated, its strength will 
be about a hundred times as great as that of a perfectly normal crystal. In this 
manner, an increase in strength can be easily explained. To be sure, in order to 
obtain quantitative agreement between calculations and experimental results, 
we must assume that helical as well as ordinary dislocations may aid displacement. 
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Excellent confirmation of this theory is provided by the fact that the strength 
_of perfect crystals which are grown artificially is approximately equal to the cal- 
culated value for an ideal crystal. 


Sec. 267. ULTIMATE STRENGTH 


As the stress within a body increases, its deformation increases up to a certain 
point (the elastic limit). Then, plastic deformation begins and because of an in- 
crease in strength the curve rises sharply. Finally, the rupture point is reached. 

The ultimate strength of a body depends, to a certain extent, on the duration 
of an applied force. When the force is of prolonged duration, the ultimate strength 
drops. The values given in engineering handbooks generally refer to short-dura- 
tion tests. The dependence of the ultimate strength of a body on the duration of 
an applied force indicates that in slow processes the behaviour of a solid depends 
on internal diffusion processes. It may be assumed, for example, that even small 
forces can create a favourable trend for processes involving an interchange of 
positions by atoms. 

The value calculated for the ultimate strength of a perfect crystal is several 
hundred times as great as measured values. This signifies that faults play a fun- 
damental role in a crystal. The calculated value for the rupture strength of a mono- 
crystal of rock salt is 200 kgf/mm?*. Under ordinary conditions, a rod of this sub- 
stance will rupture when it is subjected to a load of 0.5 kef/mm?, 

The role played by fractures was demonstrated in the well-known experiments 
of A. F. Yoffe, who investigated the rupture of rods of rock salt in water. Water 
dissolves the surface of such a rod and “heals” the microfractures formed during 
extension. As a result, the rupture strength of rock salt becomes greater than 
100 kef/mm?, i.e., it approaches the theoretical value. 

The presence of faults serves to decrease the effective area at which rupture occurs. 
In the final analysis, the force acting at the instant of rupture is determined by 
the number of broken interatomic bonds. 

The strength of various materials determined in this manner vary within narrow 
limits. Thus, a piece of thread or rubber band ruptures at a stress of the same order 
of magnitude as that of a steel wire. 


Sec. 268. MECHANICAL PROPERTIES OF A POLYCRYSTALLINE MATERIAL 


During the initial, elastic stage of deformation, the grains of a crystalline ma- 
terial are not deformed uniformly since they have various orientations relative 
to the line of action of the force. As a result, the elastic properties of a polycrystal- 
line substance will differ from those of a monocrystal. 

However, in the plastic region, the behaviour of a polycrystalline substance 
may differ from the behaviour of a monocrystal of the same substance to an even 
greater extent. A polycrystalline substance offers greater resistance to an external 
force. This is not surprising since the development of plastic displacements in 
a given grain will be impeded by neighbouring grains in which slip planes are 
oriented entirely differently relative to the applied force. 

Moreover, in a polycrystalline material, there occurs an entirely new phenom- 
enon: the turning of grains and the formation of texture. The turning of grains 
in drawing, rolling and other deformation processes is determined by the tendency 
of each grain to become aligned in such a manner that slippage is facilitated, ‘i.e., 
with its slip plane parallel to the applied force. If there are several slip planes, 
the grain assumes a position for which the effect of the slip planes is maximal. 


33% 


516 HL, Structure and Properties of Matter 


For example, in most metals having cubic all-sided face-centred cells, the graing 
tend to become arranged with the [111] directions parallel to the axis along which 
the material is drawn. 

Another new phenomenon occurring in such a material consists in the slippage 
of the grains relative to one another along an intercrystal layer. Such displacemeny 
differs from crystal displacement and is more like viscous flow in thick liquids, 

A polyerystalline material may not rupture at the same value of stress as a mono- 
crystal. In certain cases, the grains of a polycrystalline material remain whole 
when the material ruptures. This occurs when intercrystal layers have weak me- 
chanical properties. As a general rule, the strength of a material increases with 
decreasing grain size. 


Sec. 269. THE EFFECT OF SURFACE-ACTIVE SUBSTANCES ON DEFORMATION 


fivery solid has numerous ultramicroscopic structural faults, arising as the 
result of the thermal mobility of its atoms and the presence of impurities ang 
mechanical defects. These faults are distributed throughout the volume of a solid 
and in many cases can be viewed as extremely minute embryonic microfissures, 
The basic characteristic of such embryonic microfissures is their ability to increase 
in size during the process of deformation of the material. 

Under the action of external forces, the size of these microfissures increases 
and a concentration of stress arises at their edges. This, in turn, further facilitates 
the growth of the microfissures. In the case of a brittle material, such an increase 
in the size of microfissures during a deformation process may result in prema- 
ture rupture of the material. In the case of a plastic material (most metals) such 
an increase in the size of microfissures during a deformation process results in 
the formation of plastic displacements. When a body is in a three-dimensional 
stressed state, the microfissures have wedge-shaped cross-sections and are character- 
ised by exposed surfaces—orifices and cul-de-sacs in which the fissures preserve 
their embryonic nature. Actual fissures terminate in cul-de-sacs like a sharp blade 
having a very large curvature, with a radius of curvature of the order of magni- 
tude of the lattice spacing. When the deforming forces are removed—in the range 
of elastic deformations—the microfissures gradually “heal” in reverse order, i.e., 
first the cul-de-saes close and then the orifices. 

P. A. Rebinder has shown that the effect of the surrounding medium on mechan- 
ical properties of a solid is not restricted to such chemical action as corrosion 
and dissolution. The exposed surface of a solid is always coated with a thin film 
of a component of the surrounding medium which is most closely related to the 
given solid. Such a substance may be a gas or vapour usually contained in air, 
or a substance located in the vicinity of the solid. The molecules of a substance 
clinging to the surface of a solid, or, as we generally say, adsorbed by a solid, are 
able to move along this surface and migrate from a region where there is an excess 
of such molecules to a region where there is a deficiency for complete coating of 
the surface. The tendency of an adsorbed layer to occupy all of the surface avail- 
able to it is due to the fact that adsorption decreases the surface energy of a solid. 
Substances which may be adsorbed by the surface of a solid are called surface- 
active substances. Various organic alcohols, acids, and salts of these acids, i.e., 
soaps, are highly surface-active substances with respect to metals. 

The strength of a solid decreases when it adsorbs a surface-active substance. 
If a solid’is ruptured in a medium containing even a small amount of a surface 
active substance (for example, in a solution of oleinic acid in pure vaseline oil), 
the force required to rupture the material is less than under ordinary conditions. 


84, Deformations of Bodies 547 


This is particularly evident in the crushing of soft rocks and in the subjection of 
metals to a variable force or a force of prolonged duration. 

The effect of adsorbed molecules on the strength of a solid can be explained 
as follows. When molecules are adsorbed by the surface of a body, they penetrate 
the microfissures as a consequence of their mobility and tendency to occupy all 
of the exposed surface of the adsorbent. The drawing of adsorbed layers into 
a microfissure is due to the decrease in the surface energy of a solid caused by such 
penetration. If an obstacle is placed in the path of an adsorption layer tending to 
occupy a surface area of a solid which is not yet occupied, the adsorption layer 
will exert pressure on the obstacle. Within a microfissure, such an obstacle is 
provided by the molecules themselves, i.e., their size prevents them from penetrat- 
ing deeper into the microfissure. Therefore, at the boundary of an adsorbed layer 
within a microfissure, a pressure, which is directed so as to increase the size of 
the fissure in depth, arises. Adsorbed layers behave like wedges driven into the 
microfissures. Thus the penetration of adsorbing molecules into the orifices of 
microfissures tends to create additional disrupting forces. This is equivalent to 
increasing the external deforming forces. Therefore, the rupture of a solid in the 
presence of adsorbing substances is brought about by lower applied forces. 


Sec. 270. MATERIAL BREAKDOWN UNDER THE ACTION OF A STREAM OF PARTICLES 


The problem of material breakdown under the action of a stream of particles 
is of great importance in the construction of nuclear reactors. The materials of 
a reactor, including nuclear fuel, moderator, walls and instruments, are subjected 
to the action of neutrons, fission fragments, electrons, etc. Let us consider those 
actions of streams of particles which leave permanent effects. 

In the first place, we should mention particle collisions in which an electron 
providing a chemical bond between atoms is dislodged from its position. In such 
cases, ionisation results in the rupture of the bond. This bond is not necessarily 
re-established. Moreover, the ions or radicals which are formed may recombine 
in a different way. Therefore, in molecular materials, ionisation results in the 
breakdown of certain molecules and the creation of new ones. 

An atomic nucleus may also be displaced from its position. In such a case, it 
drags along its electron shell. Therefore, it can be said that an entire atom, 
rather than just a nucleus, has been dislodged from its position. Such an effect 
of the action of radiation is almost always irreversible. 

Materials are damaged by radiation as a result of the displacement of atoms 
from their positions and the rupture of chemical bonds. Atoms are dislodged under 
the action of heavy charged particles and fast neutrons. Chemical bonds are rup- 
tured under the action of slow neutrons, y-rays and electrons. 

Let us consider more carefully what occurs when atoms are dislodged from their 
positions in solids. The process of displacement of atoms is a chain process. This 


Means that the first displaced atom displaces another atom which is located in 


its path; the latter is able to displace a third atom, etc. By means of such a chain 
process, a single fast nuclear projectile is able to produce considerable distortion 
in the crystal lattice of a solid. The nature of the distortion varies consid- 
erably from case to case. A crystal lattice may be completely destroyed. Foreign 
atoms may penetrate between atoms of the primary lattice. Also possible are 
processes involving the substitution of atoms of the primary lattice by projectile 
atoms. The number of displacements per charged particle for one element does 
not differ greatly from the number for another element. An a-particle having an 
energy of 5 MeV, or a proton having an energy of 20 MeV, dislodges 60-80 particles. 
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These figures suggest that the heavier the particle, the greater the damage. Ana]- 
ogous figures for fission fragments of uranium-235 or plutonium-239 nuclei are 
considerably more unexpected. Such a pair of fragments produces, for example 
25,000 displaced atoms in uranium and 8,000 displaced atoms in graphite,’ 

The process of slowing down a neutron from its initial velocity to thermal 
velocity also does not proceed without causing damage to materials. The slowing 
down of a neutron causes 450 atoms to be displaced in beryllium, 41,900 atoms 
in’ graphite and 6,000 atoms in aluminium. 

It is evident from these figures that significant changes in the properties of 
a crystal lattice are to be expected as a result of the displacement of atoms from 
their positions in the lattice. Metals are of primary interest in this connection. 
The reason for this is that the sole permanent effect of radiation in metals is the 
displacement of atoms. 

The action of neutrons and fission fragments has been studied most carefully. 
This is not surprising since such investigations are of basic importance in the 
design of nuclear reactors. The effect of a dose of 10 neutrons per sq cm has been 
studied in detail. Such a dose is not very large. Generally speaking, the materials 
of a nuclear reactor are subjected to such a stream of neutrons during each day 
of operation. However, even in the case of such a small dose, the properties of 
metals undergo important changes. These changes approximate those which oceur 
in the cold working of metal. Thus, under the action of neutrons and fission fr 
ments a metal’s brittleness and hardness increase, its ductility decreases, and 
electromagnetic properties also change. 

Radiation damage in metals consists mainly in the displacement of atoms from 
their positions, but in organic materials, where the atoms are connected by chem- 
ical bonds, the changes consist mainly in the rupture of such bonds as the result 
of ionisation. Organic materials are very rapidly broken down under the action 
of radiation. A dose of the order of 101° neutrons per square centimetre practically 
disintegrates an organic substance. In a reactor, paraffin, olefin and polypheny] 
sustain a damage of 25 per cent within several hours. 

The transformation of an organic material usually consists in the liberation of 
a gas and in polymerisation. However, it should be noted that in certain cases 
high-polymer materials are depolymerised under the action of radiation. 

The crystal lattice is arranged so that we may expect different easiness of penetra- 
tion of a charged particle in different crystallographic directions. 

At first, it may seem that it is rather difficult for a charged particle to get into 
a lattice tunnel. It is easy to compute that for the thinnest crystals the motion of 
a proton along a straight line without “brushing” against the atoms located in 
its way must be realised with an accuracy to 0.01 degree of arc. However, the exper- 
iments carried out recently on monocrystals showed that tunnelling can be observed 
without special difficulties. When the direction of a beam of particles coincides 
with the axes of crystals, the intensity of proton current increases five to ten times. 
A detailed investigation showed that tunnelling is a peculiar process with a feed- 
back. When a proton deviates from its path along an atom row; the electrostatic 
forces return it back to the straight path. 
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CHAPTER 35 


Dielectrics 


sec. 271, THE RELATIONSHIP BETWEEN PERMITTIVITY 
AND THE POEARISABILITY OF A MOLECULE 


In a number of cases, particularly in gases, the molecules of a substance do not 
interact with one another. Hence, the electrical properties of such a substance are 
determined by the average behaviour of one of its molecules. Molecules do not 
interact with one another in many dilute solutions as well. Occasionally, molec- 
ular interaction plays a secondary role even in a condensed phase. 

Therefore, consideration of the electrical properties of a substance which con- 
sists of a large number of noninteracting molecules is of considerable importance. 

The dipole moment of a unit volume of dielectric P, is determined by the per- 
mittivity ¢ and the field intensity # in accordance with the formula 

Petite 
£70 
(see p. 193). On the other hand, the polarisation vector P is equal to the sum of 
the dipole moments in a unit volume of dielectric: 


or 


where NV is the number of molecules in such a unit volume and p is the “contribu- 

tion” of each molecule to the polarisation vector. If Z’ is the field intensity which 

acts on a molecule, then 
p = BE’, 

where B is the polarisability of the molecule. 

It would seem that the relationship between 6 and ¢ should now be given by 
the expression e = 1 + 4nNVp. However, this is not so, and that is why the field 
intensity in the above formula was denoted by & prime. The equations relating 
P and E and p and £’ involve different field intensities. Z is the force acting on 
a unit test charge; such a charge does not distort the existing field. #’ is the field 
produced by all the molecules (with the exception of the given one) acting upon 
the given molecule. 

On p. 196, it was indicated that the field inside a dielectric sphere, Z;, is related 
to the external field in which this sphere is located as follows: — 


E,=E.—+ oP. 


It is evident that the field in a spherical cavity which is cut in a dielectric may 
be determined by changing the sign of P: 


Ey= Bete oP. 


It may be rigorously proved that £’, the field due to all the molecules of a gas 
(except the one acted upon), is equivalent to the field in a spherical cavity. Thus, 


E' = E+ aP. 
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The relationship between B and ¢ may now be determined. Equating the derived 
expressions for P, we obtain 


e—1, = " 
4, te = f 
a E=Np=NBE'. 
& 2 et ; : 
Now, substituting #’ = BF -+-= 1 FH, we obtain the so-called Clausius-Mosotti 
2 3 Am 
formula: 
e—1 Ag 
eo pe 


If each member of the equation is multiplied by = , where M is the molecular 
weight and p is the density, the resulting expression will depend only on the pol- 
arisability $6. Thus, V s = Na, = 6.02 « 102% (Avogadro’s number). 

The quantity 


~] 
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is called the molecular polarisation. 'To determine the molecular polarisation, one 
must first measure the permittivity of a substance as the ratio of the capacitance 
of a condenser filled with the substance under investigation to the capacitance of 
the condenser with the dielectric removed. Capacitance is usually measured by 
means of a bridge. Such bridges are constructed for the range 30 Hz to 300,000 Hz. 
However, bridges may be constructed for frequencies up to 40 MHz. 

A wide variety of permittivity meters (instruments for measuring €) are employed, 
Such instruments are very sensitive and enable us to measure permittivity with 
a high degree of accuracy. Indeed, excellent results may even be obtained with 
gases having a pressure of the order of 1 mm of Hg. 

Using the formula ¢ = n? (see p. 250), we can derive an index of refraction 
equation which is analogous to the molecular polarisation equation: 

n?—1i M An 
R= i niles Navbe 
This characteristic of a molecule is called molecular refraction. 

Measured values of R and & for different frequencies of electromagnetic vibra- 
tions may differ considerably from one another. 

Despite the fact that the derivation of these formulas presupposes a gas, molec- 
ular interaction evidently changes matters little. In any case, the formulas for R 
and # are widely used in the investigation of dilute solutions as well. 


Examples. Let us consider benzene, C,H, (¢ = 2.28; p = 0.88 g/em®; M = 78), and water 
(e = 81; = 1 g/cem®; M = 18). Assume that the plates of a flat condenser, which creates an 
electric field Z = 300 V/em = 1CGS unit, are immersed in these liquids. 
1. Let us calculate the polarisation (the electric moment of a unit volume of dielectric) of 
benzene and water: 
e—1 2.28—1 
Prenzene Am E= 4% 3.14 


Pwater = 6.4 CGS units. 


x t=0.1 CGS unit; 


The contribution of each molecule to the polarisation vector is P= > where NV = ave is 
the number of molecules per unit volume; 


Venere iS % 10723.CGS unft; 


Pwater= 1904 x 10783 CGS unit 
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2. Let us calculate £’, the intensity of the electric field due to all molecules (except the one- 
acted upon): 
Eb enzene= E+ 3 ™Poenzene=1.43 CGS units; 


Ewater=27.8 CGS units, 


i.e., the field in water is about 28 times (!) as great as the applied field. Now, the polarisability 
of molecules of benzene and water can be determined: 


Boenzene = $= 1.05 10-8, Buater = 0.7 x 10-8, 


3. From measurements of e by means of a permittivity meter, we can calculate the molecu- 
e—1M 


lar arise } P= = s 
ar polarisation ./ E420 


Pvenzene= 26.6 CGS units; 
PF water = 17.3 CGS units. 


4, Measurements of the index of refraction n by means of a refractometer yield noenzene = 
= 1.5014 and ny,_je, = 1.330. Using these values, we can calculate the molecular refraction 


ee n2—i1M , 
BFS 2 6.” 


Rienzene= 26-1 CGS. units; 
Rwater=38.6 CGS units, 


It is seen that in the case of benzene # ~ R and in the case of water the values of # and R 
differ considerably. The reason for this will be explained in the next article. 


Sec. 272, POLARISATION OF POLAR AND NONPOLAR MOLECULES 


Polarisation of a substance under the action of an electric field may occur for 
two reasons. Firstly, the centre of gravity of the electron shell may be displaced 
(inherent polarisability). Secondly, the field has an orienting action which may 
turn molecules having a constant, or rigid, dipole moment closer to the direction 
of the field. Therefore, it is customary to divide polarisability into two parts: 
a—inherent polarisability and b—orientation polarisability. 

A molecule must be turned as a whole in order for the dipole to become oriented. 
Owing to the inertia of a molecule, such turning requires a certain amount of 
time. For rapid electromagnetic vibrations, a rigid dipole cannot follow the field. 
Therefore, in the case of light waves, the orientation polarisability b is absent. 

Thus, 


P= Ng, (a+b) and R= 5 
The polarisability a of a molecule can be determined by measuring the index of 
refraction. If, in addition, #& is also measured, the orientation polarisability 
is obtained by subtraction. 

The magnitude of the orientation polarisability is directly related to the rigid 
dipole moment p of a molecule. We shall show that b = aT 


Gas molecules are randomly oriented as a result of chaotic thermal motion. 
In the absence of a field, the assumption of any direction by the dipole moment: 
p of a molecule is equally probable. The situation changes if a field F is applied. 
The potential energy of a dipole is equal to e (p4 — @_), where py and @. are- 
the potentials of the field at the ends of the dipole, i.e., 


—¢- 1. —pE= — pF cos 8, 
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where 0 is the angle between the field vectors and the dipole moment. A dipole 

oriented in the direction of the field has a minimum energy. This energy is equal] - 

to —pE. Thermal motion prevents all dipoles from assuming a position of mini- 

mum energy. A certain compromise distribution is established between the tendency 

to maximum entropy and the tendency to minimum energy (see p. 500). The Boltz- 

mann law is an expression of this compromise. The probability that the energy 
U 


of a molecule lies between U and U -- dU is proportional to e #T dU, In our case, 
U = —pE cos 0. Therefore, dU = pE sin 0 d0. The fraction of molecules the 


ple 
== cos 0 
‘dipole moments of which lie between 9 and 9 + dO will be equal to e#? ee” sin 0 do. 
For ordinary temperatures, pE < kT. Wven for extremely strong fields of the 


order of 105 V/cm, the ratio Be will be of the order of 0.04 (the order of magnitude 


of dipole moments is 10-** CGS unit). Therefore, we can use the approximation 
e = 1 +2, and the fraction of molecules sought will be equal to 


consi{{ 4 ob a cos 6) sin 0 d0. 


The integral of this expression from 0 to m should equal unity from the prob- 
ability viewpoint, since for any molecule the direction of p lies somewhere between 


0 and m. Then, as can be easily verified, the constant is equal to > and the fraction 


of molecules the polarisation vectors of which lie in the interval from 0 to 0 + dO 
will be equal to 


4 
a (1-+ 57 cos8) sin 0 dé, 


The projection of the dipole moment on the direction line of the field is p cos 0. 
If NV is the number of molecules per unit volume, the fraction contributed to the 
polarisation vector by molecules inclined at an angle 0 to the field will be equal to 


4 E : 
= Np (1+ 47 008 0) sin 0cos 0 d0. 


The polarisation vector P can be determined by integrating this expression from 0 
to m. We obtain 
a A 
Rea ‘SET E; 
hence, the orientation polarisability is given by the formula 
ee (oi 
a 
The relationship between molecular polarisation and temperature is expressed 
by the formula 


4m 2 
P== a 
PN ae (2+ 357). 


This theoretical conclusion is in excellent agreement with experimental results. 
By measuring # as a function of 7, we can easily determine the two parameters 
which describe the electrical properties of a molecule, viz., polarisability and 
the “rigid” dipole moment p. 

Thus, the values obtained for a by measuring R can be used to determine p by 
substituting it in the expression for #. 

Experiments indicate that in certain cases the interaction of dipoles of neigh- 
bouring particles may result in significant changes in permittivity as compared 
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with the value of ¢ for a system of noninteracting molecules. This can be shown 
by measuring ¢ in a liquid and in a gas formed of the same molecules. 

The interaction of particles also affects the permittivity of crystals. 

As a rule, electric polarisation in crystals occurs only as the result of the defor- 
mation of electron shells and the displacement of ions. No orientation polarisa- 
tion occurs since, by and large, molecules cannot turn in a crystal. 

In many ionic crystals, the index of refraction squared is considerably less than 
the permittivity. (For example, the values for rock salt are 2.37 and 6.3, respec- 
tively, for titanium dioxide 7.3 and 114, and for lead carbonate 4.34 and 24.) 
In such crystals, the electron shell is deformed and, in addition, the ions are 
displaced as a whole under the action of a static field. On the other hand, it has 
been established that in molecular crystals the permittivity is equal to the square 
of the index of refraction. This indicates that, polarisation is due exclusively to 
the deformation of the electron shell. 

Since orientation polarisation is absent, permittivity varies very little as the 
temperature changes. 

It has already been indicated that in the case of arapidly varying field there is 
no orientation polarisation and the molecular polarisation becomes equal to the 
refraction. It is important to know which field oscillations should be considered. 
rapid. This can be determined if the relaxation time is known. When the relaxation 
time + is much greater than the oscillation period, there is no orientation polarisa- 
tion. 

The relaxation time t was discussed on earlier. If a dielectric is in a constant field, 
its dipoles assume an equilibrium orientation distribution which depends on the 
temperature. When the field is switched off, the dipoles become disoriented. How- 
ever, this does not occur instantaneously, i.e., the order decreases in accordance 
with an exponential law. The rate of this decrease is described by the relaxation 


;ime t—the time in which the polarisation decreases to = of its original value. 


If ¢ is much greater than the oscillation period, the direction of the external field 
changes before the dipoles-change their orientation. A very rapidly varying field 
does not affect the behaviour of the dipoles at all. If t< 7, at each instant the 
state will be in equilibrium and the polarisation will closely follow changes in 
the field. For most dielectrics, the relaxation time is of the order of 10712-10723 sec. 


Examples. 1. Using the results of the example on p. 520 let us determine the values of the in- 
herent polarisability a and the orientation polarisability 6 for benzene and water: 
a=3R/4nNay, whence  apenzene= 10733 CGS unit; 
Qwater = 0.14 X 10-83 CGS unit. 
On the other hand, 
atb=3P/4nNav, (4+b)venzene= 10723 CGS unit; 
(a+- b)water= 9.7 X 10-28 CGS unit. 
Tt follows that 
Boenzene=0 and Dyater=0.7 X 10723—0.14 x 10-23 = 0.56 x 10-22 CGS unit. 
pe means that a benzene molecule does not have a rigid dipole moment, but a water mole- 
cule does, 

2. Let us determine the rigid dipole moment of a water molecule from the formula p = 
= Y 3k7b. If the molecular polarisation and the molecular refraction R are measured at 
room temperature (7 = 300 Kk), 

p=V 3% 1.38 x 10-25 & 300 x 0.5 x 10-27 = 0.8 x 10-18 CGS unit. 
This value is in close agreement with experimental results. ‘ 

Frequently, the unit 1 debye = 10-18 CGS unit is used as a measure of dipole moment. This 
Unit is named after the German scientist Debye, who developed the theory of dipole moments. 
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‘Sec, 273. ADDITIVITY OF MOLECULAR REFRACTION 


The refraction & is a molecular constant. R does not depend on the density 
or phase of a substance (this has been demonstrated experimentally), nor on the 
temperature of the given substance. A convenient property of refraction is jts 
additivity. If it is possible to compile a table of property increments* for al] 
possible atoms, and if the magnitude of the property is determined as the sum of 
the increments, such a property is said to be additive. The additivity of R can 
be used for analytical and identification purposes. (It should be noted that this 
additivity possesses no theoretical basis and in a number of cases there occur 
significant deviations from the ideal.) 

Innumerable observations have been processed by numerous investigators, and 
tables of R increments have been compiled. (Most of these tables are for R , incre- 
ments, i.e., measurements of the index of refraction for the so-called D-line, 
the yellow line of sodium.) For example, for C, H and Cl] atoms, the increments 
are equal to 2.418, 1.100 and 5.967, respectively. By means of these values alone, 
one can predict the molar refraction of many compounds: 


methane, CH,: R= 2.418-+-4 x 1.100; 
chloroform, CHCI,: R= 2.418-+-1.100-+3 x 5.967; 
carbon tetrachloride, CCl,: R= 2.418--4 x 5.967, 


etc. Refractions can be measured with great accuracy and when necessary extreme- 
ly small differences can be determined. 

In view of dispersion anomalies, which, as 
was explained earlier, occur at frequencies 
close to the natural frequencies of absorption, 
refraction should be measured in a region far 
removed from the absorption bands. 

Indexes of refraction are measured by means 
of refractometers. Most refractometers measure 
the angle of refraction of a beam of light 
(emerging from a material under investigation) 
which impinges on the surface of a prism made 
of glass with a higher n. 

If a bundle of rays with an angle of incidence 
of 0° to 90° reaches the boundary between 
the material under investigation and the 
glass, the refracted rays will lie between 0° 
and a certain critical angle a the sine of 
which will be equal to the ratio of the index 
of refraction of the material under investiga- 
tion to that of the glass of the prism (see 
Fig. 299). The critical angle is indicated by 
a sharp line in the focal plane of the tube. 

To measure the index of refraction of a liq- 
uid, we must place a 0.5-mm layer of it on 
the surface of the prism. When measuring sol- 

Fig. 299 ids, the material must make close contact with 
the surface of the prism. Optical contact is 
achieved by using drops of an appropriate liquid between the surface of the 


* These are the contributions of a given atom to the value of a given physical quantity. 
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prism and that of the material under investigation. The index of refraction of a 
powder may be determined by immersing the powder in a liquid whose index of 
refraction is the same as that of the powder. 


Sec. 274. PYROELECTRIC AND PIEZOELECTRIC MATERIALS 


A crystal which does not have a centre of inversion included in its symmetry 
elements may possess a number of interesting properties. Such crystals may have 
an electric moment (polarisation vector) in the absence of an external field. 

First, let us direct our attention to crystals which become polarised with homo- 
geneous deformation*. This property is characteristic of piezoelectric crystals, 
which were discussed in Sec. 45. 

The occurrence of polarisation on compression, extension, etc., shows that 
homogeneous deformation results in the creation of a special, i.e., single (not multi- 
plied by the number of symmetry elements) direction. Such behaviour is not pos- 
sible when a crystal has a centre of inversion. Homogeneous deformation cannot 

Zz 


} 
| 


Fig. 300 Fig. 301 


eliminate a crystal’s centre of inversion. At the same time, the existence of a centre 
of inversion is incompatible with the existence of a special direction such as the 
polarisation vector direction. Any crystal that does not have a centre of symmetry 
may possess piezoelectric properties. Nevertheless such properties are not found 
in many crystals of this type. This may be due to the fact that instruments are not 
sufficiently sensitive. However, we may conceive of a noncentral symmetric struc- 
ture in which a homogeneous deformation does not displace the centre of gravity of 
positive charge relative to the centre of gravity of negative charge. Close exami- 
nation shows that the piezoelectric effect is not possible in one of the noncentral 
Symmetric groups of symmetry. 

The most common piezoelectric material is quartz. Figure 300 shows how piezo- 
electric plates may be cut from a quartz crystal. 

The nature of atom displacements can be assessed from Fig. 301. The structure 
of quartz may be pictured as a compact packing of oxygen ions in the empty spaces 


Se 


* This is a deformation in which all volume elements are deformed in the same manner. 
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of which silicon atoms are located. The oxygen ions carry a negative charge 
and the silicon ions a positive charge. A silicon atom is surrounded by four 
oxygen atoms. Electrisation of quartz occurs when it is compressed along the 
polar axes. Pressure applied along axes lying in the plane of the figure results 
in the displacement of its positive charge relative to its negative charge. Pressure 
along an axis of the third order (a nonpolar direction perpendicular to the plane 
of the figure) is ineffective. 

Atom displacements cannot be shown in the figure. These displacements are 
quite negligible and cannot be detected by objective methods (e.g., X-ray struc- 
tural analysis). The piezoelectric constant of quartz, i.e., the magnitude of the 
polarisation vector for unit pressure, is equal to 6.5 ~ 10°° CGS unit. The volume 
of a unit cell of quartz is equal to 1412 x 10-*4 cm®. Since there are three SiO. 
molecules in a cell, the number of molecules in a unit volume is equal to 2.7 
x 1022 and, therefore, the dipole moment per molecule for unit pressure is equal 
to 2.4 * 10-°° CGS unit. The charge of a molecule is equal to 14+ 2 x 8 = 30 
electron charges. Therefore, the displacement of the centre of gravity of positive 
charge relative to the centre of gravity of negative charge is a negligible quantity 
of the order of 10-48 cm, which gives 0.4 A at a pressure of 1,000 atm. 

Piezoelectric crystals include a class of materials known as pyroelectric crystals. 
Such crystals are naturally polarised under normal temperature and pressure. 
Usually this effect is masked by the free surface charge which accumulates along 
the boundaries of the crystal, but it may be detected when the temperature of the 
crystal is raised. Hence the designation pyroelectric (pyro means fire). 

Pyroelectric crystals have even more restricted symmetry. Only a crystal having 
a special axis can be termed pyroelectric. Thus, the mere absence of a centre of 
symmetry is insufficient. The significance of this condition is evident. The pres- 
ence of natural polarisation indicates that such a special direction is present in 
pyroelectric crystals, while in the case of piezoelectric crystals such a direction 
appears only under the action of mechanical deformation. One of the most common 
pyroelectric substances is tourmaline. 

A pyroelectric crystal has a very strong internal electric field. Therefore, the 
superposition of an external field does not change the polarisation of such a crystal, 
i.e., the polarisation cannot be increased, decreased or rotated, Such a crystal is 
polarised to saturation—all particle dipole moments are parallel. In the theory 
of ferromagnetism (see Sec. 279, which may he read with profit at this point), 
a region in which the magnetic moments of atoms are parallel is called a domain. 
The same term is applied to a region in which the electric dipole moments of all 
particles are parallel. A pyroelectric crystal usually constitutes a single domain. 


Sec, 275, FERROELECTRIC CRYSTALS 


Of ereat importance for engineering is the class of ferroelectric crystals possessing 
the following peculiarity: an increase in temperature leads to the loss of their py- 
roelectric properties. Maximum permittivity (dielectric constant) is observed at 
the transition temperature (the so-called Curie point). The temperature relationship 
of « satisfies the law 

C 


=—F—8? 


é 
where © is the Curie temperature. 

Thus, in ferroelectric crystals (a typical representative of this class of mate- 
rials is Seignette salt) there takes place a transition from a polarized ordered state 
to an unpolarized state, 
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There exists a close similarity between ferroclectric and ferromagnetic sub- 

stances. ‘The same as ferromagnetics, these interesting dielectric substances have 
very large dielectric constants (values of several hundreds or even thousands), 
pronounced hysteresis effects, and Curie points. Along with ferroelectric crystals. 
in whose domains all the dipoles are parallel, there exist antiferroelectric sub- 
stances with alternated directions of dipoles, 
. The discussion of Sec. 279 is completely applicable here and will not be repeated. 
The points made about the effect of a field, polarisation by the displacement of 
domain boundaries, and the reasons for the division of a crystal into small do- 
mains—all apply to ferroelectric materials as well. 

‘Today we know over a hundred of various substances with ferroelectric prop- 
erties. Various crystals may have somewhat different mechanisms of polarisation. : 

A large number of ionic pyroelectric crystals are ferroelectric. Several of these: 
are particularly suitable to demonstrate ferroelectric properties. A profound 
study was given to the phenomena occurring in the 
family of substances ‘designated by the general for- 
mula ABO, (so-called perovskites). Barium tita- 
nate, BaTiO;, belonging to this family, is typical 
in this respect. At 120°C, barium titanate loses its 
special properties and becomes an ordinary dielectric. 
At temperatures above 120°C, this substance has the 
simple unit cell shown in Fig. 302. The cell is cubic; 
at the centre there is a titanium atom, at the corners 
of the cube barium atoms, and at the face centres ox- 
ygen atoms. The cell has a central symmetric struc- 
ture; above 120°C, the crystals no longer exhibit pyro- 
electric properties. When the temperature is reduced 
a phase transition occurs and the structure changes: 
one of the cube edges becomes 4 per cent longer than the other two and 
the cube is transformed into a tetrahedron. In this process, the titanium atom is 
displaced in the direction of one of the oxygen atoms. This now becomes the special 
direction and the polarisation vector will be parallel to this line. It is clear that 
a barium titanate crystal has three directions of weak polarisation, rather than one, 
since the displacements along the three axes of the cube are equal. 

When the substance is cooled below the Curie point (which is 120°C for a barium 
titanate crystal), different regions of the crystal may be transformed into domains 
with different orientations. A crystal which has acquired a domain structure is 
in a state of mechanical stress, i.e., some portions of the crystal ‘are compressed 
and others extended. Strictly speaking, a domain crystal is not a monocrystal, 
since three-dimensional long-range order throughout the crystal is no longer 
present, 

On further decrease in temperature, barium titanate undergoes yet another phase 
transformation at about -+410°C, but retains its ferroelectric properties. 

Seignette salt behaves differently. It possesses the ferroelectric properties only 
within a narrower temperature interval: from —20°C to +24°C, 

Let us consider in more detail the distortions of the symmetric cubic structure 
which appear when the substance is cooled to a temperature below 120°C. Neutron- 
diffraction measurements show that the deformation measured with respect to 
the lattice of barium ions consists in displacements of titanium ions by +0.05 A 
and oxygen ions by —0.10\ and —0,05 4. Unequal displacements of oxygen 
ions just show that one of the cube edges becomes singular due to ferroelectric 
transformation accordingly as the cubic system turns into a tetragonal system. 


Fig. 302 
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Between negatively charged oxygen ions and a positive titanium ion a dipole 
arm is formed. If we project all the charges onto the singular direction, assuming 
that the atoms of barium and titanium lack two and four electrons, respectively, 
and the oxygen atoms have two excessive electrons, then an elementary cell will 
get an electric dipole of 0.15 x 10-*4e + 0,05 x 10-*2e'= 0.7 x 10%e = 
= 3.5 x 10-8 GGS unit. Since the volume of the elementary cell is equal to 


8 er ; 4 ae 
64 A*, the polarisation vector will be equal to axon * Seek LO 


=s 5 x 
x 104 CGS units. A direct measurement of the polarisation vector yields, within 
the experimental error, the same magnitude, 


CHAPTER 36 


Magnetic Substances 


Sec. 276. THREE GROUPS OF MAGNETIC SUBSTANCES 


Substances may be classed into three groups in accordance with their magnetic 
properties: diamagnetic, paramagnetic and ferromagnetic. The values of diamag- 
netic susceptibility lie in the range of —13 « 10-8 (bismuth) to —0.8 x 10-8 
(copper). Paramagnetic bodies are characterised by positive susceptibility—for 
example, 0.4 x 10-* (potassium) and 320 x 10-8 (iron chloride). Ferromagnetic 
bodies are characterised by large values of permeability. These are hundreds and 
even thousands of times greater than those of other bodies. Let us examine the 
structural features which explain these great differences in magnetic properties 
for substances which otherwise do not show great differences in properties. 

Diamagnetism, it will soon be seen, is a universal property of all bodies inasmuch 
as they consist of electrons. The above values show that diamagnetic properties 
are weaker than paramagnetic ones and, a fortiori, weaker than ferromagnetic 
properties. Diamagnetic properties may be detected only in the absence of prop- 
erties resulting in positive magnetism. Paramagnetic and ferromagnetic bodies have 
diamagnetic properties, but they are obscured by the stronger positive paramag- 
netism. Thus, diamagnetism exists for any system containing electrons. On the 
other hand, positive magnetism arises only in bodies the atoms of which possess 
a magnetic moment. The phenomenon of paramagnetism is very similar to the 
process of electrisation of a dielectric, which consists of rigid di 
a constant dipole moment. 

The presence of a magnetic moment in atoms is also a necessary condition for 
the existence of ferromagnetic properties. However, the peculiarities of ferro- 
magnetic substances are due to a very specific property, viz., the formation within 
a body of vast regions—domains—within which the magnetic moments of thou- 
sands of millions of atoms are arranged parallel to one another. 


poles possessing 


Sec, 277. DIAMAGNETISM 


Diamagnetism is a direct consequence of the tendency for an electron to move 
in a circle in a magnetic field. 

In a magnetic field with an induction B, an unbound charged particle moves 
A : 5 eB j 
ina circle with an angular frequency o = —, It can be rigorously proved that 
the action of a magnetic field on an electron moving in a central field—in par- 
ticular, in the field of an atomic nucleus—produces an analogous effect: the electron 


will move in a circle about a line of force, but at one-half the frequency, viz., 
eB 


Bae This motion is superimposed on other motions which may be performed by 


the electron, the chaotic motion of particles of the electron gas or the motion of 
the electron about an atomic nucleus. ; 

The fundamental considerations discussed on p. 384 showed that such motion 
may be equated to a circular electric current. When the magnetic field is switched 


on, the electrons begin to rotate about the magnetic field and each produces an 
elementary current 


3401028 
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Multiplying this value by the area of the circle described by an electron in its 
motion about a line of force, we obtain the value of the diamagnetic moment 
created by one electron: 


1 


eo) e2 
20 4mme? SB, 

The reason for the minus sign is clear from Fig. 303, the direction of the moment 
is opposite to that of the field. 

When a system consists of a large number of electrons, we must take the sum- 
mation of the above expression with respect to all the electrons: 

gh ve 
M= SB. 


4mme2 — 


Since by definition (see p. 218) magnetic susceptibility is equal to the ratio of 
magnetic moment per unit volume (or unit mass or mole) to induction, 

NG? Se 

Anime? <i 


Y= 


If N is Avogadro’s number, x represents molar diamagnetic susceptibility (in 
comparing with the results on p. 216, note that y == ). 


Thus, y is given by the areas circumscribed by electrons in their secondary 
motion in the magnetic field. In principle, this computation can be made if we 
know the wave function of the system, i.e., in the final analysis, the electron densi- 
ty. Actually, since the computation is very cumber- 
some, the diamagnetic susceptibility is determined 
experimentally. 

It should be emphasised that diamagnetic suscepti- 
bility is determined by the electron structure of the 
system and does not depend (at least for atoms and mo- 
lecules) on external conditions, including temperature. 

Diamagnetic susceptibility, like molecular refrac- 
tion, possesses additivity. If the diamagnetic suscep- 
tibility is taken for a mole of substance, the suscepti- 


bility y of a molecule may be expressed with con- 
siderable accuracy as 


; ba Makar 

where ny is the number of atoms of type A in the 
molecule and ¥, is the increment for the given atom. 
For purposes of illustration, we can use the same example as for refraction (see 
p. 524). C, H and Cl atoms have the increments 7.4, 2.0 and 18.5 (y 4 x 10°), respec- 
tively. Thus, we obtain 15.4 for methane, 64.9 for chloroform, and 81.4 for car- 
bon tetrachloride. These values are in close agreement with experimental results. 

The significance of this additivity consists probably in the following: outer 
electrons weakly affect diamagnetic susceptibility. In so far as additivity is real- 
ised, diamagnetic susceptibility is an atomic rather than a molecular property. 

Diamagnetic susceptibility, as indicated in the preceding article, isa property 
associated with substances the atoms and molecules of which do not have a con- 
stant magnetic moment. Such particles include in the first place atoms and ions 
with completed shells—the ions F~, Cl- and Nat and atoms of the noble gases. 
Atoms and ions which in addition to a completed shell contain two more s-electrons 
with anti-parallel spins, e.g., Zn, Be, Ca and Pb**, are also diamagnetic. 


M 


Fig. 303 
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The group of diamagnetic molecules is incomparably larger than the group of 
paramagnetic molecules. The latter exists more in the nature of exceptions This 
is due to the fact that practically all molecules have valent bonds formed by a pair 
of electrons with anti-parallel spins. Usually, the total moment about a nucleus 
as well as the spin moment, equals zero in such molecules. Thus, bodies consisting 
of atoms and ions such as those cited above and practically all bodies the build- 
ing blocks of which are molecules—therefore, practically all organic substances— 
are diamagnetic. 

Diamagnetic susceptibility describes the electron cloud of a molecule. If the 
distribution of electrons in a molecule is strongly anisotropic, its magnetic suscep- 
tibility is also anisotropic. The anisotropy of diamagnetic susceptibility is man- 
ifested particularly in molecules of the aromatic compounds. For example, in ben- 
zene, %,, the molar diamagnetic susceptibility in a direction lying in the plane of 
a benzene ring, equals —37 x 10-® cm*/mole and y,,.the molar diamagnetic sus- 
ceptibility in a direction perpendicular to the plane of a ring, equals —91 x 40-® 
cm?/mole; in naphthalene x; = —40 x 10-® cm’/mole and y, = —190 x 
> 10-8 cm®/mole. Anisotropy may be detected by measuring crystals oriented in 
different directions in the field. Measurements of powders, liquids and gases yield 
a value of magnetic susceptibility for an averaged orientation. 


Sec. 278. PARAMAGNETISM 


A substance has paramagnetic properties if the atoms, ions or molecules of which 
it consists possess a magnetic moment. A magnetic moment is due either to the 
uncompensated spins of electrons in the atomic system or to the motion of elec- 
trons about nuclei, or both. 


As was explained earlier (see p. 388), a magnetic moment resulting from spin 
is related to angular momentum as follows: 


Us = 2p Vs(s+1), 


and a magnetic moment resulting from the motion of electrons about a nucleus 
is related to angular momentum as follows: 


be=beV LE (L+1). 


Here, wg is the Bohr magneton and s and L are, respectively, the total spin momen- 
tum and the total angular momentum for motion about a nucleus, taken for an atom 


or molecule as a whole. As previously, s and J are expressed in units of a . When 


paramagnetism is due to both effects, the formula for the magnetic moment of an 
atom or molecule takes the form 


u=gisVI (J +4), 


where J is the quantum number of the total quantum momentum, i.e., the vector 
sum of L and s, and g is the Lande factor, which depends on all three quantum 
numbers. Incidentally, the proximity of g to 1 or to 2 (established experimentally) 
is an excellent indicator of the origin of the magnetism of a given substance. 

Paramagnetic atoms and ions include particles having one electron over and 
above a completed shell (e.g., atoms of the alkaline metals), atoms of the transi- 
tion elements, ions of the rare earth elements with incomplete shells, etc. 

Most molecules, as already indicated, are diamagnetic. Molecules of oxygen 
and sulphur, which are paramagnetic, are exceptions and have a total spin equal 
84% 
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to 1. The magnetic moment obtained experimentally is in close agreement with 
the value calculated by means of the formula 


, p= 2p V2. 


The presence of paramegnetism is proof of the fact that the molecules contain 
unpaired electrons. This circumstance makes the measurement of the magnetic 
properties of molecules of great interest to the chemist. The so-called free radicals, 
which are chemical compounds with an unpaired electron, possess paramegnetic 
properties. Free radicals are created in a number of instances in chemical reactions, 
and the measurement of magnetic susceptibility is a possible method of studying 
the course of chemical reactions. 

How is the value of the paramagnetic moment of a molecule related to that of 
magnetic susceptibility? In paramagnetic bodies located outside a magnetic field, 
the magnetic moments are distributed randomly with respect to direction, and 
the total magnetic moment of a substance is equal to zero. When a field is switched 
on, the atoms (or molecules) will tend to rotate in such a way that their magnetic 
moment coincides with the direction of the field. As a result, equilibrium is estah- 
lished between two tendencies: the ordering action of the field and the tendency 
to thermal randomness. The reasoning used on p. 521 to derive the value of the 
polarisability of a substance consisting of rigid electric dipoles is completely 
applicable here. Therefore, like in that case, the relationship between the magnetic 
moment of an atom (or molecule) and the paramagnetic susceptibility of an atom 
is given by the expression 

2 
Yatom =f» 


In contradistinction to diamagnetic susceptibility, the paramagnetism of a sub- 
stance depends on temperature. To be sure, the situation here is somewhat more com- 
plex than in the case of dielectrics. This is due to the fact that the electric moment 
of a molecule is a constant, while the magnetic moment of a molecule (or atom) 
‘may vary considerably with the temperature. Paramagnetic moment is related 
to quantum numbers, and the distribution of molecules according to state may 
depend greatly on temperature. Therefore, the simple law that magnetic suscep- 
tibility is inversely proportional to temperature (the Curie law) may not be valid 
in the case of paramagnetic substances. 


Sec. 279. FERROMAGNETISM 


Domain. A small number of substances possess marked (using coarse observation 
methods) magnetic properties. These substances include iron, cobalt, nickel, 
gadolinium, compounds of these elements, and certain compounds of manganese 
and chromium. Since iron is the most important of these, such substances are 
said to be ferromagnetic. 

Atoms of a ferromagnetic substance have a magnetic moment, which, moreover, 
is caused by spin (at least, basically). However, it is not this feature that distin- 
guishes it from a paramagnetic substance. The main characteristic of a ferromagnetic 
substance is its domain structure. A domain is a region which is magnetised to 
saturation, i.e., a region in which all atoms are arranged with their magnetic 
moments parallel. Since the linear dimensions of domains are usually of the order 
of 0.01 mm, they may be observed by means of an ordinary microscope. 

Domains exist in a ferromagnetic substance in the presence as well as in the 
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absence of a field. In order to observe domains, we place a drop of colloidal suspen- 
sion—a finely divided substance such as magnetic (Fe,;0,)—on the polished surface 
of a ferromagnetic monocrystal. Colloidal particles become concentrated close 
to the boundaries of the domains since strong local magnetic fields exist along 
such boundaries (as in the case of any bar magnet) and they attract the grains 
of magnetite (see Fig. 304). 

First, let us consider certain problems arising in connection with one domain; 
then we shall study the arrangement of domains in crystals; and finally we shall 
examine the process of magnetisation of a ferromagnetic substance. 

The orientations of the magnetic moments of atoms forming a single domain, 
are not arbitrary. Every crystal of a ferromagnetic substance has a particular 
crystallographic direction along which it 
is most easily magnetised. In hexagonal 
cobalt this is a single direction—the hex- 
agonal axis. In cubic iron this direction 
is the edge of a cube. This means that there 
are three directions of easiest magnetisa- 
tion and accordingly three directions of 
magnetic moments of domains. In cubic 
nickel the spatial diagonals of a cube are 
axes of easiest magnetisation, i.e., there 
are four possible directions of magnetic mo- 
ment. 

Why is it that atoms in a ferromagnet- 
ic substance arrange themselves so that 
their magnetic moments are parallel? This 


is caused by a specific phenomenon—the 

interchange of positions by electrons. As indicated in connection with a chemical 
pond, the overlapping of wave functions results in a decrease in energy. Electrons 
occupy a common space and are able to interchange positions. The tendency of 
exchange energy to become minimal is the reason for the stability of most chemical 
compounds. Exchange energy plays an analogous role in the creation of a domain. 
In the case of a chemical bond, the minimum value of exchange energy is achieved 
when the spins of interchanging electrons are anti-parallel. However, the general 
conclusion of quantum mechanics is broader, i.e., the exchange energy may in 
certain cases be minimal for parallel orientation of spin and in other cases for anti- 
parallel orientation of spin. In ferromagnetic substances, the spins of atoms con- 
tained in a domain have a parallel orientation. Comparatively recently, a new class 
of compounds—anti-ferromagnetic substances—was discovered. In these sub- 
stances, stable domain states occur for anti-parallel orientation of spin. 

From measured values of the magnetisation of a domain, one can calculate the 
number of spins per atom involved in ferromagnetism. Such numbers are not 
whole numbers (for iron 2.2, for cobalt 1.7, for gadolinium 7.1 etc.). It must be 
concluded that to a certain,extent the electrons forming an electron gas are also 
involved in the creation of ferromagnetism. However, in the main, electrons bound 
to atoms are responsible for ferromagnetism. In iron, conduction electrons come 
from the outer 4s shell, while ferromagnetic electrons are in the 3d shell. 

The existence of remarkable materials known as ferrites constitutes direct proof 
of the absence of any connection between conduction properties and ferromagne- 
tism. These materials are semiconductors with a specific resistance of 10 to 14 
orders of magnitude greater than iron. Conduction electrons, of course, play no 
role in the magnetism of these substances, Ferrites are mixed compounds; for 
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example, manganese ferrite is a 1: 1 mixture of manganese oxide and iron oxide, 
and nickel ferrite is an analogous mixture of nickel oxide and iron oxide. Iron oxide 
contains two iron atoms, and nickel oxide one nickel atom. A crystal of the mixture 
represents a compact packing of oxygen atoms. The nickel atoms and the two iron 
atoms fit into the empty spaces. It was indicated on p. 475 that there are two kinds 
of empty spaces in a compact packing arrangement, viz., tetrahedral and octahe- 
dral. An atom which fits into an empty space of the first kind is surrounded by 
four neighbours, while an atom in an octahedral space has six neighbours. Vhe 
iron atoms fit into both kinds of spaces. The magnetic moments of the iron atoms 
are quite ordered, but the moments of iron atoms in tetrahedral spaces point in 


Chemical period 
Magnetic pertod 


Fig. 305 Fig. 306 


one direction while the moments of iron atoms in octahedral spaces point oppo- 
sitely. As a result, the actions of these two systems of moments cancel each other 
and the magnetic properties of such a mixed oxide result from the magnetism of 
nickel, the moments of whose atoms are all pointed in one direction. 

The presence of exchange energy explains the tendency of atoms to arrange 
themselves so that their spins are-parallel or anti-parallel. Apparently, in ferro- 
magnetic substances, the exchange energy of interaction becomes of prime impor- 
tance and causes the substance to have a spin arrangement such that the energy 
assumes a minimum value. In the remaining paramagnetic substances, other com- 
ponents of interaction energy do not allow the exchange energy to make itself 
felt. 

The long-range order of atoms is destroyed at a certain temperature: the crystal 
becomes fused. Temperature affects the arrangement of the magnetic moments 
in exactly the same manner. Figure 305 shows schematically how the magnetic 
moments of the atoms behave when the temperature is raised. At first vibrations - 
are in phase, then disorder begins to prevail, and finally the magnetic order “melts 
away”. Beginning at a definite temperature called the Curie point, in honour of 
the outstanding French scientist Pierre Curie, the order in the arrangement of 
arrows disappears and the substance loses its magnetic properties, i.e., the ferromag- 
netic substance turns into a paramagnetic substance. For iron the Curie point 
lies at 770°C, for cobalt at 1,115°C, for nickel at 358°C and for gadolinium at 15°C. 
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In an anti-ferromagnetic substance, the spin of atoms tends to assume an orderly, 
put anti-parallel, arrangement. The structure of a domain of manganese oxide, 
which is an anti-ferromagnetic substance, is shown in Fig. 306. Arrows represent 
the moment of manganese. From the figure, we see that the chemical period of 
structural repetition is one-half of the magnetic period. At absolute zero each 
atomic magnet of the anti-ferromagnetic substance is surrounded by atoms with 
oP positely directed moments. As in the case of a ferromagnetic substance, this 
order is destroyed at a definite Curie temperature and above this critical point it 
pehaves like a paramagnetic substance. 

The existence of various anomalies in the behaviour of a body in passing through 
te Curie point is indirect evidence of the existence of anti-ferromagnetic properties. 
since the Curie point is a point of phase 
txansition of the second kind, a number of 
yroperties undergo an abrupt change in 

assing through it. ‘ 

Direct evidence of the existence of an- 
;i-ferromagnetic properties has been ob- 
tained by means of neutron diffraction 
methods. The scattering of neutrons by 
a lattice (see Fig. 306) is sensitive to the 
chemical period, rather than to the mag- 
netic period, of structural repetition. 

Domain Structure of a Crystal. In ex- 
avoining the domain structure of a fer- 
romagnetic monocrystal by the powder 
method, which was described earlier, we 
note that a domain is never very large, i.c., 
js linear dimensions are usually no greater 
¢pan 0.01 mm. It is found; moreover, that : 
cubic ferromagnetic substances have extra- Fig. 307 
ordinarily symmetric combinations of dif- 
gerently oriented domains. These two circumstances require explanation since, 
jt would seem, that thanks to the ease of magnetisation an entire crystal should 
pe transformed into a single domain. 

L. D. Landau and E. M. Lifshits have shown that a domain structure of the 
kind shown in Fig. 304 is a natural consequence of the existence of different energy 
gorms in a ferromagnetic body. The essence of the theory is illustrated in Fig. 307. 
The first diagram corresponds to a single domain, the magnetic energy of which 
is = j H?dz. But the energy corresponding to the second configuration is only 
one-half of this value. In the case of N parallel domains, the energy will be about 


A of that for a single domain. However, this dividing process will be advanta- 


geous only up to a certain point. Beyond that point, the energy of boundary layers 
exceeds the decrease in energy associated with the division of a crystal into do- 
qoains. 

The advantage of configurations which consist of domains forming closed 
circuits is evident. In such cases, a closed magnetic flux circuit is formed and the 
energy of the field outside the crystal equals zero. 

In the case of cobalt, which has a magnetisation direction along its axis, we 
encounter domains in which the moments are oriented only along the axis of a 
pexagon. The zero magnetic moment of a body in the absence of an external field 
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is realised as follows: half of the domains have one orientation and the other half 
the opposite orientation. 

A few words regarding the boundary between domains. This boundary layer js 
shown schematically in Fig. 308. We see that in this layer the magnetic moments 
gradually change direction. The thickness of the layer is determined by the require- 
ment for minimum energy. Two opposite tendencies occur here. On the one hand, 
it is desirable to extend over a thick layer—this being of greater advantage with 
respect to exchange energy—the disadvantageous process of spin turning. On the 
other hand, it is better to complete this process rapidly since in the transition layer 
the spins are at an angle to the directions of easiest magnetisation. 

Now, let us consider what happens ina ferromagnetic substance when an external 
field is switched on. The magnetisation process may be followed by the powder 
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technique. It transpires that the basic mechanism of magnetisation consists in 
the growth of a domain, which points in the “required” direction, by means of 
boundary displacement. The domains which form an acute angle with the field 
“swallow up” those which form an obtuse angle with the field. At the beginning 
of magnetisation, domain boundary displacement is reversible, i.e., when the field 
is switched off the initial boundaries of the domains are restored. Later on, domain 
boundary displacement becomes irreversible. Finally, when a very high degree of 
magnetisation is reached, the direction of magnetisation of the domains heging 
to turn. This is illustrated in Fig. 309. aa 
In polycrystalline substances, the situation is exactly the same (assuming the 
crystal particles are not extremely small since domains are not formed when the 
sizes of the particles are less than 10-6 cm), i.e., each grain may consist. of several 
domains. In so far as the crystallographic axes of the particles have random orien- 
tations in the body, however, the magnetic moments of the domains orient them- 
selves randomly. Thus, the simple magnetisation diagrams which have come down 
to us from the days of Ampére provide a correct picture of polycrystalline sub- 
stances. 
Hysteresis phenomena inherent to all ferromagnetic materials appear due to 
the irreversible nature of displacement of domain doundaries during magnetisation. 


CHAPTER 37 


Effect of Electron Structure 
on Properties of Bodies 


Sec. 280. FREE ELECTRONS 


Until now, in discussing the structure of solids and liquids, we did not pay 
particular attention to the role of electrons in the formation of the properties and 
structure of these bodies. We were able to do this because the electron structure of 
bodies is by no means always of prime importance. In a number of cases, however, 
the role of electrons must be taken into account. There are two “kinds” of electrons 
in a body, viz., bound electrons and unbound (free) electrons. Bound electrons are 
component parts of a specific atom, ion or molecule. Unbound electrons belong to 
the entire crystal or liquid and may move quite freely between atoms. 

In molecular substances, the picture of electron structure is particularly clear. 
In most cases, there are no common electrons, i.e., none of the electrons leaves 
the “bounds” of a molecule. In ionic crystals, the restriction of electrons is not 
quite so clear. Even according to the classical view of an ionic bond, it cannot be 
assumed that electron exchange is completely absent. N evertheless, electrons pass- 
ing from ion to ion (exchange electrons) in ionic crystals do not behave like free 
electrons; their displacement in such a crystal consists in the transfer of an elec- 
tron from one atom to its neighbour. This is quite clear in crystals having a homo- 
polar bond. Diamond is an insulator, although the electrons binding the carbon 
atoms are by no means restricted to specific positions, but are relayed from atom 
to atom. 

Metals differ quite considerably.from all the bodies mentioned above. Here, we 
encounter electrons for which the term “free” is entirely justified. Electrons are 
displaced in a metal just like gas particles in a tube filled with obstructions. Atomic 
products (ions) in a state of thermal vibration act as obstructions. The presence 
of free electrons is revealed primarily in conduction phenomena as well as all 
experiments involving the escape of electrons from a body. This type of phenome- 
na could not be explained without considering the peculiar behaviour of common 
electrons. 

It would be incorrect, of course, to assume that the division of electrons into 
bound and free electrons is absolute. This may rather be considered an idealised 
division. In solids we may encounter electrons which are bound in various degrees. 
This became particularly evident when physics assigned a rightful place to semi- 
conductors, which occupy an intermediate position between a system of ideally 
free electrons and a system of exchange electrons, or a system of electrons bound 
to molecules. It is now known that any transitional type of structure is possible. 

It should be noted that an electron is a solid, just like an atomic electron, obeys 
the laws of wave mechanics. The representation of an electron as a spherule has 
validity within the limits imposed by the principle of uncertainty, Usually it is 
physically meaningless to speak of the path of an electron inside a metal. A de- 
Scription of the electron structure of a body consists primarily in indicating how 
its electrons are distributed according to energy. 

Theory shows that the electrons of a body may be represented as an electron 
gas, but this statement must be properly qualified. It transpired that it is possible 
to picture the electrons of a metal as a gas of fictitious particles, the effective mass 
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of such a particle being dependent on its direction of motion. This point is made 
in order to caution the reader against making a superficial analogy between. an 


electron gas and a gas consisting of molecules. 


Sec, 281. ENERGY LEVELS IN A SOLID 


The energy levels of a free atom were discussed earlier. Such energy levels may 
be determined experimentally, i.e., by observing the energy transitions which 
occur when light is emitted or absorbed. When an atom possesses many electrons, 
a unique group of four quantum numbers is associated with each electron; accord- 
ing to the Pauli exclusion principle only one electron may exist in a given quan- 
tum state. Therefore, energy levels have a limited capacity. The s levels of an 
atom may contain two electrons, the p levels six, etc. This information may be 
determined experimentally and as a consequence of the fundamental laws of 
quantum mechanics. 

To determine the energy levels of a system consisting of a large number of 
atoms, we should use both approaches here as well. The fundamental theoretical 
concepts remain unchanged in the case of a 
system consisting of thousands of millions of 


ae atoms. Therefore, it may be concluded that 
the number of quantum states in a system 
consisting of n atoms will be n times the num- 
ber ina free atom. Thus, the Pauli exclusion 
2p principle can be satisfied: only one electron 
25 will exist in a given quantum state. 


An atom never completely loses its iden- 
tity in a given body. Spectral investigations 
indicate that significant changes affect only 
outer, valence electrons, which are responsi- 

ir ble for interaction between atoms. Therefore, 
the quantum states of a solid must be closely 
Fia. 340 related to the quantum states of an atom. Let 
g- . 

us consider, for example, the electrons of a K 
shell, which is closest to the nucleus of an atom. 
It is evident that the state of such an electron can change only very little when 
atoms are combined in a body. Nevertheless, the Pauli exclusion principle does not 
allow us to consider all K electrons as equal. It becomes necessary to assume that 7 
extremely close K levels, each of which consists of.a pair of electrons of opposite 

spin, exist in a body consisting of n atoms. ~ 

This reasoning also carries over to the other energy levels. It is assumed that the 
quantum states of a body are related to that of an atom by the following rule: 
a body consisting of m atoms has n times as many energy levels as an individual 
atom. Each level of a free atom yields n close levels in a solid body. This means 
that the energy levels of a body may be viewed as a system of bands. Fach band 
is a split level of an atom. Therefore, the same designations may be used for the 
band as in atomic spectroscopy: 1s, 2s, 2p, etc. The number of electrons in a band 
will be, of course, n times the number of electrons in the corresponding shell of 
an atom. Thus, in the 1s and 2s bands there will be 2n electrons, in the 2p band 
6n electrons, etc. 

The width of a band depends on the interaction forces between atoms. This con- 
cept is illustrated schematically in Fig. 310. The energy levels of sodium atom are 
shown at the left and the expansion of the levels into bands in the formation of 
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a crystal lattice are shown at the right. The quantity = is plotted along the ab- 


scissa. Perceptible expansion of the 1s level does not occur since the required inter- 
atomic spacings are absolutely unrealisable. The 2s and 2p bands are also practical- 
ly unexpanded under normal conditions (indicated by a vertical line). On the other 
hand, the 3s and 3p bands are expanded to such an extent that they overlap. This 
means that the interaction which occurs between sodium atoms under normal 
conditions affects only outer electrons. (Sodium has no electrons in the 3p state. 
Nevertheless, we shall also be concerned with unoccupied energy levels when the 
exciting energy is sufficient to transfer an electron to such a level.) 

What is the significance of the overlapping of the 3s and 3p bands? Actually, 
our scheme of correspondence between the energy levels of an atom and a solid 
fails in this case. However, we shall not let this disturb us. The overlapping of the 
bands signifies that the wave function properties of an electron in the overlapping 
region differs from the wave function properties 
of an atomic electron. Thus, the outer electron of ale) 

a free sodium atom is an s electron. In liquid and 

solid sodium the 3s and 3p bands overlap; the behav- 

iour of the outer electrons of sodium differs from the 

behaviour of ans electron, i.e., certain special (hy- ye 
brid) properties appear (such electrons reflect the pe- 
culiarities of s and p wave functions). 

The described behaviour may be established ex- 
perimentally by means of spectral methods. The 
presence of an energy band rather than a distinct 
energy level can be established by examining the t> 
transition of electrons from a higher band to a 
lower one. That which would have produced a sharp (8) 
line in the case of a free atom now produces a 


(6) 


broad spectral band. 

It is more convenient to examine transitions 
from an energy band to a single distinct level— 
for example, in the case of sodium, transitions to rin. 344 
the 2p level. The spectral band obtained in this * 
manner enables us to determine the width of the 
energy band as well as the electron distribution according to energy. In the case 
of sodium, this requires that electrons be dislodged from the 2p shell. The frequen- 
cies of the resulting transitions lie in the region of soft X-rays (several hundred 
angstroms) and are very difficult to detect. Special X-ray tubes, in which the anode 
serves as the material under investigation, are used in such studies. 

From measured values of the intensity of the obtained spectral band, we may 


plot a curve of intensity as a function of the frequency v. But v = © (where 6G is 


the transition energy, i:e., the energy relative to the distinct level), and the inten- 
sity at a given v is proportional to the number of electrons having an energy 6. 
Curves of n (6) as a function of €, where n (6) is the fraction of electrons in the 
band having an energy between € and 6 + dé, may be plotted from experimental 
data. Three typical curves are shown in Fig. 341. The first curve corresponds to an 
energy band in which the maximum energy is sharply defined. This signifies that 
all lower energy levels are occupied. The abrupt drop in the curve indicates that 
the lower levels are filled to capacity (two electrons per level). The second curve is 
typical of elevated temperatures. In this case, the edge of the band is smeared and 
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the order of magnitude of the width of the smeared region is equal to k7’. This 
means that some of the electrons are in an excited state and can occupy higher 
levels. The third curve, which shows two nonoverlapping bands, is very interest- 
ing. The lower band is filled and the upper one is partially occupied. A forbidden 
band is located between the two allowed bands. 


Sec, 282. ELECTRON GAS 


It is evident from the preceding article that as far as solid-state theory is con- 
cerned only the upper energy bands are of interest, since electrons at lower levels 
practically do not take part in interactions between atoms. How can the behaviour 
of upper band electrons be described? Since we are dealing with a very large number 
of electrons, it is natural to use statistical physics methods and consider an agere- 
gate of such electrons as a kind of gas. 

The state of each electron of such a gas may be represented by a point (p,, p ui Dinn 
in momentum space. The direction of motion of an electron is parallel to its radius 
vector p and the energy of an electron depends on its momentum. In a crystal, the 
energy of an electron will depend on its direction of motion. Let us disregard this 
for a moment and assume that the electrons behave like free particles. Despite the 
fact that this is a rough approximation, i.e., that we neglect the potential energy 
of the field in which the electrons move and the interaction between electrons, the 
results give us a good description, at least qualitatively, of the behaviour of the 
electrons of a solid which form an energy band. 

If the electrons are free, the relationship between their energy and momentum 
is given by the formula € = — p”. This means that in momentum space a surface 
of equal energy is a sphere. It is customary to call such a sphere a Fermi sphere, 
after the famous Italian physicist. As indicated in the preceding article Omaxe 
the maximum energy of the electrons in a band, may be determined experimen- 
tally. We can say, therefore, that the states of an electron gas are contained in a 
sphere of radius pyaxy = V 2m€max. Thus, it would not be incorrect to call this 
Fermi surface a surface of maximum energy. 

To qualitatively check the validity of this theory, let us estimate from the value 
of Emax the number of electrons in a band. We may reason as follows. According 
to the principle of uncertainty, the projection of the momentum of a particle in 
a metal body of linear dimension L cannot be determined with greater accuracy 


than : . Therefore, in momentum space, the concept ofa point should be replaced 


3 
by the concept of a cell of volume : , Where V is the volume of the metal body 


under consideration. One of the basic postulates of the theory is that such a cell 

represents a quantum state and that it can contain no more than two electrons of 

opposite spins. Ifthere are N electrons in a volume V in the band under consider- 
z 3 

ation, then au cells are occupied, i.e., the volume a. This is the volume of a 


Fermi sphere of radius pmax. Thus, 


4 7; es N hs 
3 % (V2mBmax)* wea es 


Perfectly reasonable values of N may be obtained using this equation. This 
means that the above assumptions are more or less valid. 
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Example. In a metal, the maximum energy, determined experimentally, is €max ~ 10eV = 
= 16 x 107? erg. Using this value, we obtain pmay = V 2m6,,.. ~ 2X 10-19 af 
the maximum electron velocity in a metal is ok i RE AaB 


x aePhmar.., 2x 10-19 
a m 9% 10-28 


Hence, the number of electrons in a unit volume is 


~ 2x 108 cm/sec. 


N=2- 5 x (V BnBmax)? tp ~ 108. 

The above discussion assumed that the temperature is at absolute zero. At a 
higher temperature, electrons may pass over into momentum-space cells which 
correspond to higher energy. Such a transition will take place for electrons located 
in cells close to a Fermi surface (otherwise too high a transition energy is required 
which is unlikely to obtain) and the boundary of the sphere will be broad (not dis- 
tinct). Only at very high tempera- 
tures will the excitation affect low- 
energy electrons. As the temperature 
is increased, the degree of degen- 
eracy of the electron gas decreases. 
An electron gas has a high degree 
of degeneracy, particularly at low 
temperatures. The term “degenera- 
cy” signifies that different quantum 
states have one and the same energy. 

The distribution of electrons Fig. 312 
according to energy at agiven tem- 
perature may be calculated. This distribution differs from a Boltzmann distribution. 
According to the Boltzmann law, at absolute zero, the energy of electrons should 
be equal to zero. From the viewpoint of the new theory, electrons should have a 
high energy at absolute zero (this follows from the Pauli exclusion principle).* 
On the basis of the Pauli exclusion principle, we can construct a new statistics 


(Fermi-Dirac statistics), in which the function e “7 is replaced by the expression 


Page uae 

where 6max is the maximum possible energy of the electrons at absolute zero. 
Multiplying this factor by the electron distribution at absolute zero yields the 
electron distribution at any temperature. 

Fig. 312 shows the dependence of the Fermi-Dirac function on € when kT = 0. 4 
and 2.5 eV. a 

It should be noted that different particles obey different statistics. Molecules . 
obey Boltzmann statistics, photons Bose-Hinstein statistics, and electrons (and 


other particles having a spin. of = Fermi-Dirac statistics. 


* @may has an order of magnitude of several electron volts, while the avers ry of 
thermal motion (kT) is equal to several hundredths of an electron volt. Thies blestrane ee 
idly even at absolute zero. The velocity of electrons at absolute zero is 1,000 times as great as 
the velocity of atoms at room temperature. This should be re-emphasised in order to make it 
clear that the relationship existing between kinetic energy and temperature in the case of mole- 
cules is not applicable in the case of electrons. It follows, moreover, that an electron gas has 
negligible thermal capacity. The thermal capacity of a body is not affected by the presence of 
an electron gas. 
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The difference in statistical approaches consists in the different methods of gis_ 
tribution of particles according to their possible states. 

Let us assume that there are two states in which two particles may be Possibly 
located. In Boltzmann statistics, where particles possess individuality, the follow- 
ing possibilities must be considered: (1) both particles in the first state; (2) both 
particles in the second state; (3) the first particle in the first state and the seeond 
in the second state; (4) the first particle in the second state and the second in the 
first state. Thus, there are four possibilities in all. 

In Bose-Einstein statistics, particles are indistinguishable from one anothey. 
There are therefore three possibilities: (1) both particles in the first state; (2) both 
particles in the second state; (3) one particle in the first state and one in the other. 

In Fermi-Dirac statistics, the Pauli exclusion principle is taken into account: 
only one particle may be in a given state. The number of possible distributions js 
reduced to one, i.e., one particle in each of the two states. 

Thus, outer electrons of the atoms of a solid behave like an electron gas. This js 
a very peculiar kind of gas, i.e., its particles obey Fermi-Dirac statistics. 


Sec. 283. CONDUCTIVITY 


In the absence of an electric field, the state of an electron gas is such that the 
number of electrons moving from right to left is equal to the number moving from 
left to right. When a field is applied, forces are produced which make the electrons 
move parallel to the field. The distribution of electrons in momentum space becomes 
nonsymmetrical with respect to the origin, i.e., a displacement occurs in the direc- 
tion of the field. An ordered motion which produces an electric current is superim- 
posed on the extremely rapid random motion of the electrons. 

For the distribution of electrons to be displaced, electrons must, te be sure, pass 
to higher energy states. Such a transition is always possible if there are vacancies in 
the energy band. If the energy band is fully occupied, i.e., if all its levels are 
occupied by electrons as allowed by the Pauli exclusion principle, the electrons 
have no place to go—in any case, not until they acquire sufficient energy to make 
a transition to the next band. 

Were it not for the overlapping of bands (discussed above), one could assume 
that all elements having one valence electron are conductors and all elements 
giving up two electrons to be shared in the process of forming a solid are insulators. 
Thus, sodium has one electron at the 3s level. In the formation of a body con- 
sisting of N sodium atoms this level splits into WV levels. At each level there may be 
two electrons of opposite spin, i.e., a total of 2N electrons. But since we have only 
N valence electrons, half of the energy band is unoccupied. Magnesiuin, the next 
element in the Mendeleyev periodic table, has two electrons (per atom) at the 
3s level. Therefore, in the formation of a magnesium crystal, all levels would be 
occupied were it not for the overlapping of energy bands. 

Investigation of the form of energy bands of various elements shows that the 
above explanation of the origin of conducting properties is completely valid. 
Only when the upper band or the merged bands are not fully occupied may the 
body be classified as a conductor. 

The distribution of the electrons of a conducting body in momentum space may 
be displaced in the direction of a field. Since the number of electrons moving in 
the direction of a field does not equal the number of electrons moving in the op- 
posite direction, an electric current is produced. In an insulator, all the energy 
bands are completely occupied. Ordinary field intensities are incapable of creating 
the forces necessary to transfer electrons to the next higher band, and if we persist 
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in trying to transfer electrons of an insulator to the next band the dielectric breaks 
down. The electron distribution maintains its symmetry in momentum space and 
the number of electrons moving to the left remains equal to the number of electrons 
moving to the right, i.e., no current flows. 

To return to the discussion of conductors, let us now roughly estimate the magni- 
tude of the electrical conductivity of a body which has n free electrons in a unit 
volume. By free electrons or conduction electrons, we mean electrons located in 
unfilled energy bands. 

Assume that the motion of an electron under the action of an accelerating force 


, i ‘ : if P ‘ 
eH occurs during a small time interval t = =e Tere, vis the velocity of an electron 


and / the length of its mean free path. The path is traversed at the extremely high 
random velocity of the electron. The velocity of the ordered motion of the electrons. 
creating the electric current is many orders of magnitude less than the random 
velocity and, therefore, is not included in the denominator of the expression for t. 
Motion with an acceleration e#/m during a time interval increases the electron veloc- 


, cE 1 ‘ . : 

He AG Thus, the approximate value of the velocity of the ordered motion 
; , eEl p 

of the electrons creating the current is u ~ a 


The density of the electric current is simply the quantity of electricity passing 
through a unit area per unit time, i.e., 7 = new. Substituting the above value 
of u, we obtain 

9 
__ nel 5 


mv 
Since Ohm’s law in differential form is given by j = oF, a relation may be 
obtained for electrical conductivity: 
ne*l 
mv * 


This gives us only a rough estimation of the electrical conductivity. In view of 
the assumptions ‘made for purposes of simplification, calculated and experimental 
results will differ by as much as an order of magnitude. However, we are interested 
merely in a qualitative picture. It can be seen that the conductivity is proportional 
to the number of free electrons. This number and the length of the free path may 
vary from substance to substance. 


Example. If the length of the free path of an electron in a metal is? ~ 10 A = 10-7 cm and v 
is of the order of magnitude of 108 cm/sec (see the example on p. 541), the free path is traversed 
in a time t = 10- sec. 

Assume that the voltage drop along a 1-cm segment of a metal conductor with a 1-cm? cross- 
section is equal to 0.003 V = 10-6 CGS unit. Then, Z = 10-5 CGS unit and the velocity of the 


: e El ; 
ordered motion of an electron is u~ — ~ 5 X 10-8 cm/sec. The current density is. j = 
= neu ~ 10% & 4.8 x 10-79 x 5 x 10-° ~ 30 x 10 CGS units = 100 A/em?. This yields 
quite reasonable values of conductivity: 
o ~ 25 X 10 CGS units ~ 25 x 10! CGS units ~ 28 x 104 ohm-! cm-, 


If a crystal had an ideal lattice and the temperature approached absolute zero, 
there would be no restriction on the length of the free path and the material would 
have no electrical resistance. The electron range is limited by atomic thermal 
vibrations and the presence of various crystal imperfections. Both factors disturb 
the ideal periodicity of the field in which an electron moves and result in the scat- 
tering of electrons. It follows that the conductivity of a body improves as its tem- 
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perature decreases and approaches a limit which is determined by the degree of 
perfection of the crystal lattice. 

It can be shown experimentally that the resistance of a metal decreases with 
temperature. This would indicate that the theory is valid for metals. Moreover, 
the fact that electrical resistance decreases with temperature is an essential charac- 
teristic of metals. The plastic deformation of a metal, the impairment of its lat- 
tice by nuclear bombardment, and in general any action serving to damage the 
lattice will reduce the length of the free path and therefore result in increasing the 
electrical resistance. 

In Part I (p. 167), the thermal conductivity of gases was discussed. It was shown 
that the thermal conductivity of a gas is proportional to the length of the free 
path and is given by the formula % ~ pvlc,. Is this formula useful for the cal- 
culation of the thermal conductivity of metals? Electrons are much lighter than 
atoms and one is justified in assuming that heat is transmitted by electrons which 
transfer energy from one atom to another. Since the length of the free path is not 
known, one cannot calculate the coefficient of thermal conductivity. However, it 
should be noted that the ratio of the coefficient of electrical conductivity to the 
coefficient of thermal conductivity does not contain unknown parameters and 
depends only on universal constants and temperature: 


uw 
— =Ccons 
= stT 


(Wiedemann-Franz formula). K:xperimental results agree fairly closely with the 
value obtained by means of this formula. The following table gives the values of 


the quantity oF at O°C for a number of metals. 


Metal | Ag | Au | cu | Mo | Pb | Pt | Sn | VAN 
#4 4a 2 Dae 20 | O8e |) Peed Ba Bae) oa | eee | ee 


Kk? 


The theoretical value of this quantity is equal to 2.45 « 107-8, 


“Sec, 284, SUPERCONDUCTIVITY 


Since a crystal always has a considerable number of imperfections, it will usually 
possess a residual resistance, which is reached at a temperature of several degrees 
Kelvin, i.e., below this point the resistance does not decrease with temperature. 
However, there exist about ten metals which behave quite differently. At definite 
temperatures close to absolute zero, such metals completely lose their electrical 
resistance. When an electric current is induced in such a superconductor, the cur- 
rent will flow in the circuit for days. This shows that the resistance has not simply 
decreased, but has dropped abruptly to zero. 

Of the pure metals, niobium has the highest temperature (9 K) and hafnium the 
lowest (0.3 K) at which superconductory properties appear. 

It might seem that superconductivity is a property common to all metals, i.e., 
if the temperature is reduced sufficiently superconducting properties will appear. 
This is apparently not so. The temperature of numerous materials has been reduced 
down to 0.03 K without superconducting properties being manifested. The suppo- 
sition that such properties are not universal is supported by the fact that super- 
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conducting metals occupy a definite part (the middle) of the Mendeleyev periodic 
table. 

Superconducting materials include, in addition to pure metals, numerous alloys 
of such. nonsuperconducting metals. Moreover, a chemical compound may be a 
superconductor even though neither of its components is one. Thus, copper sul- 
phide is a superconductor, but copper and sulphur are not. Niobium nitride al- 
ready reveals superconducting properties at 30° above absolute zero. 

The disappearance of electrical resistance at a temperature 7), is not the only 
peculiarity of superconductors. 

Another mark of a superconductor is its characteristic behaviour in a magnetic 
field: generally speaking, a magnetic field penetrates such a conductor to a depth 
of only about 1,000 A. If very thin films, the behaviour of which is somewhat pecu- 
liar, are left out of consideration, we may make the following generalisation: the 
magnetic field inside a superconductor equals zero. 

However, this is true only as long as the applied external field does not exceed 
a certain critical value H;,. When this value is exceeded, the superconducting state 
disappears—the magnetic field penetrates the material and electrical resistance is 
restored. 

H,, is a function of temperature, i.e., it is not constant. At the temperature 7',, 
a very weak external field suffices to destroy the superconducting state. Generally 
speaking at 7’ = T', the critical intensity H,, equals zero, H,, gradually increases 
as the temperature is decreased, and at absolute zero it reaches its highest value. 
For example, the maximum value of the critical field intensity of mercury 
iT, = 4.2 K) is 412 Oe, 

Electrical resistance is due to the scattering of electrons by the thermal waves 
of atoms in a crystal lattice. These thermal waves exist, as we know, because of 
the presence of a zero energy, even at absolute zero. It would seem, therefore, that 
electrical resistance should not disappear no matter how much the temperature is 
decreased. 

How is it possible then to have thermal scattering of electrons and no resistance 
to electric current? This problem was not solved until 1937 when it was proved by 
means of quantum mechanics that electrons in a thin energy layer next to a Fermi 
surface are able to become “paired” thanks to interaction with the thermal vibra- 
tions of a crystal lattice. 

It transpired that at low temperatures it is advantageous from the energy view- 
point for two electrons of equal spin magnitude but opposite spin direction to become 
“united”. The words “paired” and “united” have been placed in quotation marks 
Secause calculations indicate that the wave functions of these electrons extend 
over a large distance, viz., of the order of 10~* cm (the size of a crystal grain in an 
otdinary polycrystalline metal). Therefore, the formed pairs should not be viewed 
as peculiar “molecules”, since the bond is implemented over a large distance by 
means of thermal waves. 

It follows from the theory that all electron pairs are identical in the sense that 
they have the same total momentum. “Matter” consisting of such electron pairs 
possesses superconduction properties. The formation of electron pairs does not 
eliminate the thermal scattering of electrons. Superconduction occurs because the 
scattering of the electrons of a pair ceases to affect the current strength. Thermal 
scattering can only break up one or another pair or form a new pair from separate 
electrons, but the magnitude of the current is determined by the total momentum 
of the electrons, which remains unchanged. Thus, according to this model, the 
thermal scattering of electrons may produce electric current fluctuations, but it 
cannot stop the current. 


35~01098 
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A superconductor contains, in addition to “paired” electrons, an ordinary elec- 
tron gas, i.e., a gas of individual electrons. Thus, in a superconductor, there exist, 
so to speak, two fluids—an ordinary fluid and a superconducting one (see p. 498). 
If the temperature of a superconductor begins to rise from absolute zero, thermal 
motion will break up more and more pairs of electrons, i.e., the ratio of the ordi- 
nary electron gas to the superconducting electron gas will increase. Finally, the 
critical temperature is reached and the last electron pairs break up. 

The new theory provides a quantitative explanation of all of the superconduction 
phenomena discussed above. 

Recent years, the phenomenon of superconductivity has found its application in 
engineering. Theoretical investigations carried out by Soviet physicists showed that 
the critical fields in the so-called superconductors of the second kind can reach 
values up to 8000,000 Gs. The creation of electromagnets with such fields which do 
not consume energy at all will be an outstanding event for many branches of 
engineering (an ordinary electromagnet with such a field would require an electric 
power of about 20,000,000 W—which is just the amount consumed by a town with 
90,000 inhabitants). In this case, the winding is made of Nb,Sn and also of Nb-Zr 
and Nb-Ti alloys. Commercial samples of superconducting magnets operating in 
a helium “bath” produce fields exceeding 100,000 Gs, the field being exclusively 
homogeneous (10-® in em*), which is very important for many applications of 
magnets. 


Sec, 285. SEMICONDUCTORS 


Properties. A large group of substances (various elements and chemical com- 
pounds), the conductivity of which lies in the broad interval between those of 
conductors and insulators, are classified under the heading of semiconductors. 
Since a voltage of 1 V will produce currents of several hundred thousand amperes 
in a cube of metal having a volume of 4 cm®, and currents of the order of 107! A 
in insulators under the same conditions, one can see that the interval occupied by 
semiconductors is extremely large. 

The conductivity of substances in this interval has a number of peculiarities 
which enable us to “recognise” semiconductors. 

First, it should be noted that the dependence of conductivity on temperature is 

opposite to that of metals. The conductivity of semiconductors, in contradistinction 
to that of metals, may decrease rapidly with temperature. At low temperatures, a 
semiconductor may become an insulator. The resistance of most semiconductors is 
considerably more sensitive to changes in temperature than metals. Compact tem- 
perature meters of high sensitivity may be constructed using semiconducting ther- 
mal resistors (thermistors). 
' A second important feature of semiconductors is that in a number of cases they 
may possess positive (p) as well as negative (n) conductivity. The terms positive 
and negative are used in the following sense: if the current is due to the motion of 
positive charges the conductivity is called positive and if it is due to the motion of 
negative charges it is called negative. Thus, metals have negative conductivity 
since the current is due to the motion of electrons. Both kinds of conductivity 
occur in semiconductors. This effect seemed strange at first since the flow of current 
in a semiconductor is not associated (as in an electrolyte) with the displacement 
of ions, and the question of the nature of positive carriers of current remained 
open for a period of time. 

The sign of the current carrier may be determined in a number of ways. Let 
us examine the most convincing evidence, which is based on a study of the forces: 
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exerted by a magnetic field on current-carrying particles (/all effect). If an electric 
current flows along a plate which is placed perpendicular to magnetic lines of force 
then, on a charged particle e moving with a velocity u, a force F will be exerted in 
a direction perpendicular to the field and 
current (see Fig. 313). In other words, an 
electric field. of intensity # = wB will be 
created in such a direction (see p. 224). 

A potential difference U = wBd is pro- 
duced between the plate faces perpendicu- 
lar to the created field. The sign of this 
potential difference is determined by the 
sign of the charge carrier. 


Example. Considerat “~ 2 ” 0.5 em semi- 
conducting plate in a magnetic field B-=1,000 Gs. 
Assume that the conductivity o of the plate is 
equal to 3 ohm-!em~! (zine oxide). Ifa potential : 5 
difference of 1 V is applied between the plate Fig. 31 
faces which are separated by a distance of 2cem, : 


; : ; oN ee . rae 
an electric current of density j = of = 3” 5 = 1.5 A/cm? will flow through the plate. 
Experiments show that a potential dillérence U = 0.12 mV is produced between the lateral 
surfaces of the plate. The sign of the Hall effect (see Fig. 313) indicates that the charge carriers 
are electrons. The velocity of their ordered motion is 
Us 0A x 10-8 V 


Bd- Visee 2, x, 
«10-2 m 


u= 


= =(.12 m/see= 12 em/sec. 
O4 


2 


m 


Note that this velocity is more than 1,000 times as great as the velocity of the ordered motion 
of conduction electrons in a metal (see the example on p. 543). The number of conduction 
electrons per unit volume of semiconductor is 
pes 1.5 A/em? 
eu 1.6% 40719 C x 12 cm/sec 


n= = 8% 10? cm=3. 


The low value of o is due to the fact that this n is about a millionth of that of a metal. 


A final important feature of semiconductors is their extreme sensitivity to 
impurities, which not only affect their conductivity (an impurity of the order of 
one per cent may change the conductivity of a semiconductor by a factor of a mil- 
lion or more), but may change n-conductivily into p-conductivity and vice versa. 

The most important semiconductors already of practical significance include 
germanium, silicon, selenium, antimony alloys (containing indium, cadmium and 
zinc), and copper and titanium oxides. 

Interpretation of Properties. Most characteristics of semiconductors can be - 
easily explained by means of an energy level diagram. Insulators have a filled 
energy band. The next unfilled band is separated from the filled band by a large 
energy gap. Imagine that the system of levels of a substance is such that the gap 
between these bands-decreases and the energy of thermal motion suffices to trans- 
fer electrons from the filled band to the unfilled band. Such a substance will act 
as‘a natural semiconductor. 

At a given temperature, the number of electrons in the upper band will be 
determined by the dynamic equilibrium conditions established between bands. 
Electrons continuously pass from the lower band to an excited state and vice versa. 
Just as in the case of a saturated vapour, equilibrium will prevail when the number 
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of electrons moving “upwards” equals the number of electrons moving “down- 
wards”. 

Again as in the case of a saturated vapour, when the temperature is raised the 
equilibrium is displased in the direction of the upper level, i.e., the instantaneous 
concentration of electrons in the upper band increases. The concentration of free 
electrons rises sharply with the increase in gap between bands. The probability 
of surmounting an energy barrier of width Aé invariably appears as an exponen- 
tial factor. The approximate concentration of electrons in the upper band at a 

—~Aé ~ 
temperature 7 may be determined from the formula n ~ 10! X e2AT, 

If a body has a gap A€é which is significantly greater than k7', it belongs under 
the heading of insulators. For this purpose, it is sufficient for 6 to be 100-200 times 


<— field 
— > Movement of electrons 


(b) 


Fig. 344 Fig. 315 


as great as kT’. At room temperature, kT ~ a eV. When Aé_ becomes less than 


4 eV, i.e., about 40 times as great as kT’, the number of electrons in the upper band 
will be sufficient to create measurable currents. When A€@_ is of the order of several 
tenths of an electron-volt, a semiconductor possesses considerable conductivity. 


J i a 2] 
Reference to the conductivity formula o = — shows that when the tempera- 


tre of a semiconductor changes the two factors on which o depends also change. In 
the first place, as the temperature increases, the number of free electrons n increases, 
but, as previously, the free path J decreases with increasing temperature. However, 
experiments show that usually the former effect overshadows the latter. 

Until now, we have discussed the conduction properties of the upper band, but 
have disregarded the lower band, which should also acquire conduction properties 
since vacancies are formed in it as the result of the transition of electrons to the 
upper band. This conductivity may be very peculiar in nature. 

The creation of conductivity in the upper, partially filled band may be inter- 
preted as a displacement in the distribution of electrons in momentum space in 
the direction of the field (to the right in Fig. 314a). However, this is not the only 
way in which ordered motion of electrons may occur. Imagine that the overall 
shape of the distribution of electrons does not change (see Fig. 3145). However, now 
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one electron, and now another, close to the Fermi surface is snatched away anda 
“hole” is formed in momentum space. Under the action of the field, such a hole is 
immediately filled by a neighbouring electron moving from left to right (in the 
same direction as in the other diagram). The hole is dispiaced from right to left. 
Now, another point representing an electron in momentum space occupies this 
position and in this manner the hole moves in the opposite direction to that of the 
electrons. Since holes are formed continually, a continuous positive “hole” current 
flows. 

Thus, in a natural semiconductor, electric current may be viewed as the result 
of the motion of “holes” in the occupied band as well as of electrons in the upper 
band. However, the major role in such cases is played by the motion of electrons 
in the conduction band. 

This natural conduction of semiconductors is encountered considerably less 
frequently than another phenomenon, namely, semiconduction properties under 
the action of a small percentage of impurities. The role of foreign atoms or other 
lattice imperfections consists in their contribution to the system of energy levels. 
Frequently, imperfections create their own level—a narrow energy band between 
the filled and unfilled bands. 

Let us assume that the foreign atoms contribute “surplus” electrons which occupy 
a narrow band between the main bands. When the temperature increases, electrons 
pass from the level of the impurities to the conduction band in greater and greater 
numbers, i.e., conduction increases. Such a semiconductor yields n-conduction. 
A point may be reached (for a low percentage of impurities) at which all surplus 
electrons are given up. A further increase in temperature will not result in an 
increase in conduction and from then on the body will act like a metal. Such be- 
haviour may be detected when pentavalent arsenic or phosphorus atoms are in- 
troduced into a lattice of quadrivalent silicon or germanium. Figure 345 shows a 
simplified diagram of the crystal lattice of silicon. If a silicon atom is replaced by 
an arsenic atom, a “surplus” electron is obtained. This will be a conduction eloc- 
tron. 

It is interesting that impurities may result in p-conduction. This occurs when an 
impurity atom has acceptor properties, i.e., can attract electrons. Electrons pass 
from the filled band to the intermediate level of the impurities and as a result hole 
conduction occurs in the filled band. Such conduction occurs in silicon containing 
a trivalent aluminium impurity. If at a number of lattice sites silicon is replaced 
by aluminium “electron-deficient sites” will exist in the crystal. When-a field is 
applied, an aluminium atom may attract an electron from a neighbouring silicon 
atom; the electron falls under the action of the electric field and a “hole” moves in 
the opposite direction. rf 

It should be noted that such “unsophisticated” models of the displacement of an 
electron are greatly oversimplified in view of the fact that the motion of electrons 
in a solid satisfies the laws of quantum mechanics. 

By adding one or another impurity, we are able to vary the conductivity of 
materials within very broad limits. We may change p-type conductivity into 
n-type conductivity and may significantly change the nature of the temperature 
dependence of the conductivity. 


Sec. 286. EMISSION OF ELECTRONS 


Work Function of an Electron. Electrons in a conduction band behave like an 
electron gas. The surface of a solid acts as the “walls” of the vessel in which this 
gas is located. To leave the bounds of this surface, an electron must surmount a 
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potential barrier the height of which is designated by €. At absolute zero, elec 
trons have a limiting energy W. In the model of an electron gas, W corresponds 
to a Fermi surface. This is the energy of electrons which at absolute zero are located 
al the highest level. Thus, in order for an electron to surmount the potential barrier, 
il is not necessary to impart to ilan energy @; it is sufficient to give it an additions] 
energy 


A a é eer W. 
J A : 
The quantity A is called the work function and — =@ the slopping potential, 


i.e., the work function expressed in volts (see Fig. 316). 
An electron’s escape from a metal is impeded by the forces of attraction exerted 
by positive ions as well as the forces of attraction between the electron and its 
electrical image. The latter force is equal to 
— — eam e . 5 a 
h / i? where « is the distance of the electron 
| ey; | from the surface. This force is capable of 
| holding an electron at a considerable distance 
i from the surface and thus forming a layer or 


electron cloud close to the surface of the body. 

If the metal is located in an electric field, 

the work function decreases by an amount 

Fig. 316 i foe ; 

eV ek, where e is the electron charge and # 

is the field intensity. The intensity of the ex- 

ternal field must equal 0.2 ~ 107 V/em if the stopping potential is to decrease by 

41 V. (Thus, in ordinary electronic instruments the external field has little effect 
on the work function.) 

The work function is very sensitive to changes in surface properties. It transpired 
that it is possible to deposit electrically positive atoms or ions (metals, oxygen) 
on the surface of a cathode. In this manner, a layer of positive charge may form on 
such a surface. Thus, as may be seen from the following example, the work function 
can be considerably reduced. 

The filament of the heater in electron tubes is usually made of tungsten (work 
function A = 4.9 eV). By coating the surface of the tungsten with a layer of an 
oxide of an alkaline earth metal (Ca, Ba, Sr), we may decrease the work function 
to 1.5-2 eV. This enables us to obtain considerably greater emission at lower fila- 
ment temperatures. ; 

Thermionie mission. The escape of electrons from a metal upon heating is 
known as thermionic emission. This phenomenory is basic to the action of heater- 
cathode tubes. When the temperature is raised, electrons are excited, some of them 
acquiring a sufficient velocity in the direction perpendicular to the surface of the 
material to surmount the potential barrier &. 

An electron gas obeys Fermi-Dirac statistics, according to which the number of 


, , é : i 
electrons having an energy € is proportional to the expression Saw : But we 
G_ 
eg hha 4 


are interested in the energies € which are considerably greater than the zero- 

level energy W. Therefore, it is accurate enough to reduce the above expression to 
e AT — @hT , 

Thus, we may determine the number of electrons having an energy equal to the 

height of the potential well. It may be rigorously proved that the thermionic emis- 
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sion current is proportional to this expression. We see from the formula that ther- 
mionic current increases extremely rapidly with temperature. 

The circuit shown in Fig. 317 may be used to measure the thermionic current. 
By increasing the voltage, we quickly reach saturation current. (This is the ther- 
mionic current referred to above.) The initial portion of the current-voltage curve 
is space-charge limited (see above). The voltage draws electrons to the plate from” 
the electron cloud and the cathode emits enough electrons to maintain the cloud 
in equilibrium. In the absence of an external vol- 
tage, this equilibrium is determined by the elect- 
ron emission of the cathode and the negative po- 
tential of the cloud. As the voltage is increased, 
the electron cloud begins to dissipate and emission 
increases until the voltage draws all electrons of 
the cloud to the plate. At this point current satu- ikl: 
ration sets in. 


mA 


Rigorous analysis yields the following relationship be- 
tween electronic current and temperature: 
ey 


j= AT%e kT (Richardson formula), 


Fig. 317 


For tungsten, A = 75 A/em?K* and ep = 4.5 eV. Let 
us compare the current density of thermionic emission from tungsten at 500 K and 2,000 K. 
At 500 K, 
5xX1.6 «10-12 


ee SILA AB P 38x 1016 9¢5 oe 
j=75 x 25x 108xe bt x10-16X500 _ 40-36 A/om2, 


In other words, to obtain measurable currents, cathodes of impracticable dimensions 
(greater than that of the entire land mass of the globe) would be required. 
At 2,000 K, 
5.21104 


arena is c4DE vi 21000 ; , 
j=15 xX 4x 108 xe 000 ~ 4.6 mA/cem?. 


Such a current is easily measured, but the area of the emitting surface is still too large for most 
practical purposes. 
The picture changes when tungsten is coated with caesium. Now, A = 3.2 A/em?K? but 
ep = 1.36 eV. At T= 2,000 K, 
Tx A0F 


j=B.2%4%108xe 7999 4.8 108 Alem. 


Clearly, such current densities would destroy the cathode. Therefore, the required values of 
current density, j <1 A/em?, are attained at lower temperatures (~ 1,300 K), 


Secondary Emission. This refers to emission due to the dislodgement of electrons 
from a metal under the action of other electrons. Secondary electrons may emerge, 
taking the same direction as the primary electrons. This shows that primary elec- 
trons interact with bound electrons; otherwise, the law of conservation of momen- 
tum would be violated. Secondary emission begins at a‘primary electron energy 
af the order of 10 eV. Most secondary electrons have an energy of several electron- 
volts—their energy distribution is practically independent of the energy of the 
primary electrons. 

Primary electrons produce secondary electrons and, in addition, are elastically 
scattered. The remarkable phenomenon of one primary electron producing several 
secondary electrons has wide application (e.g., Kubetsky tube). 
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Sec, 287. PHOTOELECTRIC EFFECT 


Extrinsic Photoeffect. This’ phenomenon may be studied by making the cathode 
of a vacuum tube out of the material under investigation. Light falling on the 
cathode dislodges electrons from the material. Electrons reaching the anode gener- 
ate a photoelectric current, the magnitude of which may be studied as a function 
of external conditions. 

It is the total current taken from the cathode, of course, that is characteristic 
of the substance. Here too, therefore, we usually operate under conditions of 
saturation current. If no voltage is applied across the photocell, a weak current 
generated by electrons leaving the cathode in the direction of the anode flows 
through the instrument. A weak accelerating voltage is not sufficient to attract 
all the electrons, but at a certain voltage all the electrons reach the anode and 
saturation current is obtained. 

Experiments show that the photocurrent is strictly proportional to the intensity” 
of the incident light. This is true of light of any frequency which produces a photo- 
effect. 

Moreover, the number of dislodged electrons is exactly equal to the number of 
photons. One photon may dislodge only one electron. It is not possible for a photon 
to dislodge several electrons from a substance by a series of energy losses. This 
important postulate is somewhat difficult to prove in a study. of the extrinsic 
photoeffect, since the extrinsic photoeffect may be accompanied by an intrinsic 
photoeffect (see below) in which some of the electrons do not leave the bounds of 
the substance. 

The law of conservation of energy and the law of conservation of momentum are 
obeyed in the interaction of a photon and an electron. The law of conservation of 
energy (the Hinstein equation) takes the form 
mv> | 


~~ EP 


hv= 


where is the stopping potential of the electron for the’ metal (the same as in the 
thermionic emission experiments). In accordance with the law of conservation of 
momentum, it may be assumed that the lattice of the metal takes part in the photo- 
electron interaction process (otherwise electrons could move only in the same 
direction as the photons). 

A photon may produce a photoeffect if its energy is not less than the work fune- 
tion. It follows that each material has a photoeffect limit. The limiting frequency 
vo is equal to . and the limiting wavelength Ao (in millimicrons)—the retarding 
photoelectric threshold ~is = ef , where @ is expressed in volts. No photo- 
effect will take place when a substance is irradiated with light of long wavelength. 
The photoelectric threshold in the case of Li is Ao = 560 nm (5,600 A), i.e., it 
is in the yellow region of the visible spectrum; in the case of Cu, Ap = 300 nm 
(3,000 A), i.e., the ultraviolet region; and in the case of Al, Ap = 440 nm (4,100 A), 
i.e., the violet region of the visible spectrum. 

If the energy of a photon is greater than the work function, the surplus goes into 
the kinetic energy of the electron. Thus, hard radiation can produce very fast photo- 
electrons. 

In order to measure exactly the threshold frequency and the work function, we 
use a retarding potential method. A small retarding voltage is applied to the photocell 
(plus terminal is connected to the photocathode) and this voltage is increased until 
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mv* 


the current cuts off. This point is reached when eV, = ae In this manner, we 
may determine experimentally the dependence of V,, on the frequency of light: 
“hw 
ip, 


The plotted curve is a straight line the slope of which is equal to the universal 
constant cae The threshold frequency vo and the stopping potential (py are obtained 


as intercepts along the abscissa and ordinate, respectively (see Fig. 318), 


Example. If soft X-rays of wavelength 7 = 100 A fall on a copper plate (p = 4.4 V), the 
retarding voltage cuts off the photocurrent when 


3 Xx 4010 1 


eVy= hv—eqp= 6.6 « 10-27 i058 Tx 10-2 4.1 eV=120 eV. 


Therefore, the retarding voltage will equal 120 V. 


Another important characteristic of a photocathode material is the spectral 
dependence of the photocathode. Here, no simple relationship may be applied. The: 
curve begins at the threshold frequency and in many cases increases rather uni- 
formly; one can say that the coefficient of utilisation of photons increases with 
photon energy. However, in other cases, the spectral curves have well defined 
maxima which lie within a rather narrow spectral band. 

Photocells which utilise the extrinsic photoeffect have broad application. They 
are used,in photoelectric relays, television and cinema sound tracks. Silver, caesium 
and potassium may serve as photocathodes; anti- 
monycaesium cathodes are widely employed. 

In various photo relay applications, the photocur- 
rent need not be proportional to the intensity of 
light, but the sensitivity of the photocell should 
be high. In such cases, gas photocells instead of va- 
cuum photocells may be used. This increases the 
Sensitivity tens of times. 

Intrinsic Photoeffect. When the action of a pho- 
ton results in the displacement of an electron from 
a filled band to a level of an impurity or to a con- 
duction level, it is referred to as the intrinsic pho- 
toeffect. Under the action of light, this phenomenon may produce conduction elec- 
trons and holes in a body. Such conduction electrons and holes will oceur in 
pairs. Strictly speaking there will be a pair of charges for each photon. The 
phenomenon is extremely complicated by secondary processes which occur within 
a body as a consequence of the recombination of electrons and holes. 

It is clear, therefore, that the intrinsic photoeffect is a phenomenon which is 
particularly characteristic of semiconductors, but which may also occur in insu- 
lators. 

Semiconductors which possess this eflect are included in current circuits as 
photoresistors. In the dark, such a body has very low (dark) conduction. Its 
conduction increases when subjected to light. Energies of several tenths of an 
electron-volt may be sufficient to produce intrinsic electron transitions. Therefore, 
the threshold of the intrinsic photoeffect may lie in the far infrared region. 

Photoresistors are widely used in signal systems and in automation when it 
is necessary to amplify or detect very small changes in light intensity. 


Fig. 318 
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Sec, 288. BARRIER LAYERS 


In a number of cases, the junction between a metal and a semiconductor or be~ 
tween two semiconductors may have a rectifying action. Even though the boundary 
between two bodies in close contact (welded or fused) is very narrow, nevertheless 
it is of finite width; hence the designation barrier layer. Such a layer may form at 
the junction between copper and cuprous oxide or at the junction between sele- 
nium and cadmium selenide. Investigations indicate that a barrier layer between 
two semiconductors is formed when one of the semiconductors is a p-type conductor 
and the other an n-type. Such barrier layers are called p-n junctions. 

Fio, 319 illustrates the rectification provided by barrier layers. The figure shows 
a typical current-voltage curve. The right branch of the curve is the characteristic 
for the forward current and the left branch for the reverse current. The forward 
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Fig. 319 Fig. 320 
current inereases rapidly with increasing voltage, but the reverse current remains 
almost constant and has a very low value. 

Which is the direction of forward current? Investigations indicate that at a p-n 
junction the forward current flows from the p-type semiconductor, through the 
junction, to the n-type semiconductor. This means that holes move toward electrons 
and electrons move toward the higher concentration of holes. Reverse current flows 
when the holes and electrons move away from the junction. 

In the case of a metal-semiconductor junction, the situation may be described 
as follows. If the metal forms a junction with a p-type semiconductor (copper- 
cuprous oxide), the forward current will flow from the cuprous oxide to the copper. 
This is to be expected: there are no free electrons in a semiconductor, but in a 
metal there are an excess of such electrons; therefore, electrons move from the 
metal to the semiconductor. 

The characteristics of barrier layers find wide application in industrial rectifiers. 
Copper-oxide rectifiers (copper-cuprous oxide) and selenium rectifiers have been 
produced for a long time. During recent years, tiny germanium and silicon recti- 
fiers—crystal diodes—have been widely introduced. The introduction of impurities 
into germanium or silicon may transform them into p-type or n-type conductors. 

A crystal diode consists of a very small germanium (or silicon) crystal, one part 
of which contains an acceptor-type impurity and the other a donor-type impurity. 

Also of interest are crystal triodes, representing a semiconductor system of the 
p-n-p or n-p-n type. If a wire is soldered to each of the three sections of such a tiny 
triode (the dimensions of crystal “tubes” are of the order of a centimetre), the 
system may be connected in a circuit just as an ordinary triode tube. A voltage is 
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applied across the two outer ends, one end serving as the anode and the other as 
the cathode. The third tap serves as the grid. Such a system of semiconductors has 
two barrier layers connected in opposition. This is why it behaves like a triode 
tube. The analogous operation of crystal triodes and ordinary triodes is illustrated 
in Fig. 320. 

Another important use of barrier layers is in the manufacture of photocells, which 
operate without a voltage source. Coating a semiconductor with a thin layer of 
metal will produce a barrier layer. A layer of metal may be made so thin that light 
easily passes through it. When light passes through the metal, an intrinsic photo- 
effect is produced in the semiconductor. The presence of a barrier layer causes the 
liberated electrons to move in a definite direction. An electric current will flow 
when the circuit is closed. 

Copper oxide and selenium photocells are manufactured on the basis of this 
principle. Sulphur-thallium photocells, having a shortcircuit current of the order 
of 10,000 microamperes per lumen, are at present being used in the Soviet Union. 
They have an efficiency of transformation of light energy into electrical energy 
of the order of 1 per cent. Here too silicon and germanium p-n harrier layers are 
of fundamental significance. They enable us to manufacture photocells with an 
efficiency of the order of 10 per cent. This new discovery has placed the utilisation 
of solar energy on a practical basis. 


Sec. 289. CONTACT POTENTIAL 


When two metals or semiconductors ate in contact, there arises a difference of 
potentials between them. This difference is known as contact potential. To measure 
this difference, we must remove inclusions, oxide films, etc., and make close con- 
tact between the surfaces of two such bodies by soldering, welding or pregrinding. 
In this manner, we may form a circuit that is broken in one place. Since all points 
of the body are at the same potential, the contact potential may be determined by 
measuring the field in the gap. The order of magnitude of the contact potential 
between two bodies is equal to several tenths of a volt. 

The existence of contact potential is easily explained. It is due to the difference 
in work functions of the two adjacent bodies. It should be recalled that the work 
function A is equal to the difference between the 
energy W of an electron at the highest level inside 


a metal (at absolute zero) and the energy of an elec- Ay} 

tron escaping from the metal with zero kinetic ---—- oe Ae 

energy. othe a a 
The energy distribution of electrons in the case 

of two solids placed in contact can be represented Fig. 324 


as shown in Fig. 321. The upper level is’the same for 
all bodies. The electrons of the body having a lower work function are at a higher 
energy level. Thus, the conditions are present for the transition of electrons from 
the first body to the second. This transition is accompanied by the formation of 
positive charge on the first body and negative charge on the second. At the point 
of contact, there arises an electric field which impedes the transition of electrons. 
Finally, equilibrium will be established at a particular potential difference cha- 
racteristic of the given pair of metals. 

This picture depends little on temperature. As the temperature is raised, the 
energy distribution boundary of the electrons is no longer so sharply defined. 
Electrons appear at higher levels, but the conditions for the transition of electrons 
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remain basically the same thanks to a lack of close dependence of the energy 9f 
the electrons on temperature. a: ra 

It is evident from the above description of this phenomenon that any group of 
solids may be arranged in a definite sequence such that each member of the sequene 
becomes positively charged with respect to the next. Such a series was first obtain €q 
by Volta, the discoverer of contact potential. From the above explanation of this 
phenomenon, it is clear that a Volta series corresponds to rising work functions. 
i.e., the motion of electrons between two bodies is in the direction of the one h aAVINg 
a higher work function. — 

Since the contact potential @1. between two bodies may be expressed in the 
form of a difference of work functions, 


it is evident that the potential difference between two bodies may be expressed Ag 
the difference of the contact potentials between each of these bodies and a third: 


1 ; 1 
P12=— (Ai—Aa), Pry we {Ay Ay); 


1 
P23 = = (Ag— As) = oy — Gas. 


Furthermore, it is evident that in a closed circuit consisting of any number of 
bodies the total contact potential is equal to zero: @12 + ex + ga = 0. No cur- 
rent will flow in such a circuit. 


Electromotive Series 
(normal potential in an electrolyte solution, volts) 


Li Ca Na Al Zn Fe Ni Pb 
— 3.04 — 2.84 —2.74 — 1.66 — 0.76 — 0.44 — 0,23 — 0.412 
Cu Hg Ag Pt 
+ 0.34 -+-0.70 -+- 0.80 +1.2 


Sec, 290. ELECTROLUMINESCENCE OF SEMICONDUCTORS 


Electrons and holes of a semiconductor can combine with photon emission. We 
can imagine four variants of such processes: transition of an electron of the con~ 
duction band to a hole of the valence band and to a hole of the acceptor level, tran~ 
sition of an electron of the donor level to a hole of the valence band and to a hole 
of the acceptor level. 

For a semiconductor to be a light emitter, it is necessary that its structure favours 
a rapid recombination of electrons and holes and also enables the electrons to be 
brought to excited states. Such states will be obtained if we succeed in injecting 
electrons into a semiconductor with a greater amount of holes, i.e., into a p-crystal. 
The same effect is obtained by introducing holes into an n-type semiconductor. 
Finally, we may also resort to injection of holes and electrons into the insulator. 

If, by passing an electric current through a semiconductor, we realise one of the 
above processes, then there will occur direct transformation of current energy into 
light, i.e., electroluminescence. 

P-n diodes made of binary semiconductors (such as gallium phosphide or arsenide) 
turned out to be most convenient for realisation of electroluminescence. An energy 
level diagram of a diode is shown in Fig. 322a. According to the above explanation, 
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between the p- and n-regions of the diode there will set in a potential difference 
balancing the diffusion of the electrons (indicated by small black circles) into the 
p-region and that of the holes (white circles) into the n-region (Fig. 322a). 

- When a field 1S Superimposed (Fig. 3226), the barrier becomes lower, the electrons 
start moving to the right, and the holes in the opposite direction. Favourable 
conditions for recombinations of all four types are created in the boundary layer. 
The energy of the obtained photons is, roughly speaking, equal to the gap between 
the bands. 

Of course, the recombination process must not necessarily be accompanied by 
emission. The corresponding energy can convert into heat as well. If we succeeded 
in realising an ideal case, then the emission output would exceed the electric energy 
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supplied, and such a device would function as a refrigerator drawing heat from 
the crystal and surrounding medium. The entire emission propagates in the plane 
of the boundary layer. Two ends of a diode which are perpendicular to the boundary 
are polished until a resonance hollow is created. At heavy currents, emission be- 
comes stimulated with all ensuing consequences as regards the sharpness of direc- 
tion of polarisation and coherence. 

Today we are in possession of a large number of semiconductor lasers. All of them 
belong to binary semiconductors combining the elements of columns II-VI, and 
also III-V of the Mendeleyev table. In accordance with the gap widths varying 
within the range of several electron volts, there are created semiconductor lasers 
covering the range of wavelengths from ultraviolet to remote infrared light. 


Sec, 291. CHARGE DISTRIBUTION IN A NONUNIFORMLY HEATED BODY | 


Let us consider a rod along which a drop in temperature occurs. Different por- 
tions of the rod will be subject to different conditions, and this will affect the 
behaviour of the free electric charges. Where the temperature is higher the charges 
will have greater energy; moreover, the number of free charges may increase if 
electrons can pass from the filled band to the conduction band. Both effects tend 
to produce diffusion of free charges, which continues until a field which counter- 
balances the tendency to uniform distribution is created. A drop in potential will 
occur along the rod; negative charge is formed at one end of the rod and positive 
charge at the other. Each body has its own characteristic curve of potential drop 
as a function of temperature. The rate of fall of potential may be described by the 
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derivative of the potential with respect to temperature: 


dg 
ay * 


If a constant temperature difference is maintained between the ends of a rod, 
heat is transferred continuously through the rod. Meat is transferred by free charges, 
but current cannot flow in an open circuit. The continuous transfer of energy with- 
out the transfer of charge is achieved thanks to the different velocity of the charges 
moving from the hot end to the cold end, while the number of charges passing 
through a given cross-section per unit time is the same in each direction. [f elec- 
trons are the carriers of current, an excess concentration of them is produced at 
the cold end of the rod. If positive particles or holes are the carriers of current, 
positive charge accumulates at the cold end. Thus, the sign of the potential differ- 
ence will differ, depending on the sign of the current carriers. 

Will the above effect occur in the case of a semiconductor, particularly one in 
which holes as well as electrons are the carriers of current? As a matter of fact, 
such bilateral diffusion may reduce to zero the potential difference of a nonuniform- 
ly heated body. However, the potential differences formed by positive and negative 
current carriers may not balance each other. This may occur as a result of a differ- 
ence in mobility between electrons and holes, and also as a result of differences in 
their concentrations. 

Certain difficulties occur in detecting potential differences in a nonuniformly 
heated conductor. The order of magnitude of such a potential drop is 1074 V/deg. 
This effect cannot be detected, of course, by forming a closed circuit of the con- 
ductor in the hope of measuring electric current. Such a closed circuit may be 
conceived of as divided into two halves: in one half a potential drop occurs and in 
the other a potential rise. In a uniform conductor, the magnitudes of these two 
potentials will be exactly equal; hence the emf we wish to measure will not be 
detected. 


Sec. 292. THERMOELECTROMOTIVE FORCE 


Electric current will flow in a wire ring consisting of two (or more) different 
materials if the junctions have different temperatures. This is the well-known 
thermoelectric effect, which has found broad practical application. 

There are two possible reasons for the flow of a thermoelectric current. First, it 
is evident that the potential drops along the two wires due to temperature drop 
vn xe dep ip 
may differ if the values of the constant a= differ for 

(we shall designate them as I and II). 
: Ts T1 
‘ , ( i 
Thus, the potential differences aydT and 


the two materials 


ayydT generally are not equal. 
Ty, 1s 
This alone would be sufficient for an emf equal to the difference between these 
voltages to arise in the wire ring. 
The second reason for thermoelectric current lies in the fact that contact poten- 
tial quite probably depends on temperature. If the two junctions are placed at 
different temperatures, their contact potentials may differ. Again, this condition 
alone would be sufficient for a net potential difference to exist in the closed circuit 
and, hence, for a current to flow. 
Taking both phenomena into account, we may express the thermoelectromotive 
force as the sum of the voltage drop in the first wire, the jump in potential from the 
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first wire to the second, the potential drop in the second wire, and the jump in 
potential from the second wire to the starting point of the circuit: 


T, T, 
g= \)a aT + [pry (12) — pr (T'2)] + | ayy AT + [py (11) — par (74)]. 
Ti; T 


To simplify the above expression, let us write the difference py (To) — or (Ti) 
in the form 


and the analogous second difference in a similar form. Now, the formula for the 
emf assumes the form 


r, tr, 

= ¥ — <n) ‘ dpi | 

g = | (a 7 at —| (an—“) dT. 
T, Ts 


Thus, we have succeeded in expressing € in the form of a difference between two 
quantities, each of which is characteristic of a given body. Quite often the term 
“thermoelectromotive force” is used to refer to the emf per degree: 


rather than to the above integral. This quantity is a fundamental characteristic 
of the thermoelectric properties of a body. It is not an invariable constant, for it 
may depend on thermodynamic conditions, including the temperature. However, 
for many bodies this dependence ‘is not well defined. 

By measuring the thermoelectromotive force, we may determine the difference 
between the above quantities, but we cannot determine a. However, by forming 
different pairs of conductors and semiconductors, we are able to determine the 
value of @ relative to a material taken as a “base”. Thus, materials may be arranged 
in a series in accordance with their thermoelectromotive forces. For reasons which 
are quite understandable in view of what has been said, a thermoelectromotive 
force series does not coincide with the corresponding contact potential series. 


Let us list the thermoclectromotive forces of several metals with respect to platinum. If a 
given metal is joined to platinum and one junction is held at 0°C while the other is held at 
100°C, an emf arises in the closed circuit: 


Antimony + 4.0 mV 
Tron + 41.9” 
Copper + 0.75 ” 
Nickel — 1.5” 
Constantan gy, 


The positive sign indicates that at the 0°-junction current flows from the given metal to the 
platinum, 


Using a table of values of the constant «, one can calculate the thermoelectro- 
motive force occurring for a given temperature difference from the expression 
6 = (a1 — a) (7; — T.). This is the expression for a thermal element con- 
sisting of two metals or two semiconductors the current carriers of which have the 
same sign. In this case, the potential differences arising in the two branches of the 
circuit are in phase opposition, and the resulting emf is equal to the difference 
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between the effects of the two conductors forming the circuit. However, the picture 
changes when the circuit is formed of two semiconductors, one of which possesses 
hole conductivity and the other electron conductivity. In a p-type conductor, holes 
move toward the cold junction and electrons toward the hot junction. In an n-type 
conductor, electrons move toward the cold junction. The two effects reinforce each 
other and the formula assumes the form. 


6 = (4,-+%) (T,—T)). 


This fact is of great practical significance. 


Sec, 293, LIBERATION OF HEAT IN ELECTRICAL CIRCUITS 


Joule heat is liberated in a conductor in which current flows. The displacement 
of charges along a body is accompanied by two other thermal effects. 
The first of these, the Peltier effect, consists in the following. If electric current 
passes through a junction between two bodies, heat proportional to the current 
strength is released or absorbed at the junction: 


Cold Q.= Il, 


where II is a proportionality constant. A remarkable feature 
of this effect is that the sign and magnitude of the heat chan- 
ges when the direction of the electric current changes, i.e., de- 
pending on this direction, a particular junction will release 
| or absorb heat. This was demonstrated by Lenz more than a 
century ago. A drop of water was placed in a recess at the 
H C junction between an antimony rod and a bismuth rod. Then, 
by passing current in one direction, he showed that the drop 
freezes. When the current was reversed, the drop melted. 
The second effect occurs in any uniform conductor which is 
heated nonuniformly. Assume, for example, current flows along 
a rod, one end of which is maintained at one temperature 
and the other end at another. In such a conductor addition- 
Hot al heat, proportional to the first power of the current strength 
(not to the second power as in the case of the Joule effect), will 
be liberated. To detect this effect, we must, of course, reduce 
. the Joule heat to a minimum. 
Fig. 323 * This effect, which was predicted. by the British physicist 
Thomson on the basis of thermodynamic considerations, may 
he demonstrated in the following manner. Included in the current circuit 
are two bars which are placed parallel to each other as shown in Fig, 
323. The ends of these bars, maintained in pairs, are held at different 
temperatures. It would seem, in view of the symmetry of the arrange- 
ment, that symmetrical points of the bars should have the same temperature. 
However, in one bar the current flows from the hot end to the cold end and in the 
other from the cold end to the hot one. Owing to the Thomson effect, correspond- 
ing points of the two bars do not have the same temperature. A point of the bar 
in which the current flows from the hot to the cold end will be hotter than the 
corresponding point of the other bar. 
' The quantity of heat liberated per second in a segment of length dz may be 
written in the form 


oT 
qaQ=tl —— dz, 
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where t is a proportionality constant. The greater the temperature gradient, the 
greater the quantity of heat. Three effects exist simultaneously in a thermoelectrical 
circuit: the appearance of a thermoelectromotive force, the Peltier effect and the 
Thomson effect. On the basis of the principles of thermodynamics, it can be proved 
that these three processes are interconnected. This requires no proof for weak cur- 
rents. Since the thermoelectric effects are proportional to the first power of the 
current and the Joule heat to the second, the Joule heat is negligible in such cases. 


Example. The ends of a rod of sodium (t = —8.5 x 410-6 V/K and p= 5 x 10-8 
of 10-em length and 5-mm? cross-section are maintained at temperatures of 300 K 
When a current J = 0.5 mA flows from the hot to the col 
in the conductor per unit time due to the Thomson effect i 


ohm cm) 
and 310 K. 


d end of the rod, the heat liberated 
s 


Oonemit ie L= —8.5 x 10-8 (—5 x 10-4) x 1x 10= 4.24 x 108 I/sec. 


The minus sign preceding the current indicates that the current flows in the direction of decreas- 
ing temperature. The heat liberated in the conductor per unit time due to the Joule effect is 


1 
Q7=lR=(5 x 1074)? K5 XK 10-6 A = 2.5 x 10-10 J/sec, 


i.e., about 50 of the value of the Thomson heat. 


Thermodynamic analysis shows that the coefficients ~, II and + are interrelated 
Il 
as follows: t = a —aanda = 


we obtain: t = 7 


iu F , 

ca Substituting a7’ for II in the first relation, 
— The absolute value of a may be determined from these 
equations. 

The Peltier and Thomson effects have the same physical basis as thermoelectro- 
motive force. In the final analysis, a thermoelectromotive force arises from the 
fact that heat flow transfers electric charges. Here, however, we are dealing with 
phenomena in which a flow of electric charges transfers heat. 


Sec. 294, APPLICATION OF THE THERMOELECTRIC EFFECT 


The opportunities for the application of thermocouples as generators of electrical 
energy have increased considerably in recent times. Metal thermocouples have 
a coefficient of efficiency of the order of 0.5 per cent, but that of a semiconductor 
thermocouple consisting of a hole segment and an electron segment has already 
reached as much as 7-8 per cent. The low efficiency results from irreversible losses 
in the form of the Joule heat. If Ro is the resistance of the internal portion of the 
circuit and R that of the external circuit, the power delivered to the external resist- 


‘ aR ‘ 2 a 
ance (useful power) will equal ap for any electrical circuit; here, € is the 


emf. Substituting the value of the thermoelectromotive force, we obtain for the 
power of a thermocouple the expression 


R 
2 eR NG EO 

et)? ER 
The electromotive force of a thermocouple is of the order of several tenths of a volt. 
To obtain a voltage of 120 V, for example, thermocouples are connected in series 
like a battery. If heavy currents are required, thermocouples must be connected 
in. parallel. 
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Another important application of the thermoeffect, which has also become pos 
sible as the result of the development of semiconductor engineering, is the employ- 
ment of semiconductors as a refrigerator. 

The application of the thermoelectric effect to the measurement of temperature 
is well known and need not be discussed. 

An important and long known field of application of the thermoeffect is in 
the detection of very small amounts of heat. The opportunities in this field have 
increased still further as a result of the fact that semiconductors yield large thermo- 
electromotive forces. For such purposes, thermocouples connected in series— 
so-called thermopiles—are used. Every other junction of a thermopile is cooled 
and the alternate ones are heated. Thermopiles are used to measure power levels 
as low as several ergs per second. However, it is possible to lower this limit still 
further, i.e., to several tenths of an erg per second. This is achieved by means of 
vacuum thermocouples, the thermal losses of which are reduced to a minimum. 


Sec. 295. MICROELECTRONIC CIRCUITS 


Valves and transistors are applied not only for transmitting radio waves. There- 
fore the demarcation line drawn between two branches of applied physics: radio 
engineering and electronics is of a conventional character. The task of setting 
forth new material and introducing various classifications has turned out go be 
still more difficult with the birth of microelectronics. 

The appearance of transistors which made it possible to solder electronic and 
other circuits was, undoubtedly, a revolutionary event. It caused an abrupt reduc- 
tion of dimensions and weight of various devices, made them cheaper and more 
efficient. 

But the next discovery which resulted in passing from electric circuits whose 
elements had to be interconnected through wires to electric circuits “drawn” on 
a small piece of silicon (only several millimetres in size) deserves a special name. 
This passage began some ten-fifteen years ago and is far from its completion. Many 
researchers assert that it has led to an intellectual revolution, since it allowed man 
to entrust machines with almost all functions which long since have been regarded 
as the privilege of human brain. 

Microelectronics is the subject which teaches us how, with the aid of miniature 
circuits placed on a silicon chip, we can carry out mathematical and logical opera- 
tions, transform one form of information into another, and transmit it over a 
distance, as well as store it for an arbitrarily long time. 

Microelectronic devices have neither capacitors, nor resistors as separate objects. 
A semiconductor substrate itself (silicon or germanium) makes it possible to create 
electrical resistance between p-type and n-type areas. As far as capacitance is 
concerned, it is not difficult to obtain it. To this end, one should master the tech- 
nique of depositing an insulating layer on the semiconductor surface to be covered 
then with a conducting layer. Unfortunately, for the time being we have no method 
for “constructing” inductance inside the silicon. However it may be, we can do 
without self-inductors and this shortcoming is compensated with usury by the 
possibility to make various diodes and triodes in the semiconductor body. The 
possibility of creating transistors of various types in silicon is, undoubtedly, the 
most important peculiarity of microelectronics. 

First we shall describe the principle of operation of microelectronic transistors, 
and then add a few words about their manufacturing. 

Figure 324 shows a diagram of the so-called bipolar transistors fabricated in a 
single crystal of silicon through a series of operations that require access to only 
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one surface of the silicon chip. In the example represented here the entire chip is 
doped with p-type impurity, then islands of n-type silicon are formed. Smaller 


' p-type and n-type areas are created within these islands in order to define the three 


fundamental elements of the transistor: the collector, the base, and the emitter. 
In an npn transistor a positive voltage is applied to the base and the collector, and 
as a result holes flow from the base to the emitter and electrons are injected by the 
emitter into the base. Many of the injected electrons, however, migrate all the 
way through the base to reach the collector, and this emitter-to-collector current 
can be much larger than the emitter-to-base current. The device exhibits gain 
because a small signal applied to the base can control a large signal at the collector. 
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Current flows through aluminium conductors deposited over an insulating layer 
of silicon dioxide. Some areas of n-type silicon are heavily doped to improve their 
conductivity. The large n-type islands are required to isolate the transistors, 
Recause charge carriers of both polarities participate in the operation of these 
devices they are called bipolar transistors. 

We are not going to describe the design of a pnp transistor. It differs somewhat 
from the npn type, but the principle of operation is the same. 

Widely used today are transistors in which only kind of charge carrier is active 
in a single device. They are called field-effect transistors. Those in which current 
is carried by electrons are termed n-tran- 
sistors, since they employ two n-islands 
(called the source and the drain) in p-type 
silicon substrate. Over the channel, along 
which electrons flow, between the source 
and the drain is a metal electrode, the 
gate, that is prevented from making con- 
tact with the semiconductor by a thin 
layer of silicon dioxide (see Fig. 325), 
But this electrode, together with silicon, 
form a kind of capacitor. Therefore, an 
electric field applied to the middle electrode 

Silicon can essentially affect the flow of electrons. 

substrate The source and the silicon substrate are 

Fig. 325 usually linked with an outside conductor 

and are kept at zero voltage. A positive 

charge is supplied to the drain. There is no current between the source and the 

substrate, a negligible reverse current flows between the drain and the substrate, 

Applying the plus to the middle electrodes, we shall make all electrons to gather in 

a thin layer close to the surface of the crystal. Figuratively speaking, we may say 

that the p-type area is inverted in this layer. As a result, a channel of n-type is 

created between the source and the drain along which heavy currents can flow. 

The same as in bipolar transistors, we get here the possibility to amplify small 
signals. 

Thousands of such transistors can be deposited on a single piece of silicon a square 
millimeter size. And, according to technologists’ opinion, this is not the limit. 
Miniaturising of computers and various radioelectronic devices affords a phenome- 
nal opportunity for science and technology. 


gnc, 296. TECHNOLOGY OF MANUFACTURING MICROELECTRONIC CIRCUITS 


The principles underlying the production of tiny crystals of silicon with elec- 
tric circuits deposited on them were worked out some ten years ago, and since 
that time have remained unchanged. But the manufacturers achieve still new suc- 
cesses each year owing to arrangement of a greater number of elements on the 
same area of a crystal surface. Roughly speaking, this number is doubled annually 
during the last five years. 

An electric circuit consisting of about ten thousand elements is contained on a 
small area with the linear dimensions about two millimetres. Each element has 
a three-dimensional structure, which means that one has to create several layers 
on a tiny area of silicon surface; some of these layers lie inside a silicon chip, others 
being deposited on its surface. 
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You will grasp this idea looking at Fig. 326 which illustrates the process of 
photolithography. 

Photolithography is the process by which a microscopic pattern is transferred 
from a photomask to a material layer in an actual circuit. In this illustration a 
pattern is shown being etched into a silicon dioxide layer (colour) on the surface 
of a silicon wafer. The oxidised wafer (1) is first coated with a layer of a light- 
sensitive material called photoresist (2) and then exposed to ultraviolet light 
through the photomask (3). The exposure renders the photoresist insoluble in a 
developer solution; hence a pattern of the photoresist is left wherever the mask is 
opaque (4). The wafer is next immersed in a solution of hydrofluoric acid, which 
selectively attacks the silicon dioxide, leaving the photoresist pattern and the 
silicon substrate unaffected (5). In the final step the photoresist pattern is removed 
by means of another chemical treatment (6). 

Using various types of the mask and a series of chemicals we can dope necessary 
areas of the crystal surface with p-type and n-type impurities. To this end, treat- 
ment with ion beams is carried out. Polycrystalline silicon is utilised to create 
conducting areas. 

We are not going to enter into details of this technology, but we hope that the 
reader is now familiar with the general idea. 
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The inside of a wafer-fabrication facility must be extremely clean and orderly. 
Because of the smallness of the structures being manufactured even the tiniest 
dust particles cannot be tolerated. A single dust particle can cause a defect that 
will result in the malfunction of a circuit. The air is continuously filtered and re- 
circulated to keep the dust level at a minimum. The quality of material (the ab- 
sence of crystal defects) is another important factor. A scratch even one micro- 
metre long can destroy an electric circuit. It is impossible to remove a scratch or 
to find a dust particle, that is why a faulty element should be simply rejected. 
Flaw detection is carried out with the aid of scanning electron microscopes. 

It is quite clear that with the aid of photolithography it is impossible to deposit 
(on a small crystal) elements whose size is less than the length of a light wave. 
But technologists intend to make use of X-ray lithography. This yields unlimited 
possibilities for further miniaturisation, since the wavelength of X-rays are of 
the same order as the distance between atoms. But the reader should not think 
that there are no difficulties here. The masks are to be made from metal, it is 
difficult to adjust them in a precise manner. Also, exposure must be accomplished 
in vacuum, since X-rays are absorbed by air. 

Thus, we are now still at the stage of hopeful experiments. 

It is possible to use lithography with the aid of electron streams. This method 
is still very expensive, but promises rich possibilities. 


Sec. 297. MICROPROCESSORS 


Microprocessor is the name given to the ‘heart’ on an electronic device. Its func- 
tion is to accomplish arithmetical and logical operations. It usually represents a 
single small piece of silicon containing hundreds or even thousands of transistors, 
resistors, and capacitors connected in a proper way. Today, a microprocessor is 
some five millimetres in size! 

A microprocessor connected with several dozens of other chips which serve as 
a memory, input, output, and other devices form a microcomputer measuring a 
page of a book. 

It is also possible to manufacture a single-chip microcomputer. Figure 327 shows 
a photograph of such a device. You are given this picture, of course, not to gain 
an understanding of the represented circuit, but just to strike your imagination! 
This single-chip microcomputer (which is an electronic computing machine!) 
measures only 5.6 by 6.6 millimetres, but it is a complete general-purpose digital 
processing and control system in one large-scale integrated circuit. The device 
combines a microprocessor, which would ordinarily occupy an entire chip, with 
a variety of supplementary functions such as program memory, data memory, 
multiple input-output (I/O) interfaces and timing circuits. The program is stored 
in an erasable and reprogrammable read-only memory, which has a capacity of 
8,192 bits (binary digits)*. The program is erased by exposing the circuit to ultra- 
violet radiation, which causes the electric charges stored in the memory device 
to leak away, after which a new program can be entered electrically. 

The functions of the microprocessor are: to receive and to record information in 
the form of a sequence of unities and zeros, to store it until it is needed, to carry 
out logic and arithmetic operations on this information according to the instruc- 


* The bit is a unit of information. The number of bits is equal to the number of ‘sequence 
of zeros and unities with the aid of which a number is written in the binary system. By the way 
a dictionary containing 10,000 words is more than sufficient to have a good command of a foreign 
language! Now the reader will understand that the above number is not at all small. 
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tions received (programs), and to serve out the result to the user (on an electric 
typewriter, or on the screen of an electron tube, or in some other way). 

Microprocessors differ from microcomputers in many respects: by manufacturing 
technology, design, capacity, and type of use. Their classification is rather com. 
plicated even for specialists. 

Of course, the reader is already familiar with cheap computing machines each 
of which can be “installed” on our palm. Such a computer is capable of satisfying 
the needs of any student and engineer. Trigonometric functions, any powers, any 
roots, conversion from radians to degrees and hundreds of other applications can 
be served by a palm-size computer fitted with a small memory. Some twenty years 
ago a room would be required to accommodate such a multi-operation computing 
machine! 

Applications of microprocessors are practically unlimited. Soon they will 
occupy a due place in automobiles to check the operation of the engine and to 
assist the driver in driving his automobile. In an office, side by side with a type- 
writer, we shall see a microcomputer which will store and put out with lightning 
speed any necessary information concerning the personnel of a large enterprise. 
One microcomputer will successfully replace the personnel department. In a 
couple of years control of any production and quality inspection of manufactured 
goods will be completely entrusted to microcomputers. At home a microcomputer 
will become as ordinary a thing as a TV-set, or a refrigerator. It will be able to 
check and receive any data at your will. Instead of eighty volumes of Great Soviet 
Encyclopaedia, it will be sufficient to be in possession of a small microcomputer, 
In modern airplanes microprocessors direct the flight, condition the air in a pilot’s 
cabin, fulfil the requests of passengers, follow the operation of engines, control the 
positions of wing- and tail-flaps. 

In the future many brilliant successes which are difficult to be comprehended 
even by science-fiction writers will be achieved by microelectronics, this new 
branch of applied physics. 


Sec. 298. ELECTRONIC COMPUTERS 


Hitherto it was unusual to dedicate a single section to electronic computers in 
books on physics. This is unfair, since computing devices and machines constitute 
a separate section of applied physics. A chapter about computers has the right 
to exist in a book on physics and in a course of fectures in physics no less than have 
the sections dedicated to the physical principles of electrical engineering, radio 
engineering, thermal engineering, etc. Naturally, since we speak of a huge branch 
of industry, the aim of a book on physics is, as usually, to set forth the basic prin- 
ciples and ideas. It is absolutely necessary for everybody educated to the slightest 
extent to study them thoroughly. 

The computer is rightfully called an artificial brain, since it can accomplish a 
number of operations and even more rapidly and precisely than a human brain. 
And, in general, there is no problem which would puzzle the computer. 

The principal devices of a computer are: an “input”, that is a device receiving 
information (with respect to man we would say “task”, “visual image”, “auditory 
impression”, and so on), and an “output”, that is a device which yields the solu- 
tion of a problem in the form of words or actions. The machine has a “memory”, 
that is a device in which the information necessary for solving the set problem is 
stored. 

The most important feature of the computer is that one and the same machine 
can solve a numerous (in principle, any) class of problems which are dictated by 
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the “program”, i.e. by the formulation of a problem using the language and tech- 
nical means predesigned for a given computer. 

The quickness with which the computer copes with a problem is, perhaps, the 
leading reason why we assert that computers have ushered in an intellectual rev- 
olution. It can easily cope with problems which are considered to be unsol- 
vable for the human brain since their solution would take inconceivably much 
time. 

This circumstance leads to a qualitative jump since we are enabled to deal 
simultaneously with vast information the knowledge of which helps us to draw 
a final conclusion. 

The idea that a machine can be charged with calculations is not a new one. As. 
back as in the seventeenth century the great French geometer, probabilist, physi- 
cist, and philosopher Blaise Pascal (1623-1662) invented and constructed first 
calculating machine which employed the same principle of operation as the modern 
computers do, that is the binary number system. In the middle of the last century 
Charles Babbage designed a machine capable of carrying out complicated calcu- 
lations. He was assisted by lady Lovelace, daughter of the great [inglish poet 
George Gordon Byron. She was evidently the first to suggest the idea of changeable 
“programs” of computation. In 1840 she published her program for calculating the 
so-called Bernoulli numbers. 

But the first practical instructions as how to create a computor (which resem- 
bled a modern computing machine not to a greater extent than Stephenson’s loco- 
motive resembles a jet plane!) were given only thirty years ago. | 

It is not difficult to name a number of simple physical devices which may be 
found in two states. For instance, an electron tube can be “locked” (shut) or open 
for an electron flow. The same with a transistor. An iron body can be readily brought 
to a demagnetised or magnetised. state. 

Such a device is said to store “one bit of information”. The open and closed states. 
may be denoted as plus and minus, or 0 and 1, or A and B. Let us take zero and 
unity, recalling that in the binary system their sequence represents any number. 
Suppose we have a machine consisting only of five such elements. With their aid 
we can express 2°, i.e., 32, numbers: 00000, 00001, 00010, ..., 14441. This is 
quite sufficient to represent the entire alphabet. 

With the computer elements fixed in a definite state, we are capable of writing 
down any information. We may control these “notations” by switching the computer 
from state 0 to state 1 and then back to 0. 

This just enables us to perform logical and mathematical operations of any degree 
of complexity if the computing machine contains a sufficiently large number of 
elements, i.e., triodes and diodes. 


Sec, 299. ELECTRONIC ARITHMETIC 


Any binary number in the binary system is a sequence of unities and zeros. This 
fact leads to such a situation that practically all arithmetic operations are reduced 
to addition. The rules for binary addition are just the same as}for decimal numbers 
we are used to. But, please, do not forget about the figure “which should be carried”. 

Consider the binary addition of the numbers 9 and 5, i.e. 1004 and 0401. To 
begin with, 14 and 4 yield 2. Since the number system is binary, 0 is written and 4 
is carried. Now we have to add 0 and 0; the result would be O if we had not got 
4 carried in our mind. The addition of the figures occupying the third column 
yields 1, and the same result is obtained from adding the figures 1 and 0 forming 
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the fourth column. Thus, + 1001, i.e., the number 14 in the binary system (1 oceu- 
0104 
4140 
pying the first place means 8, that is 2°, 4 in the second place represents 4, that 
is 2, 1 in the third place 2', that is 2, and, finally, 0 occupying the last place means 
absence, that is 2°). 

We are not going to show that multiplication is reduced to addition, subtraction 
to addition of a “supplementary” number, and division to repeated subtraction. 
This is arithmetic for entertainment, but yet not physics. 

The binary number system is quite suitable for a computer to formulate logic 
conclusions. It is assumed that 1 means correctness of a judgement and 0 its 
falseness. 

Mathematical logic (created long before computers by the pioneering British 
logician George Boole) shows that three logic functions, called “not”, “and”, “or”, 
are sufficient for a logic analysis. “Not” is the simplest of them and is symbolised 
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by achange of 1 for 0, or vice versa; “and” means the appearance of 1 at the “output” 
only if all the inputs into one “cell” are marked with 1, and, finally, “or” is occur- 
rence of 1 at the output if there is 1 at least at one of the many inputs. For instance, 
the operation “and” means the choice by a machine out of the set of objects pos- 
sessing three properties (say, shape, colour and weight), only those which are black, 
round, and heavier than one kilogram at the same time. And “or” means the choice 
of objects which are black, or round, or heavier than one kilogram. 

Arithmetic and logic operations are carried out by elements or cells or, as they 
are called more precisely, by electronic logic gates of a computer. 

Figure 328 presents the diagrams of these three types of gates which enable the 
computer to cope with, we should say, fantastic. assignments. 

Electronic logic gates evaluate arithmetic and logic expressions in which binary 
values are represented by voltages. By convention, a binary 41 is represented by 
a high voltage and 0 by a low voltage. The gates shown here are constructed from 
metal-oxide-semiconductor transistors. The simplest is the “not” gate, or inverter. 
When the input of this gate is in the low state, the transistor does not conduct and 
only a negligible current flows from the supply voltage (V-+) through the resistor 
and transistor to ground. As a result there is little voltage drop across the resistor 
and the output is in effect connected to the supply voltage. When a high signal 
is applied to the input, the transistor conducts and the comparatively large current 
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flowing through the circuit produces a considerable voltage drop across the resistor. 
The output voltage is now near ground and is therefore in the low state. The “and” 
gate has two input transistors connected in series current flows through them only 
when both receive a high signal simultaneously. In order to restore the proper 
polarity of the signal, the output of the two series transistors is followed by an 
_ inverter. In an “or” gate the input transistors are arranged in parallel so that a 

high signal applied to either one of them results in conduction. Again an inverter 
is required to change the polarity of the output. 

It is understood here that computers use “field” transistors. 

Let us now consider the process of addition of two numbers written as sequences 
of 0’s and 1’s. All possible additions are exhausted by the following simple table 
which is known as a truth table. 


A B c Sum bit Carry bit 
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Truth tables for binary addition give the calculated values of the sum bit and 
the carry bit for all possible values of the input. The inputs are the two bits to be 
added (A and B) and the carry bit (C) from the next lower power of 2. The rules for 
addition specify that the sum bit is a 4 if exactly one of the inputs is a 4 or if all 
three are 1’s; otherwise the sum bit is a 0. The carry bit (for the next higher power 
of 2) is a 4 if at least two of the inputs are 1’s. 

By simply ganging together electronic logic gates, a one-bit binary adder could 
be built from about 50 transistors and almost as many resistors. Even in its most 
simplified form the adder circuit (see Fig. 329) is a logic array of considerable com- 
plexity. 

Such a binary adder provides an array of logic gates for each combination of 
input bits (A, B, and C) that requires an output. The four rows of gates at the 
bottom calculate the sum bit; the three rows at the top calculate the carry bit 
for the next higher power of 2. As an example, suppose both of the bits to be added 
(A and B) are 0’s but the carry bit (C) from the preceding column is a 1; the above 
given truth table indicates that this combination of inputs must yield a sum bit 
of 4 and a carry bit of 0. The sum bit is generated in the fourth row from the bot- 
tom, where A and B are applied to an “and” gate in inverted gate, so that both 
appear as binary 1’s. The output of this gate, which is a 1, is combined with the 
carry bit in a second “and” gate, and the 1 output is passed through a series of 
“or” gates to the output of the adder. None of the gates for the calculation of the 
carry bit responds to this combination of inputs, and so the carry bit is a 0; if 
two or more of the inputs were 1’s, then a carry bit of 1 would be issued. A binary 
adder requires a logic array like this one for each bit of the numbers to be added, 
with the carry-output line of each stage connected to the carry-input line of the 
next stage. 
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It is easy to calculate that the adder consists of 54 transistors. Actually an adder 
need not be that complex. Refinements to the design that allow one transistor to 
serve more than one function reduce the number of elements to 17 transistors and 


four resistors, or merely 24 transistors. 
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Fig. 329 


Combining adders of the described type (i.e., arranging them so that the output 
of one adder serves as the input of another), we can carry out arbitrarily compli- 
cated arithmetic and logical operations. 

The logical and arithmetic manipulation of binary numbers is not the only 
function of the basic gate circuits. Another essential function in computers is the 


storage of information. 


Sec. 300. ELECTRONIC MEMORY 


A modern small pocket-size computer is capable of storing about 100 bits of 
information, i.e., it has 100 cells, a fraction of which being in state 0, the rest of 
them in state 1. Thus, in this case 1’s and 0’s can be arranged in 21 ways. Then 
what can be said about a large computer capable of manipulating information 
reaching one trillion bits! 

Like in man, a computer can memorise for a long and for a short period of time. 
The long-time memory stores, so to say, absolute information (say, the data on the 
lengths of all the rivers on the Earth or the coordinates of stars in the sky), whereas 
the short-time memory device “memorises” numbers or other data necessary for 
a short period of time during which a certain logical or mathematical operation 
is being carried out. 

Information is stored by a gramophone record, magnetic tape, etc. But we are 
speaking of a computer memory in which various kind of data are stored in cells 
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in the form of 0’s and 1’s. In most cases we are interested in a readily-accessible 
memory whose information can be, if necessary, “erased”, and new data recorded. 
It goes without saying that for computer operation of great importance is not only 
the total number of cells, but also the time during which one bit of information can 
be “read. out” from any place of the record. 

A simple one-transistor storage cell is widely used today in the most economical 
random-access read/write memory devices. Information is stored as an electric 
charge on a small capacitor. The value of the capacitance is of the order of 50 fem- 
tofarad (50 x 41071 farad). For the representation of binary information two. differ- 
ent levels of stored charge are needed. A binary 0 might be represented by zero 
charge and a binary 1 by a charge of 500 femtocoulombs (equivalent to 40 volts 
on the storage capacitor). Although this may seem like a tiny amount of charge, 
it is the charge on three million electrons. Reliable binary storage should ultimately 
be attainable with a charge 1,000 times smaller. 
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The smallest block of information accessible in a memory system can be a single 
bit (represented by 0 or 1), a larger group of bits such as a byte or character (usual- 
ly eight or nine bits), or a “word” (12 to 64 bits depending on the particular sys- 
tem). 

A random-access memory (RAM) circuit shown in Fig. 330 provides storage for 
16,384 bits (binary digits). Hach bit is held in a single-transistor storage cell. The 
time required to write one bit in any arbitrary location or to read it out is about 
200 nanoseconds. The RAM chip shown here measures 2.8 by 5.4 millimetres. 
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Random-access memories are usually organised in rectangular arrays of rows 
and columns. The diagram of Fig. 334 (a, b) (left) shows an eight-by-eight array 
for storage of 64 bits, one bit being stored in the cell at each intersection. To 
specify a particular memory location three binary digits are needed to indicate 
the row and another three to indicate the column. In this example row address 044 
(binary for 3) and column address 104 (binary for 5) specify the memory location 3.5. 
(The locations start with 0.0 at the upper left and end with 7.7 at the lower right, 
specifying 64 locations in all.) The organisation of a single one-transistor memory 
cell of the array is depicted at the right. Binary information is stored as a charge 
on a small capacitor. For example, zero charge might represent a binary 0 and 
a charge of 500 x 10-15 coulomb might represent a binary 1. When one of the 
selection lines, or rows, in an array is activated (here it is row 3), it turns on all 
the transistor switches connected to it. The transistor functions as an on-off switch 
to connect the storage capacitor to its particular data line, which corresponds to 
a column in the array. The simultaneous activation of a row and a column identi- 
fies the cell selected for reading or writing (here cell 3.5). Because the storage capac- 
itor loses charge both by being read and by leakage it must be regenerated period- 
ically, usually once every two milliseconds. The regenerated charge, which is 
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The current period is characterised by a rapid development of computer tech- 
nology; in particular, we have seen a marked proliferation of computers (by several 
orders of magnitude) over the last decade. This is accompanied by the use of 
computers and numerical methods for a rapidly expanding range of problems. 

Characteristic of the present period is the great expansion in applications of 
mathematics, which is largely due to the advent of new and powerful computing 
machines. With the introduction of the program-controlled computer, the speed of 
computation has increased over the past thirty years from 0.1 operation per second 
in the case of hand computation to 3,000,000 operations per second on modern 
serially produced computers—roughly a 5,0002-fold increase. 
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Absolute temperature, 113 
Absorption, 250-252 
Acceleration, 15 

average, 16 

centripetal, 47 

Coriolis, 29 

instantaneous, 16 

normal, 17 

tangential, 417 


Accelerators of charged particles, 352-353 
Additivity of molecular refraction, 524 


Amplifiers, 336 
Amplitude, wave, 257 
Antineutrino, 456 
Antinode, 97 
Antiparticles, 456-459 


Artificial radioactive products, 447-448 


Atomic nucleus, 420-449 
mass and energy of, 427-429 
Average characteristics, 156 
Avogadro’s law, 145 
Avogadro’s number, 144 


Beam(s): 
of charged particles, 340-344 
diffracted, 295 
intensity of, 295 

Betatron, 354 

Biological macromolecules, 493-494 


Bit(s): 
carry, 574 
sum, 574 

Body: 


perfectly black, 330 
emissive power of, 330 
perfectly rigid; 55 


Bohr magneton, 386 
Bond(s): 
chemical, 395-397 
homopolar, 395 
ionic, 395 
Brownian motion, 157 


Capacitance, 177 
Carnot cycle, 137 
Cavitation, 4414 
Centres(s): 
of gravity, 46 
of inertia, 46 
of mass, 46 
Cherenkov radiation, 423 
Chamber(s): 
cloud, 420-421 
ionisation, 424-422 
streamer, 424 
track, 420-424 
Charge(s): 
interaction energy of, 185 
point, 175 
self-energy of,. 185 
Chladni figures, 100 
Circle, tangential, 16 
Coefficient: 
absorption, 444 
of diffusion, 4159 
of mutual induction, 235 
reflection, 94 
of self-diffusion, 4167 
of self-induction, 232 
of thermal conductiviy, 160 
of thermal output, 4164 
of viscosity, 164 
Coherence, 263-267 
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Collision(s), 47 

ideally elastic, 48 

noncentral, 48 
Compressibility, 117 
Concentration gradient, 159 
Conduction, dependent, 356 
Conductivity, 542-544 

n-type, 549 

p-type, 549 

thermal, 160-164 

thermometric, 163 
Constant: 

Boltzmann’s, 144 

Kerr, 309 

Planck’s, 248 

radioactive-decay, 438 

resistance, 69 

restoring force, 65 

Rydberg, 379 

time, 70 
Continuous recoil, 52 
Coulomb’s law, 19 
Counter(s): 

arrangement of, 424 

Cherenkov, 423-424 

Geiger, 422 

ionisation, 424 

scintillation, 422-423 
Cross-section, effective, 142 
Crystal(s): 


domain structure of, 535-536 


ferroelectric, 526-528 

liquid, 491-492 

molecular, 471-474 

pyroelectric, 526 

thermal vibrations, 478-480 
Crystal symmetry, 467-470 
Curie temperature, 526 
Current, displacement, 227 
Curve(s): 

absorption, 414 

condensation, 496 

crystallisation, 496 

distribution, 147 

fusion, 496 

phase equilibrium, 496 

potential, 42 

sublimation, 496 

transformation, 496 

vaporisation, 496 
Cycle, Carnot, 4137 
Cyclotron, 352 
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de Broglie formula, 368 
de Broglie hypothesis, 368 
Defect mass, 321, 428 
Deflection of an atomic beam in a magnetic 
field, 384-388 

Deformation(s), 512-518 

elastic, 542 

homogeneous, 525 

plastic, 543 
Degrees of freedom, 32 
Density, 87 

electric energy, 184 

electron, 399 

of radial distribution of atoms, 487 
Diamagnetism, 529-534 
Dielectrics, 529-534 

polarised, 194 
Diffraction: 

of electrons, 367 

of X-rays by crystals, 292-298 
Diffraction grating, 284-288 
Diffusion, 159 

in solids, 5410 
Dipole(s): 

elementary, 243-244 

radiation pattern of, 245 

of a system of charges, 4189 
Discharge(s): 

arc, 358 

in gases, 356-358 

glow, 358 

self-maintained, 358 

silent, 358 

spark, 358 
Dispersion, 250-252 

anomalous, 254 
Displacement, chemical, 4413 
Distribution: 

Boltzmann’s, 149, 544 

statistical, 146-147 

velocity, of molecules, 1514-152 
Division of a light field into two waves, 

301-302 

Doppler effect, 95-96 


Effect: 
Doppler, 95-96 
of Earth rotation on its form, 28 
of Earth rotation on motion of a body 
on Earth’s surface, 29 
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Effect 
Joule-Thomson, 4134 
photoelectric, 326-327, 552-553 


Equation 
van der Waals, 120 
wave, 85, 256 


Effective cross-section, 142 Equilibrium, 42 
Electric susceptibility, 193 heat, 112 
Electrodynamic action, 207 Experiment(s): 
Electroluminescence, 337 Lebedev’s 242 
of semiconductors, 556-557 Vavilov, 328 


Electromagnetic action, 206 
Electromagnetic field, 241 
momentum and pressure of, 241-242 


Yoffe-Dobronravov, 327 


Electron(s): 
free, 537 
relativistic theory of, 453-455 Fabry and Perot interferometer, 274 
Electron gun, 340 ‘ Feedback, 75 
Electron volt, 339 Ferromagnetism, 532-536 
Electronic arithmetic, 569-572 Field (s): 
Electronic computers, 568-569 cylindrically radial, 179 
Electron and ion projectors, 347-348 electric, 170-197 


Electronic memory, 572-575 
Electrostriction, 103, 194 
Elementary particles, 450-462 
properties of, 450-462 
Emission: 
of electrons, 549-554 
secondary electron, 554 
thermionic, 550 
Energy, 36, 320 
activation, 436 
binding, 324 
electric, 183-185 


energy of, 184 

force, 19 

gravitational, 419 

magnetic, 198-223 

magnetic energy of, 234-236 

on the surface of a metal object, 182 

uniform, 480 

of a uniformly charged sphere, 179 
Fluctuation(s), 144, 457 

in luminous flux, 327-328 
Fluorescence, 336 


Flux: 
electromagnetic, 238-2441 electric, 174 
free, 504 energy, 87 
internal, 113-114 magnetic, 202 
ionisation, 380 Force(s), 18 


kinetic, 36 
potential, of elasticity, 36-37 
transformations of, 68 centripetal, 25 
Energy flux, 87 coercive, 222 
Energy level(s): electric, 186-188 
of a hydrogen atom, 379-384 
in a solid, 538-540 
Enthalpy, 134 
Entropy, 132 


acting on a moving charge, 204 
centrifugal, 25 


electromagnetic, 419 
external, 74 

on a freely hanging load, 24 
gravitational, 18 


Equation(s): Lorentz, 202 
Clapeyron-Clausius, 544 magnetomotive, 209 
Dirac, 456 nuclear, 19 
Newton’s, 30 potential, 40 
Maxwell’s, 229 restoring, 65 
of motion, 14 thermoelectromotive, 558-560 
Schrédinger’s, 369 “weak” interaction, 19 


of state, 117 Forced vibrations of rods and plates, 102 
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* Formula(s): 
barometric, 150 
Boltzmann’s, 154 
Rayleigh-Jeans, 333 
Richardson, 554 
Stefan-Boltzmann, 334 
Stokes’, 166 
Tsiolkovsky’s, 53 
universal, for potential, 177 
Wiedemann-Franz, 544 
ree axes, 62 
Free vibrations, 98 
of a rod, 98-100 
fixed at both ends, 98 
fixed at one end, 98 
free at both ends, 98 
of two-dimensional and three-dimensional 
systems, 100-102 
Frequency: 
beat, 77 
fundamental, 79 
magnetic resonance, 412 
Function(s): 
Fermi-Dirac, 541 
heat, 134 
potential, 550 
wave, 256 
work, 550 
Fundamental law of mechanics, 20 


Gas(es): 
actual, 120 
electron, 540-542 
ideal, 119, 140 
internal energy of, 145 
ionised, 355 
kinetic theory of, 140-158 
liquefaction of, 505 
ultra-rarefied, 168 
Gas lasers, 415-419 
Generation of wave motion, 84 
Gradient: 
concentration, 159 
temperature, 160 
of velocity, 164 
Gyroscope, 64 


Half-life, 438 
Harmonics, 79 


Heat, 142-124 

reduced, 132 
Heat equilibrium, 442 
Hologram, 290 
Holography, 289-291 
Hysteresis, magnetic, 221-223 


Induced impulse, 214 
Inductance, 232 
Induction: 
electric, 172 
magnetic, 199 
Inertia, moment of, 56 
Intensity of magnetic field, 205 
Interaction: 
charge-charge, 190 
charge-dipole, 190 
charge-quadrupole, 194 
dipole-dipole, 4190 
energy of, 184 
strong, 458 
weak, 458 
Interference: 
in a plate, 267 
practical applications of, 270-274 
Inversion, point of, 134 
Ionisation energy, 380 
Ionisation potential, 380 
Isospin, 433 


Joule heat 


. Joule-Thomson effect, 134 


Junction: 
metal-semiconductor, 554 
p-n, 554 


Kelvin temperature scale, 113 
Kerr constant, 309 

Kinetic energy, 36 

Kinetic theory of gases, 140-158 
Kirchhoft’s law, 329 


Lande factor, 534 
Laser, 336 
absolute maximum efficiency of, 417 
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Law(s): 
Ampére’s, 204 
Avogadro’s, 145 
Boltzmann’s, 148-149, 409, 544 
Boyle-Mariotte, 128 
of conservation of mechanical energy, 
40-44 
of conservation of momentum, 45 
of constant angles, 464 
Coulomb’s, 49 
of electromagnetic induction, 242-213 
Faraday’s, 213 
fundamental, of mechanies, 20 
application of, to accelerated rectili- 
near motion, 22-24 
application of, to circular motion, 25- 
27 
general, of chemical and nuclear transfor- 
mations, 435-437 
generalised, of induction, 225 
Kirchhoff’s, 329 
Lenz’s, 226 
of mechanics, in a noninertial system of 
coordinates, 24 
Mendeleev periodic, 389 
Newton’s, 20 
Ohm’s, 234, 543 
differential form of, 234 
statistical, 4147 
Stefan-Boltzmann, 334 
Layer, barrier, 554-555 
Lens, electron, 344-343 
Light: 
natural, 254 
polarised, 254 
propagation of, in uniaxial crystals, 304- 
304 
Line(s): 
of force, 174 
Raman, 409 
Lissajous figure, 84 
Logarithmic decrement, 69 
Luminescence, 336-337 


Magnetic hysteresis, 221-223 
Magnetic permeability of vacuum, 205 
Magnetic substance, 529-536 
Magnetohydrodynamics, 360 

Magnetogas dynamics, 360 

Mass, 319 


Mass defect, 321, 42% 
Mass spectrograph, 354 
Material(s): 
piezoelectric, 525 
pyroelectric, 525 
seignette-electric, 193 
Mean free path, 141-142 
Mechanics, quantum, 369 
Mendeleyev periodic law, 389 
Mesons, 452-453 
Meson theory of nuclear interaction, 451- 
452 
Method(s): 
of analysing observations, 425-426 
Chladni, 100 
Debye, 297 
experimental, of nuclear physics, 420- 
426 
Laue, 297 
nuclear emulsion, 424-425 
parallelogram, 14 
powder, 297 
of X-ray analysis, 296-298 
Microelectronic circuits, 562-564 
Microparticles (s): 
wave properties of, 367-378 
Microprocessors, 566-568 
Microscope: 
electron, 343-347 
resolving power of, 344 
Molecule (s), 395-449 
diatomic, 405 
electron cloud of, 399-401 
energy levels of, 401-402 
geometries of, 397-399 
rotational spectrum of, 402-404 
Moment: 
electric, of dipole, 189 
of force, 58 : 
of inertia, 56 
magnetic, 198, 388 
of momentum, 60 
Momentum, 45 
angular, 60 
conservation of, 45 
Monocrystals, 463-464 
Motion: 
horizontal, under the action of a constant 
force, 22 
relative, 54 
relativity of, 20 
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Neutrino emitted in beta-decay, 434-435 


Nicol prisms, 305 
Node, 97, 464 
Nonelastic impact, 47 
Nucleus: 
atomic, 420-449 
radius of, 432 
spin and magnetic moment of, 430 
Number: 
Alfven, 364 
Avogadro’s, 144 
Hartmann, 362 
Loschmidt’s, 145 
Mach, 360 
quantum, 374 
Reynolds, 165 
spin quantum, 387 
Stuart, 362 
wave, 403 


Octupole, 189 
Optical activity, 340-341 
basic theory of, 3414-343 
Oscillation(s): 
coherent, 263 
electric, 236-238 
self-sustained, 75 
Overtone, 79 


Paramagnetism, 531-532 
Particle(s), 456-459 
in electric field, 338 
elementary, 450 
in- magnetic field, 339 
nuclear, 426 
parity of, 433 
Peltier effect, 560 
Pendulum, 67 
mathematical, 67 
period of, 67 
physical, 68 
Period: 
characteristic, 66 
half-life, 438 
natural, 66 
of vibration, 65 
Permeability: 
relative: 205 


Subject Index 


Permeability 

magnetic, in vacuum, 205 
Permittivity, 172 
Phase diagrams, 495-497 


Phase diagram and properties of helium, 


497-500 
Phase stability 353-354 
Phase transformations, 495-544 
Phosphor, 423 
Phosphorescence, 336 
Photoeffect, 552 
extrinsic, 552-553 
intrinsic, 553 
Photoluminescence, 337 
Photon, 324, 457 
Piezoelectric effect, 103 
inverse, 103 
Plasma, 356, 359 
in a magnetic field, 360 
Point of inversion, 134 
Poise, 164 
Polarisability, anisotropic, 299-304 
Polarisation, 192, 254 
of crystal substances, 4193 
elliptical, 302-303 
molecular, 520 


of polar and nonpolar molecules, 524-523 


Polarisers, 305-306 
Polaroids, 306 
Polycrystalline materials, 545 
mechanical properties of, 5415 
Polycrystalline substances, 463-464 
Polymers, 492-493 
Postulate: 
Clausius’, 4139 
Thomson’s, 139 
Potential(s): 
constant, 555-556 
electric field, 174 
ionisation, 380 
thermodynamic, 504 
Potential energy, 36 
elastic, 37 


of electrical interaction of charges, 39 


gravitational, 38 


Precession, 64 
Principle: 


of constancy of the velocity of light, 345- 


317 
of entropy existence, 132 
of equivalence, 324-323 
Huygens’, 92 


Principle 
Huygens-Fresnel, 92 
of increasing entropy, 134 
Michelson interferometer, 273 
of operation of a heat engine, 136 
Pauli exclusion, 383-384 
uncertainty, 370 
Probability of a state, 153 
Processes: 
adiabatic, 113, 127 
cyclic, 124 
diffusion, 159 
isobaric, 125 
isochoric, 124 
isothermal, 126 
Joule-Thomson, 130 
steady, 163 
thermodynamic, 122-131 
Pumping, 415 


Quadrupole, 189 

Quantum-mechanical oscillator, 336 

Quantum mechanics, 369 
fundamental concepts of, 368-370 
fundamental law of, 369 

Quantum nature of a field, 324-337 

Quantum number, 381-382 

Quarks, 462 


Radar, 260-264 
Radiation: 
black-body, 330-332 
Cherenkov, 423 
electromagnetic, 243-249 
stimulated emission of, 335-336 
thermal, 332-335 
Radiator(s): 
primary, 243 
secondary, 243 
Radioactivity, 437-441 
artificial, 438 
natural, 438’ 
Radius: 
of curvature, 16 
electtron, 185 
Random events, 146 
Reaction(s): 
chain, 443-445 


Subject Index 587 


endothermic, 437 
exothermic, 437 
fission, 441-443 
nuclear, 440-444 
photonuclear, 440 
thermonuclear, 448-449 
Reactor(s): 
breeder, 447 
nuclear, 445 
Recoil, 52 
Reflection of waves, 92 
Refraction: 
double, 299-3413 
idex of, 250 
molecular, 520 
of waves, 92 
Refractive index, 93 
Relativity, general theory of, 344 
Relativity principle, Galileo’s, 21 
Resistance: 
acoustic, 87 
inertial, 22 
wave, 87 
Resonance, 741 
magnetic, 412-413 
quadrupole, 413-415 
Rogovsky belt, 214 


Scattering, 275-294 
in a nonhomogeneous medium, 282-284 
Self-diffusion, 167 
Semiconductors, 546-547 
properties of, 546 
Series, radioactive, 438 
Slippage, 513 
Sound: 
intensity and loudness of, 106-107 
objective and subjective nature of, 105 
Space lattice, 464-470 
Spectrum(a) 
absorption, 391, 410-414 
of atomic nuclei, 432-434 
baryon, 459 
electromagnetic, 247 
emission, 391 
Raman, 408 
vibration, 78 
X-ray, 392-394 
Spectrum analysis, 79 
Sphere, Fermi, 540 
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Spin, 387 
Spiral dislocation, 508 
Square well, 373 
State: 

degenerate, 377 

metastable, 502 

probability of, 153 
Statistical law, 147 
Statistics: 

Boltzmann, 542 

Bose-Einstein, 334, 544 

Fermi-Dirac, 544 
Superconductivity, 544-546 
Susceptibility: 

electric, 193 

magnetic, 247 
Synchrocyclotron, 353 
Synchrotron: 

electron, 355 

proton, 354 
Systems: 

closed, 44 

microscopic, 145 
System of units: 

CGS, 32 

FLT, 33 

SI, 33 


Temperature, 142-121 
Curie, 526 
Theorem: 
Gauss, 179 
Gauss-Ostrogradsky, 4177 
Nernst’s, 133 
Poynting’s, 239 
Theory of relativity, 314-323 
Thermal capacity: 
at constant pressure, 125 
at constant volume, 125 
Thermodynamics: 
first law of, 145 
second law of, 135, 139 
third law of, 
Thermometric coefficient, + 
of change of pressure, 117 
of dilation, 147 
Thomson effect, 560 
Thomson heat, 564 
Torque, 58 
Total mechanical energy, 44 
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Transformation: 

Martin, 509 

phase, 495-5414 
Transistors, bipolar, 562 
Tube, electron-beam, 348-350 


Tunnelling through a barrier, 377-378 


Ultimate strength, 515 
Ultra-rarefied gases, 168 
Ultrasonics, 144 
Umov-Poynting vector, 239 
Uncertainty principle, 370 
Uniform field, 180 
Universal formula for potential, 177 


Vector(s): 
of magnetic induction, 199 
magnetisation, 216 
polarisation, 192 
Poynting, 239 
Velocity: 
angular, 55 
average, 14 
instantaneous, 15 
linear, 55 
root-mean-square, 144 
Vibration(s): 
damped, 68 
forced, 74-74 
free, 98 
mutually perpendicular, 80 
parallel, 76 
piezoelectric, 103-104 
of polyatomic molecule, 406 
pressure and velocity of, 86 
self-sustained, 74 
Viscosity, 164 
kinematic, 163 


Wave(s): 
acoustic, 484 
directed radiators of, 288-289 
elastic, 89 
electromagnetic, 250 
propagation of, 250-264 
interference of, 90-92 


Wave(s) 


path-difference of, 94 


radio, 


propagation of, 258 


reflected, 92 
refracted, 92 
spherical, 92 
standing, 97-104 
thermal, 480-482 
travelling, 82-96 
ultrasonic, 90 
Wave equation, 85 
Wave front, 88 
Waveguide, 403 
Wavelength, 86 
Weight of a body, 28 
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Work, 34 
rotational, 58 


X-ray analysis, 296-298 


Yolfe-Dobronravoy experiment, 327 


Zero, absolute, 143 
Zone, 464 
axis of, 464 
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Physics. A General Course, Vols. I-ll 


1. SAVELYEV, D. Sc. 


This modernized course in physics sums up the experience gained by the author 
during many years of teaching the subject at the Moscow Physical Engineering 
Institute. The accent is placed not on imparting information, but on the 
formation of physical thinking by students and on their mastering the ideas and 
methods of the science of physics. Methodically more improved ways of 
treating a number of questions have been found. This has made the 
expounding of the material stricter, and at the same time simpler and easier to 
understand. 

The book is intended first of all for students of higher educational institutions 
with a broad syllabus in physics. 

The material is arranged, however, so that by omitting separate portions, it 
can be used by students taking an ordinary course in physics. 

The third volume of the book, covering quantum optics, atomic physics, 
physics of solids, and physics of the atomic nucleus and elementary particles, 
will be published in 1981. 


Thermodynamics, Statistical Physics 
and Kinetics 


Yu. RUMER, D. Sc., M. RYVKIN, Cand. Se. 


This book is meant for readers embarking on a theoretical course in 
thermodynamics, statistical physics and kinetics. If is thus assumed that the 
reader possesses a sufficient background in general physics, higher 
mathematics and quantum mechanics. The main aim of this book is to acquaint 
the reader with methods of thermodynamics, statistical physics and kinetics 
starting from elementary concepts and bring him up to a level where he can 
follow monographs and articles, and independently tackle problems. With this 
end in view, elementary questions have been treated with the same importance 
as quite advanced and fairly complicated topics. Such complicated parts have 
been marked with asterisks and may be omitted on first reading. 

The book contains a large number of problems and exercises, and is intended 
for students of physics and mathematics at the universities, 

CONTENTS, Thermodynamics. General Laws of Thermodynamics. Systems with a 
Variable Quantity of Matter, Phase Transitions, Statistical Physics, Statistical 
Distribution for Ideal Gases. The Maxwell-Boltzmann Gas. Degenerate Gases, 
Systems of Interacting Particles. The Gibbs Method. Theory of Fluctuations. 
Phase Transitions. Elements of Kinetics and Non-Equilibrium Thermodynamics. 
Kinetics. Elements of Non-Equilibrium Thermodynamics. Mathematical Appendix. 
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